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Abstract. Let '6 (z) be the Hubert space of formal power series

in zu • • ■ , zT (/èl). An ideal ofíí(z) is a vector subspace ~# of t?(z)

which contains zf(z), • • • , zrf(z) whenever it contains f(z). If

B(z) is a formal power series such that B(z)f(z) belongs to 'é (z) and

||5(z)/(z)|| = ||/(z)||, then the set Jt(B) of all products B(z)f(z) is a

closed ideal of '€(z). In the case r = l, Beurling showed that every

closed ideal is of this form for some such B(z). Here we give con-

ditions under which a closed ideal is of the form J((B) for r^.2.

By a formal power series in r^. 1 variables we mean a formal sum /(z) =

2 dnz", where an=a„ _n is a complex number depending on the multi-

index n=nx ■ • ■ nr and zn=z"i • • • z"r (nx, • • •, wr=0, 1, 2, • • •)• Questions

of convergence do not arise because we treat z1; • ■ • , zr as indeterminates.

Let "^(z) be the Hubert space of formal power series/(z)= 2 anzn such that

||/(z)||2 = 2 Kl2 < co.

An ideal of #(z) is a vector subspace ^# of ^(z) which contains zxf(z),

■ ■ • , zrf(z) whenever it contains f(z). Except for the case r=\, the closed

ideals of^(z) are not known. For an example of a closed ideal, let£(z)be a

formal power series such that the formal product B(z)f(z) belongs to

^(z) and \\B(z)f(z)\\ = \\f(z)\\ for every f(z) in <ë(z). Then the set Jt(B)

of all products B(z)f(z), where f(z) is in ^(z), is a closed ideal of ^(z).

In the case ml, it is a well-known fact that every closed ideal is of this

form for some such series B(z). The theorem was given by Beurling [1].

We are following the notation of Rovnyak ([4]; or see deBranges and

Rovnyak [2, p. 12]) whose elementary proof of Beurling's theorem is here

extended in a straightforward manner. The resulting theorem gives

conditions under which a closed ideal is of the form ^£(B) for r^.2.

Lemma 1. Let B(z) be a formal power series. A necessary and sufficient

condition that B(z)f(z) belong to ^(z) and ||£(z)/(z)|| = ||/(z)|| for every

f(z) in ^(z) is that (znB(z)) be an orthonormal set in ^(z). In this case the
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expansion B(z)f(z)= 2 anznB(z), where f(z)= 2 anzn, is valid in the metric

of<€(z).

Lemma 2. Let f(z) and g(z) be formal power series such that (znf(z))

and (zng(z)) are orthonormal sets in ^(z). If (zmf(z), zng(z))=0 whenever

m^n, then f(z) and g(z) are linearly dependent.

Theorem. If ^ is a closed ideal of(€(z) containing a nonzero element,

let Pk denote the projection of^Jf into the set of series of the form zkf(z) with

f(z) in JÍ (k=l, • ■ • , r). A necessary and sufficient condition that ~# =

<J?(B)for some series B(z) such that (znB(z)) is an orthonormal set in ^(z)

is that for every f(z) in ~# the commutativity relations Pizjf(z)=zjPif(z)

(with i, j— I, • • • , r and i^j) be valid. When B(z) exists, it is unique to

within a multiplicative constant of absolute value one.

Proof of Lemma 1. As in [4], it is convenient to introduce the notion

of formal convergence. A sequence (f(z)) of formal power series in t?(z)

is said to converge formally if for each multi-index y'=/ • • ■ jr (jk=0, 1,

2, • • • ; k=l, ■ ■ ■ , r) the corresponding sequence ofy'th coefficients con-

verges. If a sequence converges in the metric of ^(z), then it converges

formally to the same limit.

