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THE  GROWTH  OF HYPOELLIPTIC  POLYNOMIALS
AND  GEVREY  CLASSES

E.  NEWBERGER  AND  Z.   ZIELEZNY

Abstract. For given hypoelliptic polynomials P and Q, classes

r^(O) and rg(fl) involving Gevrey type estimates on the successive

iterates of the corresponding differential operators are defined. The

equivalence of the inequality |ß(f)[2^C(l+|P(f)|2)\ fGR", and

the inclusion r£(íí)<=rg4(Q) is proved.

A differential polynomial P(D) on Rn of order m is elliptic if and only if

it satisfies the growth condition

(I) IE!*» û C{\ + |P(£)P),       fe/?",

where C is a constant (see e.g. [1, p. 75]).

Another characterisation of the ellipticity of P(D), based on a theorem

of H. Komatsu [3], is given by the following condition:

A C°°-function « in a domain £i<= Rn is analytic in O if and only if, for

every compact subset K^Q, it satisfies the estimates

(II) \\P>(D)u\\K^A^(j\y,      j=0,l,---,

where || \\K is the L2-norm over K and A is a constant depending on u and

K.

Conditions (I) and (II) are therefore equivalent.

In this note we prove that the above equivalence is a particular case of a

more general correspondence between the growth of hypoelliptic poly-

nomials on R" and the width of classes of C^-functions defined by some

"Gevrey type" estimates.

Let £2 be an open subset of Rn and p a nonnegative number. We denote

by rp(Q) the pth Gevrey class in Q, i.e. the set of functions u e C°°(Q) with

the property : To every compact set K^z Q there exists a finite constant A

(depending on u and K) such that

(1) sup \D°u(x)\ ^ 4l«l+1(a1!H«a!y ' " " («J)P,
xeK

for any multi-index a=(a1; a2, • • • , an).
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In view of Sobolev's lemma (see [3, Lemma 2]), condition (1) is equiv-

alent to the condition

(10 \\D°u\\K^BW+1(*x\y(a2\y---(oLn\)»

with another constant B.

If F is a polynomial on Rn, we denote by rP(Q.) the set of all functions

u e CK (Í2) with the property : To every compact set K<^ Ü, there exists a

finite constant B (depending on u, K and P) such that

(2) \\P¡(D)u\\k = Bj+1(jy,      j = 0, 1, • • •.

Note that in conditions (1') and (2) we can use the powers a*> andy',

respectively, instead of the factorials (Stirling formula!). In that case it is

convenient to set 0°=1.

If u is a function on D. and O'cfj, we denote by u\Q! the restriction of

u to Q'. We also write Q'ccüto designate that the closure Q' is com-

pact and Ö'cQ.

Let now F be a hypoelliptic polynomial and Q an arbitrary polynomial.

Then there is an «>0 such that, for some constant C,

(3) \Q(0\2 = C(l + |F(f)|T,        £eR\

Moreover, there exists a smallest such «, which is a rational number (see

[2, Theorem 3.2]).

Theorem 1. Assume that P and Q are hypoelliptic polynomials satisfying

condition (3) with some «>0. Then, for any open set fJc Rn and large p,

(4) TP(Q) e= F3(Q).

Proof. If the inclusion (4) holds for some h, it holds also for every

h'>h. Thus, by what we have said before, it is sufficient to prove the

theorem for h=p/v, where p and v are integers >0. In this case condition

(3) can be written in the form

(5) \QX$)\2 = C(l + |F"(c5)|2),       g e Rn,

with some constant C (not necessarily the same as in (3)).

Let Q be a bounded open subset of R" and D.ô, <5>0, the set of points

x e Í2 whose distance from CO is greater than ô. By a theorem of L.

