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FLAT AND FP-INJEOTVITY

SAROJ JAIN1

Abstract. One of the main results of this paper is the charac-

terization of left FP-injective rings as rings over which every finitely

presented right module is torsionless. The necessity of the torsion-

less condition (in fact reflexivity) previously has been observed for

special classes of FP-injective rings (e.g., self-injective rings (Kato

and McRae), right and left coherent and self FP-injective rings

(Stenström)). Furthermore, if the ring is left coherent, it is equiv-

alent to say that every finitely presented right module is reflexive. We

investigate the condition (called IF) that every injective right

module is flat and characterize this via FP-injectivity. IF-rings

generalize regular rings and QF-rings, and under certain chain or

homological conditions coincide with regular or QF-rings (e.g.,

wgldim R^Irregular, noetherian, or right perfect=>QF).

1. Introduction. It is well known in QF-rings (Quasi-Frobenius) that

finitely generated modules are reflexive. Also it is easy to see that over

a regular ring (in the sense of von Neumann) that every finitely presented

module is reflexive. In this paper, we show that the property of every

finitely presented module being torsionless is a characterizing property

of left FP-injective rings. (Recall the definition §2.) For left coherent

rings, we can strengthen this to the statement that every finitely presented

right Ä-module is reflexive. This concept generalizes injective modules and

self-injective rings, in particular, QF-rings. We also consider another

generalization of QF-rings, namely right IF-rings. A ring R is said to be

right IF if every injective right /{-module is flat. A theorem of Faith and

Walker [5, Theorem 5.3] characterizes QF-rings with the property that

every injective module is projective. Since any regular ring is right IF,

the class of all right IF-rings is quite large. We connect right IF-rings with

left FP-injectivity as follows : A left coherent ring is right IF iff R is left
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FP-injective. (Moreover left coherent is necessary for right self-injective

right IF-rings.) We also characterize right IF-rings in a number of special

cases including when R is right perfect (in this case R is QF) and wgl R = 1

(R is regular in this case).

The author wishes to express her appreciation to her advisor, Professor

Carl Faith, for his generous advice and encouragement for the preparation

of this paper.

2. FP-injective and reflexive modules. A left R-module is called left

FP-injective iff Ext1(F, M)=0 for every finitely presented module F. A

left FP-injective ring R is left FP-injective as left R-module.

The following is clear (e.g. Gupta [8]).

Lemma 2.1. Let {MA^j be a family of left R-modules, then direct

product Yl Mi (respectively direct sum 0 MA is left FP-injective iff each

Mi is left FP-injective.

We also use the following result which can be found in Auslander [1]

and especially Lipman [10].

Lemma 2.2.    Let R be any ring, and let

Ft—-Ft-+M-*Q

be an exact sequence of R-modules, where F0 and Fx are projective and of

finite type. Let N be the cokernel of the dual map F*—*-F*. Then there is an

exact sequence

0 -* Ext^N, R) ^ M -» M** -* Ext2(N, R) ->- 0.

in the next theorem, we refer to torsionless and reflexive modules in

the sense that the canonical homomorphism M^-M* * is monomorphism

and isomorphism respectively, where M* = HomR(M, R).

Theorem 2.3. R is left FP-injective iff every finitely presented right R-

module is torsionless.

Proof. Let M be a finitely presented right Ä-module. Then by the

above lemma, we have an exact sequence

0 -> Ext*(N, R) -* M ' -* M** -*■ Ext2(N, R) -* 0.

N being a cokernel of FÍ~*-F* is finitely presented. Thus R left FP-

injective implies Ext1(N, R)=0.

Thus M-»-M** is a monomorphism. Conversely, let every finitely

presented right module be torsionless. Assuming RM to be a finitely

presented module, we have an exact sequence
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where F0 and Fx are finitely generated free right Ä-modules. Then applying

the dual functor HomK( , R) we get an exact sequence

(i) o-»m*^fx*-+f;^n^-o

where Ar=cokernel of Ft~*F*.

Now applying the above lemma to the right half of the sequence (1),

we get

0 -* Ext^Af", R) -+N-+N**,

M=cokernel of F**^>-Fx*; now N torsionless^Ext^M, R)=0. Thus R

is left FP-injective.

Corollary 2.4. A left coherent ring is left FP-injective iff every finitely

presented right R-module is reflexive.

Proof.   <= by Theorem 2.3.

=> Ext^F, R)=0 for every finitely presented left /î-module F. Since R

is left coherent, this implies Ext"(F, i?)=0 for every n_l. The result

follows from the proof of Theorem 2.3.

Corollary 2.5. In a left FP-injective ring, every finitely generated

right ideal I is right annulet.

The proof follows by the fact that R/I is torsionless. The referee has

remarked that the following proposition is also a consequence of Utumi's

theorem [13], which implies that a left self-injective ring with zero singular

ideal is regular.

Proposition 2.6.    A left self-injective ring with no nil elements is regular.

Proof. By Corollary 2.5, rl(I)=I for every finitely generated right

ideal / of R. Let /.=/©/(/). Since R has no nil elements, then /(/) and

hence L is a two-sided ideal of R. Define a : /©/(/)-»•/? by a+b—-a, a el,

b e /(/). Then a is given by a right multiplication of an element r. Further

r is an idempotent and / is generated by r.

