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CERTAIN  DETERMINANTS  RELATED

TO  THE  VANDERMONDE

A.   M.   FINK

Abstract. We find a formula for determinants similar to the

Vandermonde. These determinants arise from a problem in differ-

ential equations.

In attempting to find inequalities of the form Ju/2_rC2JJ (/<"»)2 when/

has n zeros in (0, 1), one finds that the extremals for this problem, say

/, satisfy differential equations of the form/(2n) = (—l)nAn/with boundary

conditions of theform/(*)(0) = 0fork=0, ■ ■ • , x—l,n, ■ ■ ■ , n+ß—l and

/W(1)=0 for k — 0, ■ ■ • , ß—l, «,-•-, n + x—l where x+ß=n. Finding

X for which this problem has nontrivial solutions is equivalent to finding

the zeros of a large determinant whose typical column is

(1, co, co2, ■ ■ ■ , to'-1, w", co*+\ ■■■ , co2"-*-1, eaX, coe^, ■■■ ,

io"-lemX, wVfflJ, • • • , to2"-*-'e<°x)T.

Here co is a 2«th root of (—1)", one column for each root. Using the

Laplace expansion by minors of the first n rows, one is led to consider

determinants of the form V(x, n, m). The ith column of V(x, n, m) is

(l,Xi,x2i,--- ,x°,x?, ■ ■ ■ , x?+n~«-2)T, for oc^O, « = a+2, w^a+1,

and all integral. If m = oc+l then V(x, n, m) is the familiar Vandermonde

determinant which we denote by Vn(xx, • * •, xn). Finding a formula

for V(n—2, n, m) is equivalent to a problem posed by Hirschhorn [1].

By an argument entirely analogous to one applied to the Vandermonde,

it is easy to see that x¿—x¡, i^j, is a factor of V(x, n, m) and hence so is

Vn(xx, " " " , ^a)=n¿>i (xj—xù- Consequently we write

V(x, n, m)(xx, ■ ■ ■ , xn) = Vn(xx, • ■ •, xn)g(x, n, m){xx, • • • , xn),

and attempt to compute the function g(x,n,m).

We can note some elementary properties of g(x, n, m). A permutation

of the variables in V(x, n, m) being a permutation of the columns may

change the sign, however, it is the same change as that produced in Vn,

thus g(x, n, m) remains unchanged. So g(x, n, m) is a symmetric function
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of n variables. Next, each term in V(<x, n, m) has joint degree 1+- • • +

<x.+m + -■ ■ + (m+n—oL—2) while each term in V„ has joint degree

1+2 + -■ • + («—1) so that each term in g(a.,n, m) has joint degree

(n—a— \)(m — a— 1).

The plan of the computation is to prove the correct formula for

g(n—2, n, m) by induction on the number of variables. This is exactly the

problem posed by Hirschhorn [1]. Then this identity is used to complete

the induction for the rest of the functions.

To simplify the notation we write x for the vector (xu • • • , xn), the

size to be understood from the context, and write x¿ for the vector

ixx,-■ ■ , x¿_x, xi+x,-■ ■ , xn), that is x, is deleted. For the product

[F]}_¿¿ (Xf—*/)]-1 we simply write 7r¿. We note finally that

Vnixy'Vn-Áx'i) = (-ly-^i-

We now look at F(a, zz, zzz) and expand by elements of the last row.

We get

(1) Viat, n, m)ix) = 2 (-l)"+ixf+"-a-V(a, zz - 1, m)ix'A.

First we take a=n—2 and note that Vin—2, n— 1, m) has not been defined,

but in this case the correct replacement for the symbol F(zz—2, zz— 1, m)ix'A

is Vn_xix'f), i.e. we may defineg(n—l, n, m)=\. Now we divide both sides

of identity (1) by Vn(x) to derive the basic recursion for the function

¿•(a, zz, m),

(2) g(a, zz, m)ix) = ¿ «T ~^»if(* n - I, m)(xt').