Hörmander [2, Theorem 4.2], condition (5) implies that, for some y>0

and every s^.0 and r>0,

sup t» \\Q\D)v\\as+r = ci sup t? \\P"(D)v\\n,+T + Hollo.],       v e Cœ(£2,),
0<rSí [0<rS( I
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where C is a constant depending only on P, Q and the diameter of O.1

Hence

(6) \\Qv(D)v\\n,+t ̂ C{||P"(Z>)!>||„, + ry Ma.},       v e C°°(QS).

Choose any p0 such that

(7) 7 ^ /¿Pol

we prove the conclusion of the theorem for any p ^ p0.

Given an integer k^.1 and a <5>0, we apply (6) with s=(l — l/k)ô,

t=o¡k and v=Q(k~Vv(D)u. Next (if k> 1) we apply again (6) to both terms

on the right-hand side with s=(\—2jk)ô, t = ô/k and either v =

Q(k-2)v(D)P"(D)u or v = Q(k~2)v(D)u. After k such steps we obtain

(8) WffiDMa, ̂Ck2 (*) (fjy\\Pa-ú"(D)u\\n,       u e C<°(Q).

Note that inequality (8) holds also (trivially) for k = 0.

On the other hand, for/=0, 1, • • • , v-l, wehave lo¿(f)|2^l+lov(f)|2,
f g Rn. Therefore, by the same theorem of Hörmander, there is a constant

C such that

(9) IIQWIk, ^ C'{HQv(D)y||ná + Hello,},        v e C°°(0¿),

/=0, 1, • • • , v—1; here the constant C depends on ô.

If j is an arbitrary integer ^0, we can write

(10) j = kv + 1,

where k, I are integers ^0 and l^v—l. Now we utilize (9) with i—l and

v=Qk\D)u to see that

||o'(D)u||Dti < C'{||ea-+l)v(D)u||nä + IIÔ^D^IIn,},        « e C™(Q).

This together with (8) implies that

+ C'Ck2(f)(-J\\P(k-^(D)u\\{l.

1 In Hörmander's theorem / is i of the diameter of Q, but from the proof it is clear

that / can be any number >0.
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Suppose now that u e rP(Q'), where £2' is an arbitrary open set in Rn.

If K is a compact subset of Q!, then there is a bounded open set Q and a

(5>0 such that -rvcrCj^cQc cff. Consequently, for some constant B,

||Fi(F))M||n^J?i+1/,'p, i=0, 1, • • • , whence, in view of (7),

(12) A:^ ||P('t-l)''(D)M||a = (t/B + lf^1^"",        i = 0, 1, • • • , k.

Applying (12) and (10) to the right-hand side of (11), we can find two

constants Bx and B2 such that \\Qi(D)u\\K<\\Qi(D)u\\n2ô^Bk+1kk'"'^

B2+1jj'"lh=B2+1f'">- Thus u e r^(ü'). which proves the theorem.

In what follows we use Banach spaces formed of functions from TP(D.)

or r&(Q). Given any N>0, we denote by YpPN(ß) the linear space of

functions u e VP(Q) such that

Pa.,Au) = 2(k\r»N-k-1 ||P*(D)«||0 < ».
k=0

It is easy to see that rf>,iV(Q), with/7nrPi2V as the norm, is a Banach space.

r%N(Q) is defined analogously and the corresponding norm is denoted by

Qn.p.N-

Lemma   Assume that

(13) TP(Q) c rg(û)

for some p, p'>0. Then, for every open set Q'c cfj, there exists an /V>0

such that

(14) {u | Q': u e rP\il)} c VQ'N(D.').

Proof. Suppose that the lemma is false. Then there exists an open set

Í2'c cil such that, for every N>0, one can find a function in rP'1(Q)ci

r£(£i)c rg(Q) whose restriction to £i' does not belong to rfrN(Q'). Thus,

for /=1, 2, • • • , there exist positive numbers Ait Bit positive integers kt,

and functions vt e VP^(Çï) withpn,p,x(Vi)^l such that

(15) K < ki+x,

(16) 4Bi < Ai+X < Bi+X,

(17) ||Q'(D)vU = B^(j\y',       j = 0, 1, • • • ,

(18) ||ß*'(DKIIn. ^ (Ail4)ki+1(ki\y   for;>f,

(19) lia^DMIIff > Ak<+1(ki\y.