Corollary 2.7. A prime left self-injective ring R is afield iff R has no

nil elements.

3. Right IF-rings. R is said to be a right IF-ring if every injective right

R-module is flat. QF-rings, regular rings are trivial examples of right and

left IF-rings. Moreover, Hom^F^, FR), for FR a nonfinitely generated

free right Ä-module and R a QF-ring, is a left IF-ring, by Sandomierski

[11] and Lenzing [9].

Proposition 3.1.   A right IF-domain is afield.
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Proof. In a domain, flat modules are torsion free. Thus every injective,

being flat, is torsion free. Hence every module is nonsingular. For an

essential right ideal /, R/I is nonsingular, so I=R, implying that R is a

semisimple ring, hence a field, completing the proof. (Also follows from

3.3.)
A ring R is defined to be QF if every right and left ideal is an annulet and

if it is right or left noetherian or artinian (and then it is both). As charac-

terized by Faith and Walker [5], every injective module is projective.

By Bass [2], R is right perfect in case every right R-module has a pro-

jective cover (dual to injective hull) and characterized as a ring with

descending chain condition on finitely generated left ideals.

Theorem 3.2.    A right IF-ring R is QF iffR is right perfect.

Proof. By Bass [2, Theorem P], every flat right /J-module is projec-

tive. Thus every injective is projective, hence QF, by [5, Theorem 5.3].

<= Since QF is artinian, R is right perfect. For every finitely presented

left jR-module and injective right /î-module M, one has a canonical

homomorphism [4, p. 120]

Tori(M, F) = ToTx(Hom(R, M), F) -► HomíExt^F, R), M)

which is an epimorphism, as is easily verified (cf. [12]).

Theorem 3.3.   A right IF-ring is left FP-injective.

Proof. By above remark, Hom(Ext1(F, R), M)=0. Choosing M

to be an injective cogenerator, we get Ext^F, R)=0, proving the result.

In order to obtain the above result under the hypothesis of left perfect,

we are forced to assume that a ring R is right pseudocoherent in the

sense that r(S) is a finitely generated right ideal, for each finite subset

SofR.

Theorem 3.4. A right IF, right pseudocoherent ring is QF iff R is left

perfect.

Proof.    Follows by 3.3 and Björk [3, Theorem 4.3].

Theorem 3.5.   A right IF-ring is regular iff wglR=l.

Proof. Since every finitely generated right Ä-module is embeddable

in a flat module, the result follows.

Lemma 3.6. R is right IF-ring iff every right R-module is embeddable

in aflat module.

Theorem 3.7. A semiprime right Goldie ring R is semisimple artinian

iff R is right IF-ring.

Proof.   => Obvious.
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<= By 3.3, R is left FP-injective. Thus R is left Ä-divisible (the proof of

every injective left .R-module is divisible also works for left FP-injective

modules). Hence every regular element has a right inverse and thus is

invertible. Since in a semiprime Goldie ring every essential right ideal has

a regular element, (Goldie [7, Theorem 3.9]), which is invertible in our

case, then R has no essential right ideals. Hence R is semisimple artinian.

Proposition 3.8. Let R be a logenerator in the category of right R-

modules. Then R is right IF iff R is left coherent.

Proof. R is a cogenerator implies that every right A-module is

torsionless. Since R is Il-flat every module is embeddable in a flat module.

Thus R is right IF, by 3.6.
The next corollary generalizes Faith's characterization of a QF-ring

as a right or left self-injective ring with ascending chain condition on left

annulets (cf. [6]).

Corollary 3.9. A right IF-ring R is QF iff R has ascending chain
condition on left annihilators.

Proof.   Follows by 3.3 and [3, Theorem 4.1].

The same proof of Stenström [12, Proposition 4.2] yields:

Theorem 3.10. In a left coherent ring, R is right IF iff R is left FP-
injective.

4. Flat duals. Let (*) be a property that the dual of every right R-

module is left R-flat. The next lemma follows immediately.

Lemma 4.1.   If R is a ring with property (*), then R is right coherent.

Proposition 4.2.   Let R have (*). Then the following are equivalent:

(1) R is right FP-injective.

(2) R is left FP-injective and left coherent.

(3) R is regular.

Proof. (1)=>(3). By 4.1 and 2.4, every finitely presented left R-

module M is reflexive. (*)=>AP* is left R-ñat. Thus M is flat. Since every

module is a direct limit of finitely presented modules, every module is flat.

(3)=>(1) and (2). Trivial.

(2)=>(3) follows symmetry to (1)=>(3).

Theorem 4.3. For a right FP-injective ring R, the following are equiv-

alent:

(a) R has the property (*).

(b) R is regular.

(c) R is right coherent and wgl /?< oo.

(d) R is right semihereditary.
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Proof,   (a)o(b) by 4.2.

(b)o(c) by Stenström [12, Proposition 3.6].

(b)o(d) by Gupta [8, Theorem 3.4].

In conclusion, I would like to call attention to the following open

problem. We remark that we have completely characterized left coherent

right IF-rings ideal-theoretically via Theorem 3.10, inasmuch as both

left FP-injectivity and left coherency are so characterizable. However, we

do not know whether a right IF-ring is left coherent, even for commutative

rings.
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