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THE  SOLUTION  OF  AN INTEGRAL  EQUATION

C.  NASIM

Abstract. Various methods are developed to solve the integral

equation f(x) = §0xg(t)k(xt)dt, when the Mellin transformai) of

the kernel function k(x) is decomposable. Each method corresponds

to the way K(s) is decomposed : Namely (i) K(s) = 1/Z.(1 — s)M(l —s),

(ii) K(s)=H(s)IM(l-s) and (iii) K(s)=N(s)H(s), where L, M, N

and H are arbitrary functions of the complex variable s. Numerous

special cases and examples are given to illustrate the technique and

the advantage of these methods.

1. Introduction.    Let us consider the integral equation

(1) g(x) = \°°f(t)k(xt) dt,       x > 0,
Jo

where the function g(x) and£(x) are known and/(x) is to be found. Many

techniques are known to solve this integral equation, depending upon the

properties which the Mellin transform of the function k(x), called the

kernel, must satisfy. For example, the most familiar case is the classical

one, where k(x) is the Fourier kernel [2, Chapter III], that is, its Mellin

transform K(s), satisfies the following functional equation

K(s)K(l - s) = 1,

where s=c+it, — oo<r<oo, for some real c, and k(x) in some sense is

given by

k(x) = — K(s)xs ds.
2.7TX   Jc—¿oo

Then, by the Fourier inversion formula, the solution is

(x) = j\(xt)g(t) dt.
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If K(s) is a rational function involving gamma function, i.e.

m i   n

k(s) = n n«iS + Ä)/n rfes + /?,),

then by applying the operators £ and £_1, to both sides of (1), £ being

the Laplace operator, the solution can be found [1]. Also, the integral

equation (1) is solvable in terms of Mellin transforms and the solution is,

i  r«+** G(i - s)
f(x) = —: ~^7¡-^ x ds,

2iri Jc-i¿a,   £(1 - s)

where G(s) is the Mellin transform of g(x).

In this paper we shall give a method for solving the integral equation (1),

when K(s) is decomposable into arbitrary functions of s. The cases which

we shall consider here are when K(s) is decomposable into the following

forms :

(i) K(s)=l¡L(l-s)M(l-s),

(ii) K(s)=H(s)lM(l-s),
(iii) K(s) = N(s)H(s),

where £, M, Nand //are arbitrary functions of s; s = c+it, —co<r<co.

2. Preliminaries. For simplicity, we shall confine ourselves to £2-space

and base the proofs given here upon the Mellin transforms. The following

well-known theorems will be used and are found in [2, pp. 94, 95].

A. If/(x) e £2(0, oo), then

f(s) = ¡"/(ty-1 dt,
Jo

the integral converging to F(s) in the mean square sense and F(s) e

£2(1-/00, | + /oo).

If F(s) e £2(i-z'oo, |+/oo), then

j    ri/2+ï

2rri Ji/2-io
f(x) = —; F(s)xs ds,

2iri Ji/2-ioo

the integral converging to/(x) in the mean square sense and/(x) e £2(0, oo).

This defines F(s) to be the Mellin transform of/(x).

B. The Parseval Theorem.    Iff(x) and g(x) both belong to £2(0, oo),

and F(s), G(s) are their respective Mellin transforms, then

/(

i        ["l/2+ioo

x)g(x) dx = — F(s)G(l - s) ds.
2iri Ji/2-îoo
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C. Iff(x) and g(x) both belong to L2(0, oo), then by the results (A) and

(B), the integral equation (1) gives

1        ("1/2+ioo 1        i"l/2+ioo

—; - G(s)xs ds = — F(l - s)K(s)xs ds.
277Í Jl/2-too 2777 Jl/2-ioo

Therefore
1        ("1/2+ioo

-=-; [C(s) - F(l - s)K(s)]xs ds = 0,
277( Jl/2-ioo

a/zd

(2) C(«) = F(l - s)K(s)

a.e. on s = i+it, — co<r< oo.

3. Theorems.

Theorem 1. IfK(s)=l/L(l—s)M(l—s),s = ^ + it, —oo<r<oo, then

define O(s) as (t>(s) = L(s)G(l — s). Then the solution of the integral equation

(1) is

f(x) =        - q>(-\m(xt)dt,        x > 0,

where K(s), ^(s) and M(s) are the respective Mellin transforms of the

functions k(x), q>(x) and m(x), according to the result (A).