Specializing to <x=zz—2 we get

(3) g(zi - 2, n,zn)0) =]>>>,.
¿=i

Finally, we look at identity (1) when0^zzz = a^zz—2. Then V(n—2,n,m)

has two identical rows so is zero and F(a, zz— 1, m)(x'f) is to be replaced by

Vn_x(x'i). Again dividing by Vn(x) we get the useful identity

(4) 2 xT^i = 0    for    n ^ 2, zzz = 0, 1, • • • , zz - 2.

The form of the formula for g(n—2, n, zzz) is not satisfactory since it

involves a division. We improve the representation in Lemma 1, whose

conclusion is the problem mentioned above.
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Lemma 1.   For m>n—2,

(5) 2*>¿ =  2  «■••**",
¿=1 \k\=m—n+1

where the sum on the right is to be interpreted as the sum over all vectors

(kx, ■ ■• , kn) with fc!=0, k¿ integral, and \k\=kx + - ■ -+kn=m—n+l.

Proof.    First, if m=n— 1, then the left-hand side of (5) is

g(n -2,n,n- \)(x) = Vin -2,n,n- l)(x)F„(xr1

_   1    _   "Xa   vfclv^2 .   .   .   vfcn
—   1    —   /^   Xx X2 Xn  .

|)c|=0

Thus let w_« and we do an induction on the number of variables. The

cases «= 1 and 2 are easily verified, 7r¿ = 1 when there is only one variable.

Then

m— n+1        / \

2  a?---*- 2 M    2   *?•••*£■
]fc| = m-n+l fci-0 \k\=m-n+l-ki '

■m—n+1 n p

= 2 ^¿»r*-1  n (*-*,)
¡fc^O 1 = 2 Lj^Hj^l

m—n+1    n

= 2 2 rf^r*1-1^ - *i)

-i

where we have used the induction hypothesis. The last outer sum now

telescopes and becomes

n n

xi ni — Xl Z, *i     77.'
i=2 ¿=2

and the proof is completed if we can show that —x[n~n+2 25=2 Xi~Sirt=

Xxttx- But this is equivalent to (4).

We now introduce the symbol a(j, n) to be defined by

<r(;,n) = 0   if   j < 0;

(6) =1    if   ■>' = °;
_   "ST   vfcivfr2 .  .  .  vkn
—   £.   Al A2 -^Xn '

\k\=i

We can then combine (3), (4) and (5) into one identity.

(7) g(n — 2, n, m) = a(m — n + \,n),        « _ 2.

We intend to use the recursion (2) where (7) gives the right-hand side in

the first step of an induction. We need an identity that we label Lemma 2.
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Lemma 2.

aij, n - 1) = aij, n) - xflij - 1, n)

where the left-hand side is evaluated at x'¡ and the right-hand side at x.

Proof.   The cases when y'^1 are easily verified and wheny">l we

merely write a as a polynomial in xt. Then

aij, zz)(x) = 2 x'i k<y(k, n - 1)00   and
k=0

aij - 1, zz)(x) = 'f xt^oik, n - DO^.

Now computing cr(y, n)—x¿aij—l, n) gives the result.

Lemma 3.    IfA¿ are column vectors, then

det(Ax      xA2, A2      xA3, , An      XAn+x)

\AX     Ai      • ■ •    An    An+X\
= det

x        1

Proof. In det(Ax—xA2, • ■ • , An—xAn+x) multiply the last column

by x and add to the previous column. In the resulting determinant

multiply the second last column by x and add to the third last column.

Repeat this process to get

det(Ax — x An+X, A2 — x    ^4n+i,       , An     xAn+x)

, J^i — x An+X,      • , An — xAn+x, ^4„+i\
= detl       0       ,•■■,       0       .   1 )

IAX     A2     An    An+X\

= deV    x«-1     x        1  /'

We are now in a position to compute g(0, n, m) by use of (2).

