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PRODUCT  SPACES
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Abstract. It is shown that if N is a normed linear space and

there is a point y of norm 1 such that an inequality of the type

a2||.v||2^limu^0C7({||öi"^+c,.y||^_1)^o2||A:|i2 holds for all x in N

(where 0<a^b, the c4's are nonzero and G and ||-|| satisfy a certain

twice-differentiability condition), then TV is isomorphic to an inner

product space and inf||F|| • {¡T^W^b/a, where the infimum is

taken over all linear homeomorphisms 7" between N and an inner

product space. In the event that a=b = \, the inequality reduces to

an equation which characterizes inner product spaces. An example

shows that these results do not follow without the twice-differentia-

bility condition on G.

S. O. Carlsson has proved [1] that a normed linear space N is an inner

product space if an equation of the type

(1) ^MM + ^II 2 = 0
¿=0

(where the numbers a¿ are nonzero and the couples (bt, cA are pairwise

linearly independent) holds for all x and y in zV. An example of this type

of equation is the Jordan-von Neumann condition for inner product

spaces [2]:

(2) \\x+y\\2 + ||x-j||2 = 2||x||2 + 2||7||2

for all x and y in N. A reformulation of Carlsson's condition is the

following:

(3) Wxf^^a.Wb.x + c.yf
i=\

(where the coefficients are different from those in (1) and the numbers c{

are nonzero) for all x and y in N. Now, if we define a function G0 by

G0(tx, t2, ■ ■ ■ , t„)= 2Li o¡t2, then equation (3) says that, for all x and y

in/V,

(4) II xf = Gn({\\biX + ciy\\}Ul
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In this paper Carlsson's condition is improved upon in several ways

simultaneously: the specific function G0 is replaced by a function G

which only need be twice-differentiable at a certain point, the require-

ment that (4) hold for all y is replaced by the condition that it hold for a

single y (on the unit sphere for convenience) where the norm is twice-

differentiable, the requirement that (4) hold for all x is replaced by a

weaker limit condition, and the equality in (4) is replaced by inequalities

which give information on the nearness of N to an inner product space

in case N is isomorphic but not isometric to an inner product space. The

main result of this paper is: Ifthereisapoint^on the unit sphere and some

function G such that an inequality of the type

(5) a  \\x\\   <;iim-<.b  \\x\\
U-.0 U

holds for all x in N (where 0<a^t7, the numbers ei are nonzero, and G

and the norm satisfy a certain twice-differentiability condition), then N

is isomorphic to an inner product space. Furthermore, letting K(N) =

inf{||T|| • || 7" 1 ]| : Fis an isomorphism from Nonto an inner product space},

it follows that K(N)^b/a. (This means that an inner product ((•, ■))

exists such that a2||x||2^((x, x))^è2||x||2 for all x ¡n N.) An example

shows that these results do not follow without the twice-differentiability

condition on G. The twice-differentiability condition on the norm can be

removed if we require that (5) hold for all x and y in N.

Say that a function G from a subset A of a normed linear space Nx into

a normed linear space N2 is twice-differentiable at the point x of A if x is

a limit point of A and their exist a bounded linear mapping Tx from Nx

into N2 and a bounded bilinear mapping 7*2 from Nx x Nx into N2 such that

ljm    G(x + e)-G(x)-Tl(e)-me,s) = Q

£->0.x+ceA \\s\\"

This definition does not require that G be differentiable at points of A

other than x. The necessary lemmas on this subject are stated at the end.

Throughout this paper, N denotes a normed linear space. An «-tuple

(tx, t2, • • ■ , t„) is denoted {t¿}. If t0, tx,---,tn are numbers or points,

{/¿} denotes (tx, t2, ■ ■ ■ , tn), not (r0, tx, ■ • ■ , tn).

Theorem 1. Suppose that there exist a function G from N into R which

is twice-differentiable at 0 and numbers a and b, 0<a^b, such that for all

x in N, fl2||x||2^limlt_0 G(ux)lu2^b2\\x\\2. Then K(N)^b¡a.

Proof.    Let Tx and T2 be derivatives of G at 0, as in the above definition.
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Then

,.    G(x) - G(0) - Tx(x) - \T2(x, x)
hm-;-= 0.

