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ON  SPLITTING  COTORSION  RADICALS

V.   S.   RAMAMURTHI

Abstract. For a category of modules, the notion, dual to

that of a torsion radical, has been called a cotorsion radical. In

this paper, the following two properties are examined for a cotor-

sion radical p: (1) If N is a submodule of M and p(M)=M, then

p(N) = N. (2) The exact sequence 0^p(M)^M^M¡p(M)^0

splits for each module M.

Introduction. The notion of a cotorsion radical for the category ¿M' R

of right ^-modules of a ring R, was introduced by Beachy [2], as a dual

to the notion of torsion radicals due to Maranda [10]. A cotorsion

radical p for ^' R is just a subfunctor of the identity on ^fH such that

p2=p and every epimorphism M^-N induces an epimorphism p(M)-*-

p(N). The purpose of this paper is to study the following two properties

for a cotorsion radical p: (1) The exact sequence 0—>-p(A/)—»A/—>-

M/p(A/)->0 splits for each M e J(R. (2) If N, M e J(B and Ne M, then

p(M) = M implies p{N)=N. A cotorsion radical satisfying (1) (respec-

tively, (2)) is called a splitting (respectively, hereditary) radical. We give

a necessary and sufficient condition for a cotorsion radical to be

hereditary and describe all hereditary cotorsion radicals for the category

of modules over a semiperfect ring (respectively left Noetherian ring, von

Neumann regular ring, integral domain, etc.). For a von Neumann

regular ring R, all splitting cotorsion radicals for ^ R are determined and,

for a left Noetherian semiprime ring R, it is shown that all hereditary

cotorsion radicals for ^ R are splitting. A characterization is given for

semiperfect rings R such that all hereditary cotorsion radicals for Jt' R

are splitting. Our methods also yield a different proof of a result of

Bernhardt [3], namely, if R is a quasi-Frobenius ring, then all hereditary

cotorsion radicals for <J('R are splitting.

Terminology. All rings occurring in this paper are assumed to have

identities and all modules to be unitary. Ideal always means two-sided

ideal. For all basic definitions see [9].
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1. Hereditary cotorsion radicals. Let R be a ring and Jt R, the category

of right ^-modules. Beachy [2] has called a subfunctor p of the identity

functor on <Jt R a cotorsion radical, if p2=p and each epimorphism

M—>N in Jt R induces an epimorphism p(M)-+p(N). A module M e JtR

is said to be p-torsion if p(M) = M and p-torsion free if p(M) = 0. If p is a

cotorsion radical for Jt'R, then p(M) = M ■ p(R) for every M e Jt R

(Beachy [2, Proposition 1.3]). Hence p is the zero functor (respectively,

the identity functor) on JtR if and only if p(R)=0 (respectively, p(R) = R).

We call a cotorsion radical p, hereditary, if any submodule of a p-torsion

module is p-torsion and splitting if the exact sequence 0->p(A/)—>■

M-^M/p(M)^0 splits for all M e Jt R.

We now consider hereditary cotorsion radicals. The basic result is the

following :

(1.1) Proposition. A cotorsion radical p for Jt'R is hereditary if and

only if Rjp(R) is flat as a left R-module.

Proof. Let ^ be the class of p-torsion modules and 3~ the class of

p-torsion free modules. Then, ifé', ¿7~) is a torsion theory in the sense of

Dickson [5] and it is clear that p is hereditary if and only if ^ is closed

under taking submodules. Now, by (ii) of Proposition 1.3 of Beachy [2],

M e^~O M • p(R)=0. Hence, the image of the inclusion functor

F:Jt R¡(l{R)L-*Jt R is exactly 9", Since J( R¡P(R) is trivially closed under

taking injective envelopes and F_1 preserves injectives, it follows that 3~

is closed under taking injective envelopes if and only if F preserves

injectives. But the former condition is equivalent to ^ being closed under

taking submodules (Dickson [5]) and the latter condition is equivalent to

R/p(R) being flat as a left /^-module (Faith [6, Corollary 5A]). Hence the

proposition.

This characterization of hereditary cotorsion radicals enables us to

identify such radicals in several classes of rings. Our first result in this

direction is the following:

(1.2) Proposition. Let R be a ring for which all cyclic, flat left R-

modules are projective. Then, a cotorsion radical p for Jt'R is hereditary if

and only if p(R) is a direct summand of R as a left ideal.

Proof. By (1.1), p is hereditary oR¡p(R) is flat as a left .R-module.

But, by assumption, all cyclic flat left Ä-modules are projective. Hence,

p is hereditary oR/p(R) is projective as a left R-module o p(R) is a

direct summand of R as a left ideal.

Now we look for examples of rings to which (1.2) is applicable. Bass

[1] has called a ring R semiperfect if, for any finitely generated left R-

module, there exists a projective left R-module P and an epimorphism
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7r;P^>-M with the property: for all submodules P' of P, P=P'+ker77

implies P=P'. (P is called a projective cover of M.) He has shown that,

over a semiperfect ring, any finitely generated flat left Ä-moduIe is pro-

jective. It is well known that any left Noetherian ring also has this property

[8, p. 61]. Hence, we can apply (1.2) to these two types of rings.

(1.3) Corollary. If R is a semiperfect or a left Noetherian ring, then

there is a one-to-one correspondence between hereditary cotorsion radicals

for ^t'R and ideals of R which are direct summands of R as left ideals.

Proof. This follows from the above remarks and the fact that there is

a one-to-one correspondence between the cotorsion radicals of any ring

and its idempotent ideals, given by p^-p(R) (Beachy [2, Theorem 1.4]).