Proof. Since <p(x) e L2(0, oo), by hypothesis, therefore it is an easy

matter to see that (\/x)<p(l/x) e L2(0, oo) also.

Now m(x) and (l/x)93(l/x) both belong to L2(0, oo), therefore the

integral $%" (l/t)cp(l/t)m(xt) dt, is absolutely convergent for x>0. By

applying the Parseval Theorem (B) for Mellin transforms of L2-functions,

we obtain

"l/2+íoo("tK   I /1\ 1 ("l/2 + íoo

- <p[-\m(xt) dt = — ®(s)M(S)x° ds.
Jo      t        \t/ 2-TTl  Jl/2-íoo

to the result (C) we have

G(s) = F(l - s)K(s) = F(l - s)/L(l - s)M(\ - s).

F(s) = G(l-s)L(s)M(s) = ®(s)M(s). And

i        ("l/2+ioo ,        ("1/2+ioo

-^ ®(s)M(s)xs ds = — F(s)xs ds = f(x),
2ni Jl/2-foo 2771   Jl/2-ioo

"1/2+ioo /"1/2+ioo

2

in the mean square sense by the result (A), as required.

Theorem 2.   IfK(s) = H(s)/M(l—s),s=i + it, — oo</<oo, then define

<t>(s) to be 0(s) = G(l —s)/H(\ —s). Then the solution of the integral equation
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(1) is

f°° 1      /1\
f(x) =       -pl-lmixt) dt,       x > O,

where K(s), 0(.s) and M(s) are as in Theorem 1.

Proof.    Again (l/x)ç>(l/x) and m(x) both belong to £2(0, 00), therefore

by the result (B),

[00  1        /i\ 1       ri/2+ioo

-®[±)m(xt)dt = — 0(s)M(s)xs ds.
. J       Í        \17 27T¡ Jl/2-ioo

Also, due to (C),

G(i) = £(1- ¿)tf(s) = £(1 - s)H(s)lM(l - s),

and therefore

fis) = G(l- s)M(s)IH(l -s) = ®(s)M(s).

Thus

1*1/2+100 1 rl/2+iao

0(s)M(s)xs ds = — F(s)xs ds = /(x)
"i Jl/2-l'oo 277(  Jl/2-ioo

/•1/2+100 /"1/2+ioo

2771

in the mean square, by the result (A), as required.

In the case when K(s) = N(s)H(s), if we define <¡>(s) = G(l-s)lH(l-s),

then it is easy to see that the solution of the integral equation 0(x) =

(l/x)j0of(u)n(ulx) du is also the solution of (1).

Note 1. In Theorem 1, if L(s)M(s) = H(s), then we have the functional

relation K(s)H(l— s)=l. The solution of (1) is then given by

/*00

/(*)=! g(t)h(xt)dt,

which is the usual unsymmetrical Fourier integral formula [2, Chapter

VIII]. Numerous examples of the relation between h(x) and k(x) can be

found in the literature [2, Chapter VIII].

Note 2. In Theorem 1, if L(s)L(l-s)=l, then K(s) = L(s)/M(l-s)

which is the case considered in Theorem 2.

Note 3.    In Theorem 2, if H(s)H(l -s) = M(s)M(l -s), then

£(^£(1-^=1,

and then k(x) is the Fourier kernel for the pair of functions/(x) and g(x).

Hence the solution of (1) is

/(*)= J   g(t)k(xt)dt.
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The results mentioned above will also hold in the function space L(0, oo).

For this we need to impose appropriate conditions on the functions in-

volved so that the results corresponding to (A) and (B) can be applied.

These can be found in [2, pp. 46, 60].

4. Examples. The methods given above to solve the integral equation

(1), essentially depend upon the decomposition of K(s). This is done in

such a way, so that the following integrals can be evaluated to give,

respectively,
l/2+ico   ,.., „s -s    ._„/   v

(i) (1/2ttí) ft ££ M(s)xs ds = m(x),

(ii) (l/2Tri)t\x/2<î>(s)xs ds = <p(x),and

(iii) ^(\/t)<p(l/t)m(xt)dt=f(x).
The advantage of these methods lies, therefore, in assuming that these

above integrals involve elementary functions and are easy to evaluate or

can simply be read from the tables ([3], [4]). To confirm this assumption,

we give below a few examples. Throughout these examples the Mellin

transforms are defined for the appropriate range of Re(s).

1. Laplace's integral equation.

g(x)=^f(t)ê*tdt.