Let B(z) meet the conditions of the lemma. It is then easy to see that the

series 2 anz"B(z) converges in the metric of ^(z), its formal sum being

B(z)f(z). It follows that the equation B(z)f(z)=^¿anznB(z) is valid in

<<?(z), i.e. that B(z)f(z) belongs to ^(z) as claimed. The sufficiency proof

is complete upon our noting that

||B(z)/(z)||2 = (2 anznB(z),2amzmB(z)\

= 2 ictnznB(z), anz»B(z)) = 2 Wn? = 11/11*•

To prove necessity, observe that the monomials (z11) form an orthonormal

set in if(z). Since an isometry preserves inner products, (zmB(z), znB(z)) =

Omn*

Proof of Lemma 2. The conditions imposed on B(z) in Lemma 1 are

met by f(z) and g(z). Thus, f(z)g(z) is in <${z), while \\fg\\ = \\f\\ ■ ||g|| = l.
If an, bn are the coefficients of/, g respectively, then f(z)g(z)= 2 bnznf(z),

g(z)/(z)=2 cinzng(z) are valid equations in <^(z). Making use of the con-

ditions on f(z) and g(z), together with the fact that multiplication by z" is

isometric, we find :

||/(z)g(z)||2 = (f(z)g(z), g(z)f(z)) = <^> bmzmf(z), 2 anzng(z))

= 2 (bj(z), ang(z)) = </(z), g(z)> • 2 M»

= (f(z), g(z)> • (g(z),/(z)).
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The result is that

|(/(z),g(z))|2=l = ||/(z)||2-||g(z)f,

the Schwarz inequality therewith reducing to an equality, and this implies

that f(z) and g(z) are linearly dependent.

Proof of Theorem. Let JÍ=JÍ(B), where (znB(z)) is an orthonormal

set in *e(z), and let/(z) belong to Ji(B). Then necessity is established (as

the reader may easily verify) by computing both ZjPif(z) and P.-Zj/íz) and

observing that they are equal when ijtj.

Now denote by jVk the set of series zkf(z) for f(z) in ^ (k= 1, • • • , r).

Since multiplication by zk is isometric, while J( is an ideal, each jVk is a

subspace contained in ^#. The closed span Vs ¿Vk=¿V is again a sub-

space, and ^Tç ¿ß'. To prove that ¿V^^f, we first show that PiPj=PjPi

for all i,j=l, ■ • • , r. The assertion is trivial if i=j. If iftj, let f(z)=z¡g(z)

for some g(z) in ^#. Then

P.P^z) = P.PjZ^z) = £iZiP,g(z) = z,£3g(z),

P^/Cz) = PAzig(z) = PjZig(z) = ZiP3g(z),

and similarly for f(z)=z¡g(z). Thus £¿£3 and £3£2 coincide on Jf¿lJT}.

Since Pt and £3 vanish on the complement of jV'tVjV",- in ~#, we have

£¿£3=£3£¿ for /,y=l, • • • , r. If r=2, this implies [3, vol. II, p. 55] that

the projection operator £=£,V£2 of ~# onto jV=JfxVN% is given by

(1) P = 1 - (1 - A)(l - £2) = £x + £a - PxP2.

For /->2, it is easy to see that

(10 £=1   -(1   -Px)' --(l-Pr).

To save writing, we take r=2 for the moment.

If g(z) is in Ji, we then have

(2) g(z) = Pg(z) = Plg(z) + P2g(z) - PxP,g(z).

From the definition of the operator Pk, Pxg(z)=zxgx(z), P2g(z):=z2g2(z) for

some series gx(z), g2(z) in ~#. The hypothesis £1z2g(z)=z2£lig(z) gives

PiP2g(z) = PiZ2g2(z) = z2Pxg2(z) = ZxZ2g12(z)

for some gi2(z) in ^#. Every g(z) in ¿V is therefore of the form

(3) g(z) = Zigi(z) + z2g2(z) - Zxz2g12(z)

where gx(z), g2(z) and g12(z) are in Jt'.

To complete the proof that J(^¿V', we suppose the contrary: that any

g(z) in ^# is in Jf. The representation (3) therefore holds not only for
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g(z) but also for gr(z), g2(z) and g12(z). By repeating the argument n times

we see that

(4) g(z) = 2 PÁz)gÁz)

where p^z) is a monomial of degree ^n and ga(z) e ^ for all a. Since n

is arbitrary, every g(z) in ^ vanishes identically if *J(=Jf. We conclude

that <J(téjV'. The reasoning holds for r=2. For /">2, we merely take (F)

instead of (1) as our starting point.