Lemma 4. For n^.2, m2A, g(0,n,m)(x) — det(bij) where bu =

a(m—l+i—j,n), and B is an (n—l)x(n—\) matrix with constant

diagonals.

Proof. By (7) we see that for zz=2 we have g(0, 2, m) = a(m— 1, n)

so we may proceed by induction. Note that if we define

A(j, k) = (o-(y, k), o(j + l,k),---,a(j + n-2, k))T

en the induction hypothesis is that

g(0, n, m) = detOOzzz — I, n), A(m — 2, n), • • • , Aim — n + 1, zz)).
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Thus from (2)

71+1

(8) g(0, n + 1, m) = 2 xr+"-Vig(0, n, m)(x[).
! = 1

But using Lemmas 3 and 4,

g(0, n, m)(x'i) = det(^(m - 1, n + 1) - xtA(m - 2, n + 1),

A(m — 2, n + 1) — x(A(m — 3, n + 1),

• • • , A(m — n + 1, n + 1) — x¿A(m — n,n + 1))

(A(m - 1, n + 1)    ^(m - 2, n + 1)= det(/

^(m - n + l,n + \)\

1 J
Putting this in the right-hand side of (8), and noting that only the last row

depends on x¡,

lA(m - l,n + \)    A(m-2,n + l)    ...

g(0, n + 1, m) = det      -±i      .^ «±J

2\ ¿=i
v.m+27¡-3„
X,- 77,- 2 xr+2"-

¿=i

^(m — n + 1, h + 1)]

7Î+1

2„m+n—1^.

!=1

and using the Lemma 1, the last row is

(o(m + n — 3, n + 1), a(m + n — 2, n + 1), • • • , a(m — 1, n + 1))

which agrees with the proposed formula for g(0, n+l, m).

We are now able to write the general formula for all g(x, n, m). Define

h(x, n, m)=g(x, n, m + x). Then the recursion (2) becomes

h(x, n, m)(x) =2x?+n-27Tih(x, n - 1, m)(x[)
¿=i

and (7) becomes

h(x, x + 2, m) = g(x, a + 2, m + x) = a(m — 1, a + 2).

That is, h(x, n, m) satisfies the same recursion as g(0, n, m) and has the

same initial value, i.e. at n = x+2, the only change required is in the

number of variables. Thus a proof completely analogous to the proof of

Lemma 4 will prove our main theorem.
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Theorem. For 0^a.<n—2, m=0, 1,2,-■ • ,g(cc, zz, m) = detibij) where

bij=o(m—l—a. + i—j, n) andB is an (zz—oc— 1)x (zz —a— 1) matrix.

An interesting corollary is that g(a.+k, n, m+k)=g(a., n, m) provided

both are defined. Note that the case zzz=zz is the one of interest for our

extremal problem posed earlier. One could attempt to write b(j, and hence

the functions g, in terms of the elementary symmetric functions, but this

seems difficult to do. For example g(n—2, n, n)=xx + - • -+xn=au

which is very simple. However already for n — a=3 the formula becomes

much more complex. One can show that

g(n - 3,n,n) =2 *?*] +  2 x'xixk + 2    2    xixixkxi-

Comparing this with

g(zz — 3, zz, zz)

2^i*i=i
2v.fcl .   .   .   „*n        X*   v*l .

Xl x„        _¿ Xx

1*1=3 1*1=2

one sees that there are many cancellations in the second form. In fact,

the degree three terms present in the determinant form do not appear in

the simplified form. If one goes back to the definition, one sees that as a

polynomial in xu the degrees of V(a, n, m) and Vn are m+n—x—2 and

zz—1 respectively. Thus no term in g(a., n, m) has degree in x¿ greater than

m — a— 1. This shows that there perhaps ought to be a better general

representation for g(a, n, m).
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