(i) Here  k(x)<=ë*  and   K(s) = Y(s)=7r/T(l-s)sin7Ts,   where   L(s) =

sin 77S and M(s) = V(s). Thus m(x)=éx.

\f g(x) = log x/(x— 1), so that G(s)=7T2cosec27rs [4, p. 538], then

d>(s) = L(s)C(l - s) = Tr cosec tts,

whence ç>(x)=l/(l+x) [3, p. 308]. Thus by Theorem 1,

f(x) = f " - cp (-) m(xt) dt = f °°-^— dt = r\0, x)ex       [3, p. 137].
Jo   í     Vi/ Jo  1 + í

2. Stieltjes's integral equation.

Y(x) = r^-du.
Jo   X + u

By change of variable, we can write this as

x     \x/      Jo   1 + xi

(i) Consider fc(x)=l/(l+x). Then

TT-ro - s)
K(s) = 77 cosec 77S =

2r(l — s)sin ^77S cos |77S
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where H(s) = T(l— s)cosec ^""(1— s), and M(s)= — (2¡7r)r(s)cos %-ns,

thus m(x)= -(2/tt)cos x [3, p. 348].

Now ifvF(x) = £0(2x1/2), then ^(x)=x1£0(2x"1/2), and G(s) = T2(l-s),

and <D(í) = (J(1 — s)¡H(l— s) = T(s)sin ins, whence çp(x) = sin x.

Thus by Theorem 2

f{x) = P - (pi-)m(xt) dt = — f80 - sinocos x/ d/ = -J0(2x1/2)

[3, p. 25].
(ii) Now

77 cosec 7tsF(1 — s)
£(s) = 77 cosec 775 = - ,

r(i - s)

where H(s)=ttT(1 — s)cosec tts and M(o-) = r(.s). Thus m(x) = ëx.

If vF(s) = logx/(x—1), then ^(x) = logx/(x—1), and G(s)=n2 cosec2 tts

[4, p. 538].
We define, <í>(s) = G(l-s)lH(l-s) = T(l-s), whence <D(x)=x1e1/a!.

Thus by Theorem 2,

f(x) = r - (p(-\m(xt) dt = pé*"*.» d< =
1

1 + x

3. Cosine integral equation.

/•oo

gW =     /(Ocos xí di.

Here &(x)=cos x,   therefore   K(s) = V(s)cos Itts=T(s)Isec ins,   where

H(s) = T(s) and M(í) = cosec |t7í. Thus w(x) = l/(l+x2) [3, p. 345].

Now, if g(x)=l/(l+x), then G(s) = cosec vs, and

<f>(s) = G(\ -*)///( 1 -i) = r(s),

whence q>(x)=ëx. Thus by Theorem 2,

/(*) - pi t^Wf) dt - prV-7-3 e~" d"
Jo     t       \í/ JO   tí    + X"

= ci(x)cos x — s/(x)sin x        [4, p. 312].

4. Let k(x)=Jv(u), and therefore

,,   r(*s + \v)
K(s) = 2s"1-V2        2        ,        -R(d) < £(s) < f,

r(iy-4S + i)'
where

H(s) = 2S-T(|s + |t>)   and    M(s) = r(£e + Js + J),
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whence m(x)=2xv+1ë*2. Now if g(x) = Kv(x), then 0(s)=G(l-s)/H(l-s)

gives q}(x)=xv~1e~1/x. Thus

fix) = I" i U1) >»(*0 dt = 2x"+1 fV(1+*2> di = ^~ ,
Jo    f     W Jo 1 + x2

-1 <R(v) <f

More generally if ^(x)=x"ATv^(x), then/(x) = 2T(1a+l)x''+1/(l-|-x2)''+1

5. Let /c(x)=x1/2//„(x); then [3, p. 335] K(s) = H(s)/M(l-s) where

ur \     ,     **/    ■       ,   i\       a    »*/ i     ^«-1/2 r(iV + Is + i)//(s) = tan - (s + ü + i)   and   M(s) = 2       -
2 T(|i; - |s + î)

whence m(x)=x1/2Jv(x).

Now if g(x)=xv~V2/(l+x2), then 0(s) = G(l-s)///(l-s) gives <p(x) =

xl'2-vl(l+x2). Thus by Theorem 1,

,0c ,     /A                           ,00  r+i
/<*) =       - q![-\m(xt) dt = x1/2--Jv(xt) dt = x1/2/C,(x),

Jo   t    \t! Jo 1 -i- r

-l<R(v)<i    [4, p. 686].
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