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CONFORMAL  FUNCTIONS

WILLIAM   V.   CALDWELL

Abstract.    In this paper, it is shown that the dilation of a

harmonic quasiconformal function is a subharmonic function.

1. Introduction. Let D be an open simply-connected domain in the

complex plane C. A real-valued function <p is said to be in class Cr in D

if the partial derivatives of <p of order k^r exist and are continuous in D.

Iff=u + iv is defined in D, we will say fe Cr if u and v are in class C.

All functions considered in this paper will be assumed to be in C" where

r^3 and the Jacobian matrix of/will be denoted by Jf. It is well known

that a sufficient condition for /: D^-C to be orientation-preserving and

locally 1:1 is that det//(z) be positive in D. Let detJflz)>0 in D and

z e D. Then for any angle 0, we define

/(z0 + rg'fl)-/(z0)

DeJ(Zo) = lim- .
r^o re

Note that ei9Dgfiz0) is just the covariant derivative of/ at z0 in the di-

rection given by 0 and cannot vanish if det//<2 >^0. We define the dilatation

of/atz0by

_ max9 |g9/(z0)|

mine IA>/(zo)l

Note that Df{z) ̂  1 for all z e D and if Df(z) = 1 in D, then/is holomorphic.

If/is 1:1 in D,fis said to be quasiconformal and if Dfiz)^k in D, then/is

said to be ^-quasiconformal in D. The purpose of this paper is to show

that if/is a harmonic quasiconformal function in D, then D, is sub-

harmonic in D and Df is harmonic if and only if DfM is constant. The

proof will be achieved by examining the coefficients of an elliptic system

of first order partial differential equations determined by/

2. Elliptic systems and differentiable quasiconformal functions. Every

differentiable quasiconformal function determines two distinct elliptic
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systems, each of which may be regarded as a generalization of the Cauchy-

Riemann equations. These systems may be obtained in the following way:

If / is differentiable and quasiconformal in D, the first complex di-

latation of/at a point z e D is given by u=fi/fz and the second complex

dilatation off is v=f/fz.
For the first case, one considers the set W of functions defined and

differentiable in D such that if g e W, gz=pigz. This system is called a

Beltrami system and it is well known that W is an algebra over the field of

complex numbers and that if g e W, then g is locally quasiconformal in

D except for at most a countable set E having no limit point in D. (Recall

that we have assumed that/e C where r = 3.)

We will be considering the second case. Let W be the set of functions

defined and differentiable in D and such that if g e W, then g¡=vgz. This

system was studied extensively by L. Bers who called elements of W

"pseudo-analytic functions of the second kind" [2]. As in the first case, if

g E W, then g is locally quasiconformal in D except for at most a countable

subset E having no limit point in D. A tedious but elementary compu-

tation shows that v can be written in the form

v = (a2 + ß2 - oT2 + 2ißaTl)(a? + ß2 + a"2 + 2)"1

where a and ß are real-valued functions and a^O in D. Both systems have a

matrix representation [3]. The matrix representation of the Bers system is

of the form

Jf = (o    a"1) \q      p )

where f*=p + iq is a complex-valued function satisfying a system of the

form f* = Af* + Bf* [3]. Bers called functions satisfying a system of this

kind "pseudo-analytic functions of the first kind." It is not difficult to

show that v and xß + ia2 are holomorphic if and only if/ is harmonic.

Futhermore, if a/S + /a2 (hence v) is holomorphic, then vrlf* =

a-1(/}+/a) is also holomorphic and for f*=p+iq such that a-1/* is

holomorphic in D,f* determines a harmonic function/, which is unique

up to an additive constant, such that f = vfz.

3. The dilatation of/ At this point, it is simpler to abandon complex

notation temporarily. We consider a domain D in E2 and a differentiable

mapping/: Z)—>-F2 such that

We denote the transpose of Jf byjj. Then at a point (x0, y>0) in D, j}jf and
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Jfj} are positive definite symmetric matrices with common eigenvalues

X\ = 2-V + cj2)[oc2 + ß2 + a-2 + ((a2 + ß2 + a"2)2 - 4)1/2]

and

X\ = 2~V + cf)[oc2 + ß2 + a"2 - ((a2 + ß2 + a"2)2 - 4)1/2].

If ux and u2 are the corresponding orthogonal eigenvectors of J}Jf and if

Xi=sJX2i (i=l,2), then Du.f(x0,y0)=Xivi (i=l,2), where vx and t;2 are

orthogonal eigenvectors of JfJ) [4]. (It is easy to show that in this case vx

and v2 depend only on the values of <x and ß at (x0, j0).) If we assume

X2^XX, the dilatation of/at (x0,y0) is given by

Dy,   =    XXX2

= [a2 + ß2 + oc"2 + ((a2 + ß2 + a"2)2 - 4)1/2]1/2

X [a2 + /?2 + a"2 + ((a2 + 0* + oT2)2 - 4)1/2]"1/2

= 2"V + ß2 + cT2 + ((a2 + ß* + a"2)2 - 4)1/2].

We will say that/has an umbilical point at (x0, y0) if D,= 1 at that point.

Note that if W is the set of differentiable functions defined in D and

satisfying the Bers system with coefficients a and ß, then for geW, DQ is

determined except at a critical point and Dg= 1 at a point z0 if and only if

a(z0)=l and /?(z0) = 0. For brevity, we will denote the dilatation of an

element of W by D.

Theorem. Let D be a domain in C, let f:D^*C be harmonic and quasi-

conformal in D, and let D be the dilatation off. Then D is subharmonic in D

and is harmonic if and only if D is constant.

Proof. Let a and ß be the coefficients of the Bers system determined by

/and let M=«.2 + ß2 + o:-2. Then D=2^iM+iM2-4)1/2). Note that iff

is holomorphic, then M=2, D=l, and the theorem holds. We suppose

Mj¿2. An easy computation shows that

AD = D{AM(M2 - 4)"1/2 + (M2 - 4)"3/2((M2 - 4)1/2(M2 + M2)}.

Since aß+ict2 is holomorphic, we obtain that ßx = 2ay — ßx-lax and ßy =

-2ax-ßa.-1cty. It follows that A/2+M2=4«-2(A/2-4)(a2 + a2) and AM=

8<x-2M(a2+a2). Substituting,

AD = 4DoT2(M2 - 4)-1/2{[2M + (M2 - 4)1/2 - M](a2 + a2)}

= 2D2oT2(M2 - 4r1/2(a2 + a2) ^ 0.

Therefore D is subharmonic and is harmonic if and only if a, hence ß,

is constant. But if a and ß are constant, so is D.

Note that DX=D(M2-4)~1/2MX and Dv=D(M2-4)-1/2My. An easy
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computation shows that

D2 + D2 = D2[M2 - AT\M2X + M2V) = AD2oT2(a2x +a2v).

It is easy to verify that if aß + ia.2 is univalent in D and if/has no umbilical

points in D, then for every open set i/cfl, Df has neither a maximum nor

a minimum in R. If, however,/has an umbilical point at z0, D has an

absolute minimum at z„ but need not be differentiable at that point.
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