Let 03 denote the orthogonal complement of Jf in J(. Notice that

03=(~)k03k, where 03k=Ark n^#. Having shown that the subspace

Jf^Ji, we may assert that 03 contains a nonzero element. Denote by

J3(z) an element of 03 having unit norm. Since B(z) belongs to each of the

subspaces 03 h, we have PkB(z)=0, for k=l, ■ ■ ■ , r. We proceed to show

that B(z) satisfies the condition of Lemma 1 : (znB(z)) is an orthonormal

set in fé'(z). It is to begin with clear that each element znB(z) of the set has

unit norm. To prove orthogonality, it must be shown that (zmB(z), znB(z)) =

0 whenever m=m1 • • • mf and n=n1 ■ ■ ■ nr are unequal, i.e. whenever

mk9^nk for at least one k. If m,-^«,-, all other indices being equal, we have

(zmB(z), znB(z)) = {zT'B(z), z?B{z)) = 0,

since it is clear that each of the sets (zkB(z)) (k=l, ■ ■ ■ , r) is orthonormal

in ^(z). If exactly two indices i,j (j>i) differ, with say mi—ni=p>0, and

nj—mj=v>0, we have

(zmB(z), z"B(z)) = (zfB(z), z)B(z))

= (P^B(z), z]B(z)) = (zfB(z), PiZ)B(z)) = 0,

since Piz)B(z)=zjPlzvj-1B(z) = - ■ ■=z]PiB(z) and PtB(z)=0. The extension

to the general case is immediate.

Given the fact that (znB(z)) is an orthonormal set, it next follows from

Lemma 1 that ~#(2?) is the closed span of elements znB(z). Since B(z) is in

^ and ~# is closed, ^(B)^<Ji. Before proceeding with the proof that

^ä(B) — ̂ ä, we may conveniently note that 03 is of dimension 1. For if

A(z) and B(z) are two elements of 03 having unit norm, the reasoning of

the last paragraph shows that: (i) (znA(z)) and (znB(z)) are orthonormal

sets in ^(z); (ii) (zmA(z), znB(z))=0 whenever m^n. It follows from

Lemma 2 that A(z) and B(z) are linearly dependent in ^(z): A(z) = cB(z),

where c is a complex constant of absolute value 1.

To complete the proof, we show that =§?, the orthogonal complement of

J((B) in J(, has dimension 0. Notice that 03<^J((B), Jt c\03l=jV=

Vfc Ark and that

JSP = uf (5) J- n J( £ 031- n uT = \Jk jrtm
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We begin by proving that J? is invariant under each £3. For this it is

enough to show that if h(z) is in ^(B), so is Pfh(z). By linearity and con-

tinuity we may assume that h(z)=z"B(z) for some multi-index n. If «3>0,

then PjznB(z)=znB(z). If «3=0, the commutativity hypothesis gives

PjznB(z)=znPjB(z)=0.

Now let f(z) belong to &. Since S£<^Jf, the reasoning which led to

equations (2), (3) above gives

(2.1) f(z) = Pf(z) = Pxf(z) + P2f(z) - PxPJ(z)

and

(3.1) f(z) = Zx fx(z) + z2f2(z) - ZxZ2f12(z)

where fx(z), f2(z), f12(z) are in Jt. By the result of the last paragraph,

£,/(z)=z1/1(z) belongs to «JSf. Thus for any h(z) in J((B),

(fx(z), h(z)) = (Zxfx(z), Zxh(z)) = (PJ(z), Zxh(z)) = 0

since ~£(B) is an ideal. Therefore f(z) is in =S?. Similarly f2(z) and f12(z)

belong to =Sf. The representation (3.1) holds, where/1(z),/2(z),/12(z) belong

to f£. Since fx(z),f2(z) and/12(z) have representations of the type (3.1), we

can repeat the argument. After n repetitions we have (cf. (4))

(4.1) f(z) = 2 9«(z)/.(z)

where qx(z) is a monomial of degree ^« and fx(z) e ££ for all x. Therefore

f(z) vanishes identically, and „§?=(0) as claimed.

Acknowledgement. I am deeply grateful to the referee for suggestions

which I have adopted in the proofs that ^fj£jV, and that ^=(0).
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