Ml*
This implies that G is continuous at 0, and since limM^0 G(ux)/u2 exists,

G(0)=0. For all x in N, 0=limu^n(G(ux)-uTx(x)-iu2T2(x,x))/u2=

(l\mu_^nG(ux)/u2) — %T2(x,x)—(l\mu^nTx(x)/u). Therefore, T1 = 0 and

limu-0 G(ux)/u2 = \T2(x, x). For all x and y in TV, define ((x,y))=

(T2(x,y)+T2(y, x))/A. Then ((•, ■)) is an inner product for N satisfying

a2||x||2^((x, x))<Z>2||x||2 for all x in N. This implies K(N)=b/a.

Corollary 1.1. If the square of the norm is twice-differentiable at 0,

then N is an inner product space.

Theorem 2. Suppose that there exist a point y of norm 1 where \\-\\ is

twice-differentiable, numbers b¡ and c¡, c^O, i=l, ■ • • ,n, a function G

from a subset ofR" into R twice-differentiable at (|c¿|), and numbers a andb,

0<a—b, such that for every x in N, a2||x||2^lim„^0 G({[|6,-MJt:+c,-_y|j})/w2

^¿>2||x||2. Then K(N)=b/a.

Proof. Let ^V = NxxN2x ■ ■ • xNn, where each A/¿ = A/. Then define

functions E:R-^jV and F:jV-*Rn by E(u) = {biux + ciy} and £({/>,})=

{\\Pi\\}. Then £ is twice-differentiable at 0, F is twice-differentiable at £(0),

and G is twice-differentiable at F ° £(0). By two applications of Lemma 1

on twice-differentiable functions, G°£°£ is twice-differentiable at 0.

By the hypothesis a2||x||2^limu^0 G ° £° £(wx)/m2^/32||x||2 for all x in N.

Theorem 1 then asserts that K(N)=b/a.

One immediate consequence of Theorem 2 is the following improvement

on the Jordan-von Neumann condition:

Corollary 2.1. If there exist a point y of norm 1 in N where ||-|| is

twice-differentiable and numbers a and b, 0<a^e, such that for all x in N,

I,   .■>,.     \\ux + yf+ \\ux - yf - 2 \\yf ^ , 2 „    .
a   ||x||   ^ hm-—-^ b   ||x|| ,

M^0 ¿U

then K(N)<b/a.

Proof. It is just a matter of checking that the function G(tx, t2, t3)=

(tl+t¡—2t2)/2 is twice-differentiable at (1, 1, 1).

If A^ is 2-dimensional, then Lemma 2 on twice-differentiable functions

may be used to eliminate from the hypothesis of Corollary 2.1 the condi-

tion that there exist a point y of norm 1 where ||-|| is twice-differentiable.

Corollary 2.2. Suppose that there exist a point y of norm 1 where

ll'll is twice-differentiable, pairwise linearly independent points in the plane
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(bit c¡), 1=0, I, ■ ■ • , n, a function G twice-differentiable at

{IV, - cA\l(bl + cly'2},

and numbers a and b, 0<a^b,such that for all p and q in N,a2\\b0p + c0q\\2^

G({\\bip + ciq\\})^b2\\b0p + c(>q\\2. Then K(N)^bja.

Proof. Define U~(fyt+cfdl$ï+.<$f\ c'^b.c-c^libl+cl)1'2,
;'=0, 1, • • ■ , n. Then the c\ are nonzero and (b'0, c0)=(l, 0). Suppose x is

in N.  Let p = (b0x-cay)l(b20+clf'2 and q = (c0x + b0y)¡(b20+c2oy<2. Then

a2 \\x\\2 = a2 \\b0p + c0c7||2 < G({\\biP + c¡q\\})

= G({\\b'iX + c;.y||}) = b2 \\boP + c.qf = b2 \\xf.

By Theorem 2, K(N)^b/a.

Lemma 2 on twice-differentiable functions may be used to omit from the

hypothesis of the above theorem the condition on the existence of the point

y if the conclusion is altered to read ",ty(/V')_ V for every two-dimen-

sional subspace N' of N." However, this does not insure that KiN)^b/a.

To get Carlsson's theorem from Corollary 2.2, define

-1 *
G(t,, i2, ■ • • , tn) = — 2, ***/

"0   i=l

and note that G is twice-differentiable everywhere. Then, using Lemma 2

on twice-differentiable functions, we have that every 2-dimensional

subspace of N is an inner product space, and, hence, that N is an inner

product space.

If /7 = 3, then the condition that G be twice-differentiable may be omitted

from the hypothesis of Theorem 2, as this author has shown in [3,

Theorem 6]. One is tempted to guess that for other values of« that con-

dition is also unnecessary. The following example disproves that

conjecture.