A ring R is called (von Neumann) regular if, for every a e R, there

exists &nx e R such that a=axa. It is known that [9, p. 134] all modules

over a (von Neumann) regular ring are flat. Hence (1.1) immediately

yields

(1.4) Proposition. If R is a (von Neumann) regular ring then all

cotorsion radicals for ^tR are hereditary.

Further, in a (von Neumann) regular ring, all ideals are idempotent.

Hence, again by using Theorem 1.4 of Beachy [2], we can state

(1.5) Corollary. If Ris a {von Neumann) regular ring, then there is a

one-to-one correspondence between hereditary cotorsion radicals for ^R

and ideals of R.

In contrast to the situation for regular rings, there are rings which have

very few hereditary cotorsion radicals.

(1.6) Proposition. If R is a ring, each nonzero ideal of which contains

a non-zero-divisor, then ~M R has only two hereditary cotorsion radicals,

namely, the zero functor and the identity functor.

Proof. Assume that p is a hereditary cotorsion radical for ^R such

that p^the zero functor. Then p(R)^0, so that, by assumption, p(R)

contains a non-zero-divisor x. Since, by (1.1), Rlp(R) is flat as a left

i?-module, there is a left Ä-homomorphism,/: R—>-p(R) such that f{x)=x

[4, Proposition 2.2]. This means that x(\— /(1)) = 0 or 1=/(1) which

gives p(R) = R. Thus p is the identity functor on J(R.

Clearly, the above proposition applies to rings which have no nonzero

zero-divisors. Another class of rings to which it applies is the class of

prime rings which have ascending chain condition on annihilator right

ideals and have no infinite direct sums of right ideals—in particular prime,

right Noetherian rings. Because, in such rings each nonzero ideal has
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nonzero intersection with all nonzero right ideals and hence contains a

non-zero-divisor (Goldie [7]).

2. Splitting cotorsion radicals.

(2.1) Proposition. Let p be a hereditary cotorsion radical for JtR

and let p(R) contain no nonzero nilpotent ideals of R. Then p is a splitting

radical if and only if p(R) is finitely generated as a left ideal.

Proof. If p is a splitting radical, then R = p(R)®I where / is a right

ideal of R, so that R=p(R) + RI and p(RI) = (RI)- p(R) = R(I ■ P(R))=0,
which means that p(R)C\RI=0 as p is hereditary. Thus R = p(R)®RI

which shows that p(R) is finitely generated as a left ideal. Conversely,

if p(R) is finitely generated as a left ideal, then R¡p(R), being a flat left

R-module, is also a projective left .R-module [8, Lemma 2, p. 60]. Thus

R=p(R)®L, for a left ideal L of R. Clearly R = p(R) + LR and further

(p(R)nLR)2<= p(R) • L=0 so that, by the assumption on P(R), p(R)r*

LR=0. Thus R = p(R)®LR which shows that, for any M e JtR,

p(M) = M. p(R) is a direct summand of M. In other words, p is a splitting

radical.

The proposition has the following immediate corollaries.

(2.2) Corollary. Let R be a semiprime, left Noetherian ring. Then,

all hereditary cotorsion radicals for JtR are splitting.

(2.3) Corollary. Let R be a (von Neumann) regular ring. Then, a

cotorsion radical pfor Jt R is splitting if and only ifp(R) is finitely generated

as a left ideal.

Next we consider the splitting of cotorsion radicals in a semiperfect

ring.

(2.4) Proposition. Let R be a ring in which each cyclic, flat, left

R-module is projective. Then all hereditary cotorsion radicals for JtR are

splitting if and only if each ideal of R, which is a direct summand of R as

a left ideal, is also a direct summand of R as a right ideal.

Proof. Suppose that all hereditary cotorsion radicals for JtR are

splitting. If D is an ideal of R such that R=D®L for a left ideal L, then

D is idempotent and hence, by setting p(M) = M ■ D, for each M e JtR,

we obtain a cotorsion radical p for JtR such that p{R) = D, by (Beachy

[2, Theorem 1.4]). But RjD~L is a projective left R-module, so that, by

(1.1), p is also hereditary. Hence, by hypothesis, p splits, which means

that D = p(R) is a direct summand of R as a right ideal. To prove the

converse, note that, if p is a hereditary cotorsion radical for Jt'R, then,

by (1.2), p(R) is a direct summand of R as a left ideal and hence, by
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hypothesis, there is a right ideal / such that R = p(R)ÇBl. Since p(RI) =

RI- p(R)=0, RlnP(R)=0 as p is hereditary. Thus R = RI®p(R) which

shows that p(M) = M. p(R) is a direct summand of M, for each M e Jt'R.

Thus p is a splitting radical.

(2.5) Corollary. If R is a quasi-Frobenius ring, then all hereditary

cotorsion radicals for JKR are splitting.

Proof. Recall that a quasi-Frobenius (or QF) ring is a left and right

Noetherian ring which is left self-injective (see [8, p. 75]). Hence it suffices

to show that in a QF ring R, each ideal which is a direct summand of R

as a left ideal, is also a direct summand of R as a right ideal. If D is an

ideal in a QF ring R such that R = D®L for a left ideal L, then R/D, as a

ring, is left self-injective, since it is injective as a left .R-module. It is also

a left and right Noetherian ring because R is so. Thus R/D is itself a QF

ring and hence is right self-injective (see [8, p. 78]). Now, since R/D is

left R-ñat, by Corollary 5A of Faith [6], the inclusion functor ^(RiT,<-^^(R

preserves injectives. Thus R/D is injective as a right A-module. But over

a QF ring, all injective modules are projective. Hence R/D is a projective

right ^-module, which means that D is a direct summand of R, as a

right ideal.

Remark. This corollary was proved in [3, Theorem 7] through a

different approach.
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