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ON  THE  SCALAR  CURVATURE  AND  SECTIONAL

CURVATURES  OF A  KAEHLER SUBMANIFOLD

BANG-YEN  CHEN  AND  KOICHI  OGIUE1

Abstract. For a Kaehler submanifold of a complex space

form, pinching for scalar curvature implies pinching for sectional

curvatures.

1. Statement of result. The scalar curvature is, by definition, the sum

of Ricci curvatures with respect to an orthonormal basis of the tangent

space, and the Ricci curvature is the sum of sectional curvatures. There-

fore, in general, it may be very difficult to expect some implications from

the scalar curvature to the sectional curvature. However, we shall show

in this note that for a Kaehler submanifold of a complex space form,

pinching for scalar curvature implies pinching for sectional curvatures.

Precisely, we shall prove the following pointwise theorem:

Theorem. Let M be an n-dimensional Kaehler submanifold of an

in+p)-dimensional Kaehler manifold of constant holomorphic sectional

curvature c. If the scalar curvature p of M satisfies p=nin+l)c—a at a

point P, then every anti-holomorphic sectional curvature of M at P is

= i{c-a).

Although we may expect some better implication under some additional

assumptions (for example, the compactness of AT), our theorem is proved

without any global assumption.

Remark 1. Let ||o-|| be the length of the second fundamental form a

of the immersion. Then we have p=/i(«+ l)c— \\o\\2 so that the assumption

"p=nin+l)c — a" is equivalent to "||o-||2^a".

Remark 2. Our theorem can be considered as a complex version of

Theorem 1 of [1], in the proof of which we find a minor mistake. The

correction will be given in the Appendix.

2. Proof of theorem. Let Mn+Ifc) be an («+/?)-dimensional Kaehler

manifold of constant holomorphic sectional curvature c, and let M be
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an «-dimensional Kaehler submanifold of Mn+B(c). Let J (resp. J) be the

complex structure of M (resp. Mn+1)(c)) and g (resp. g) be the Kaehler

metric of M (resp. MnJ_„(c)). We denote by a the second fundamental

form of the immersion. Then a satisfies

(1) a(X, Y) = a( Y, X),        a(JX, Y) = o(X,JY) = Jo(X, Y).

Let I,, ■ • ■ , f j,, Jf,, • • • , Jfp be an orthonormal basis of the normal

space at x e M. If we set, for <x= 1, • • • , p,

g(AxX, Y) = g(o(X, Y), f?J,        £(/!..*, T) = |(ff(*,. K), #.),

then Ay, ■ ■ ■ , Ap, Ay,, • • ■ , Ap. are symmetric linear transformations of

the tangent space TX(M) of M at x. We can easily see that AI.=JAI and

JAa=— ArJ so that, in particular,

(2) tr ¿„ = tr Ax. = 0.

Let R be the curvature tensor of M. Then the equation of Gauss is

given by [2]

g(R(X, Y)Z, W)

= 2 {S(AXX, W)g(AaY, Z) - g(AxX, Z)g(AJ, W)

(3)
V ; + g(Ax.X, W)g(A,.Y, Z) - g(A,.X, Z)g(AI.Y, W)}

+ \c{g(X, W)g(Y, Z) - g(X, Z)g(Y, W) + g(JX, W)g(JY, Z)

- g(JX, Z)g(JY, W) + 2g(X, JY)g(JZ, W)}.

From (3) we see that the sectional curvature A" of M determined by

orthonormal vectors X and Y is given by

K(X, Y) = -{\ +3giX,JY)2}
4

+ J {g(A,X, X)g(AJ, Y) - g(AxX, Yf

+ g(A,.X, X)g(A,.Y, Y) - g(Ax.X, Y)2},

and the scalar curvature p is given by p=n(n+l)c— ||a||2, where

M\* = 2,(lrA\ + trA\.).

An anti-holomorphic section is, by definition, a plane section y such

that Jy is perpendicular to y.
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Let X and F be orthonormal vectors at x which generate an anti-holo-

morphic section. Then we can choose an orthonormal basis ex, • • ■ , en,

ex,=Jex, ■ ■ ■ , en,=Jen of TX(M) in such a way that ex=X and e2= Y.

For i,j= 1, • • • , n, 1 *, • • • , /i*, let

hfj = g(4ae,-, ej),       hfj = g(Ax.e¡, e¡).

Then from (1) we see that

(5)  hi = -h*a.b. = h°a¡. = h<„,     hi. = *;., = -Kl = h<b.,

where a, b=l, ■ • • , n.

On the other hand, from (4) we have

(6) K(X, Y) = - + J {h\xh\2 - (h\2Yl + hfxhf2 - (hf2)2}.
4      »=1

Since p=n(n+\) — a so that ||o-||2^a, making use of (5) we have

a ^ IN8

= 22 {(*?#>■ + (*«>*}
a=l l.) = l

=  2 ÍC1»)8 + C"**)2 +  WU  + WV)"  + (/l2*2-)2  +  2(/l?.2.)2
a = l

+ Mi')2 + cö2 + 2(/i?;)2 + (hf.x y + (hi-,.)2 + 2(h°¡:2.)2}

= 2 J {WO2 + (h°22)2 + 2(h°l2)2 + (hilf + (A«)2 + 2(hf2)2}
i=i

= 4 J {-*&*& + (/i?2)2 - fcjX + (hf2)2}.
n = l

This, together with (6), implies K(X, Y) = \(c — a), which completes the

proof.

3. Appendix: correction to the proof of Theorem 1 of [1]. From line

27 of page 606 to line 12 of page 607 should read as follows:

Let X and F be orthonormal vectors at £. We choose an orthonormal

basis ex, ■ ■ ■ , e„, en+x, ■ ■■ , e„+p in such a way that ex=X, e2= Y and

en+1 is parallel to H. Then from (6) of [1] we have

(?) (ZKr)*(n - »few»)* + 2wrr' + 2 2e»«)s-2c)
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(resp. >). Applying the lemma of [1] to (7), we get

n+p

2/»ííih2"2+1 ^ 2 w;1)2 + 22 wf -2c
i^j a=n+-2  i,j

n+j>

(8) ^ 2(«r2+1)2 + 2 Pii)* + (»22)2 + 2(h*12)2] - 2c
ot=r>+2

Ín+v n+v \
(«in2+1)2 -   2  h*h* +   2  (Ä^2 - 4

a=n-f 2 a=n+2 '

Thus, the sectional curvature of M at P determined by X and Y satisfies

n+v

K(X, Y) = 2 C«ïiAÏ2 - (^ï2)2} + c ^ 0       (resp. > 0).
cr=n+l

This proves the theorem.
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