In the plane let A be the arc {(a, b):b^0, a2 + (/3 + |)2=l} of the circle

with radius 1 and center (0, — j). Let S be the unit sphere A KJ(—A) and

let ||-|| be the corresponding norm (the Minkowski functional for S). If

5" is any linear image of S distinct from S, then S and S' have no more

than 3 pairwise linearly independent points in common. Let (a,, ¿>¿),

í'=0, 1, 2, 3, 4, be five pairwise linearly independent points. We show that

there is a function G such that, for every two points x and j,

Gi{\\aiX + biy\\}) = ||flox + Vf.

Let x and y be points in the plane. By the strict convexity of S, x and y

are linearly dependent if and only if there exist numbers c and d such that
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||a¡x+6i>>|| = |aÉc+¿>ía"|, /=1, 2, 3,4, and in this case, define

G({|kx + biy\\}) = (a0c + b0d)2,

which is ||a0x+¿»0_y||2. Suppose x and y are linearly independent. The four

points (a¿, ¿>¿)/||a¿x+¿y||, (=1,2,3,4, belong to T(S), where £ is the

linear mapping such that £(x) = (l, 0) and T(y)=(0, 1). There exists no

other linear image of S containing these points. Let k denote the positive

number such that (a0, b0)/k e T(S). Then

1 = \\T-i((a0,b0)/k)\\ = \\a0x + bnyW/k,

so k=\\aox+b0y\\. Thus for x and y linearly independent, the rule is

G({||a,x+èj>||})=Â:2, where k is the positive number such that (a0, b0)/k

belongs to the unique linear image of S which contains (a,, èi)/||aix+èi_y||,

/'= 1,2,3, 4. Although such a function G exists, N is not an inner product

space.

We have used the following two lemmas on twice-differentiable func-

tions. The proof of Lemma 1 is omitted since it is quite similar to the proof

of the ordinary composition theorem ("chain rule") in differential

calculus.

Lemma 1. Suppose that F is a function from a subset A of the normed

linear space Nx into the normed linear space N2, x is a point of A where F

is twice-differentiable, G is a function from a subset of N2 containing F(x)

into a normed linear space Ns, G is twice-differentiable at F(x), and x is

a member and limit point of dorn F ° G. Let Sx and S2 (Sx linear and S2

bilinear) be functions satisfying the definition of twice-differentiability for

F at x, and let Tx and T2 be functions satisfying the definition for G at

F(x). Then G ° F is twice-differentiable at x and has derivatives Ux=Txo Sx

and U2=TX ° S2+T2 ° (Sx, Sx).

Lemma 2. Every norm defined on the plane is twice-differentiable almost

everywhere.

Proof. Suppose ||-|| is a norm defined on the plane. Let x and y be

two linearly independent points of the unit sphere, and let r be the positive

function such that \\r(0) cos(0)x + r(0) sin(0)y\\ = l for all 0. Then r is left-

differentiable and for every 6, — arctan(/l(0)//"(6)) + 8 + 7r/2 gives the direc-

tion of the left-hand tangent to the unit sphere at r(0) cos(6)x+r(9) sin(d)y,

so the function —arctan(/-'_(ö)//'(ö)) + 0+7r/2 is nondecreasing and differ-

entiable almost everywhere. It turns out that r is twice-differentiable

wherever r'_ is differentiable.

Suppose r'__ is differentiable at 0. Then r'_ is continuous at 6 and r is

differentiable at 6. Let Tx be the linear function and T2 the bilinear func-

tion defined by  Tx(e) = er'(Q) and  T2(e, e) = s2(rL)'(0). For every e, let
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hie)=rid+s)-rid)-T1is). Then A(0) = A'(0) = 0, h is left-differentiable,

and h'_ is differentiable at 0. It is a theorem that, under these conditions,

limc_0A(e)/e2 = (/il)'(0)/2. This implies that

r(Q + s) - r(6) - T¿e) - ÎTt(e,e)
lim-= 0,
e-o |e|2

so r is twice-differentiable almost everywhere.

The function/from the plane into R defined by

f(k cos(0)x + k sin(0)v) = 0

if k>0 and 0 e [0, 27r) is twice-differentiable except on the ray {kx:k^.O},

and, hence, r °f and (/ °/)_1 and the function ||/7||=|/?|/(/ °fip)) are

twice-differentiable almost everywhere.
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