The function o = 2;=o 2-¡v¡ is in r£>-1(Q) and therefore in TP(Q). But, in
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view of (15)-(19),

||Q*(i>)i;||n. > 2-< WQ'XDXWv - 2 2"3' llßfci(£>Klln'

> (l/2¿ - 2l4k'+1)Af+1(ki\)p' ̂  (^¿/2)*i+1(fc¿!)"'.

This means that v does not belong to r£(Q), which is a contradiction to

(13). The lemma is thus proved.

Theorem 2. If the inclusion (4) holds for some nonempty bounded open

set Í2 and some p, /?>0, then the polynomials P and Q satisfy condition (3).

Proof. Let Q' be any nonempty open set such that Í2'<= cû, Then, by

our hypothesis and the lemma (with p' = ph), there exists an N>0 such

that {u\Q':ueYp^(Q.)}cY^h-N(ü.'). Moreover, the restriction mapping

w—>-m|Q' of rf^Q) into Y(£'N(Q') is closed and therefore continuous. Thus

there is a constant C such that qçr.Ph.N(u\Q')uCpn.p.i(u)> u e Yp1^). In

particular, for u(x)=eH*,x>, f e /?", we obtain

(20) B„i(N~* Mt)])1""1] ^ C.E^Pm1'"),        Í e Rn,

with the function Ex(t), X>0, i^O, defined by Ex(t)—2JU(tilfl¥ and
another constant Cv

But, for a fixed X, there are M, a>0 such that

(21) eat ^ MEx(t),       t ^ 0,

(see [4, Lemma 7.4]). On the other hand, since (2t)'jj\<e2t, for /^0,

y=0, 1, • • • , we have

(22) Ex(t) < eiXt 2 2"iA = ,.       ._,,,        t è 0.
¿=o [1—2    )

We now use (21) and (22) to estimate both sides of inequality (20).

This leads to the condition

exp(è1IO(f)l'/'"1) ú C2 exp(¿2|P(í)lI/"),        S g Rn

where bx, b2, C2 are positive constants. Hence it follows that \Q(S)\1/ph^

Q0+l-P(£)l1/p)> fe-K", with another constant C3, and we see that

condition (3) is satisfied. The proof is thus complete.

We now combine the above results with the following strengthened

version of Komatsu's theorem, mentioned in the introduction.

Theorem 3. If a polynomial Q of order m is elliptic then, for any

open set £¿c R» and any p> 1, rgm(Q)c rp(Q).

Proof. Since Q is elliptic, there is a constant C such that |f"|2 =

C(l + |ß(|)|2), £eRn, for every multi-index a with |a|5:JM. Making use
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of this condition one can prove Theorem 3 by modifying slightly the proof

of Theorem 1. We omit the details.

Corollary. Let P be a hypoelliptic polynomial such that, for some

constants C, «>0,

(23) |f|2 = C(l + \P(0\2)\       £e«n-

Then, for any open set Qc Rn an¿ ¡arge p,

(24) YP(Q) c Vh(Q).

Conversely, if the inclusion (24) holds for some nonempty bounded open

set Q. and some p, «>0, then condition (23) is fulfilled.

Proof. For the Laplace operator A, the generating polynomial is

<2(!)=|£|2, £ e Rn. Thus, by Theorem 1 and Theorem 3, condition (23)

implies that, for any open set Q and large p, r£(Q)c T2Qph(£!)<= r""(Í2).

Conversely, if (24) holds for some nonempty bounded open set Q and

some p, «>0, then TP2(Ü.)<= r2pA(£2)c r£A(Q). Therefore, by Theorem 2,

condition (23) must be satisfied.
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