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SHORTER NOTES

The purpose of this department is to publish very short papers of an unusually

elegant and polished character, for which there is no other outlet.

NECESSARY AND SUFFICIENT CONDITIONS FOR
CARLSON'S THEOREM FOR ENURE FUNCTIONS1

R. C. BUCK

In his thesis, F. Carlson proved the following important result (see

[5]) : Let / be an entire function of exponential type whose type on the

imaginary axis is C<tt, and suppose that /(«)=0 for all «e/=

{1, 2, 3, • • •}; then/is identically zero. A set A of integers is said to be a

Carlson set if this statement holds with / replaced by A. In the search

for necessary and sufficient conditions for A to be a Carlson set, it was

discovered that D(A)= 1 is sufficient, and UD(A) = l is necessary. (See

[2].) Here, D(A) is the (asymptotic) density and UD(A) the upper density

of A, defined respectively by lim.4(«)/« and lim sup A(«)/«, where

A(n) is the number of integers in A C\[\, «].

In 1954, while L. A. Rubel was completing his doctoral work with me,

we explored another class of Carlson sets, those having very long blocks.

(See [4] and [7].) Several years later, Rubel combined a detailed estimate

derived from Carleman's theorem with a tauberian theorem for loga-

rithmic density to show that UD(A)=\ is also sufficient for A to be a

Carlson set, thus attaining the long desired result [8].

The purpose of the present short note is to show that an elementary

theorem about sets of zero density immediately reduces this Carlson

problem to the study of sets with very long blocks, from which Rubel's

result follows at once by a classical gap theorem for power series.

A set A is said to have very long blocks if A contains an infinite number

of intervals of the form /, = {all k with n^k^n'ft where «,/«,—»co. The

crucial observation is the following.

Theorem 1. A set A obeys UD(A)=\ if and only if there is a set S

of zero density such that AKJS has very long blocks.
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Proof. If UD(A)=1, so that lim sup A(n)/n=l, then one may choose

an increasing sequence nk so that A(nk)lnk>l — (ljk)3 while nk+xjnk>

l+k2. Let/fc={all m with (l¡k)nk^m^nk}. These blocks are all disjoint.

Put S=(J {Jkr\A'} where A' is the complement of A in /; the set AUS

has very long blocks since it contains the union of all the Jk. To see that

D(S)=0, suppose that « belongs to some/*. Then one sees that £(«)/«< k~2.

If instead, n falls between blocks Jk and Jk+X, then S(«)/«<A:_1. Hence

lim S(«)/«=0. (The other direction of the implication is immediate.)

We next state a gap theorem obtained in 1926 by Ostrowski. (See

[6], [7], and [1].) A power series 2 anzn has Ostrowski gaps if the set of

indices of the zero coefficients has very long blocks.

Theorem 2. Let g(z)= 2 anz" have Ostrowski gaps, and be holomorphic

in a connected open set Q containing the origin. Then, there is a simply

connected open set Í2* => Q to which g can be extended.

This is an application of the "two-constant" theorem which generalizes

the Hadamard three circle theorem.

Theorems 1 and 2 together solve the Carlson problem. We use h(0,f)

for lim sup r'1 \og\f(re'e)\. Let A<^I and UD(A)=l, and suppose that

/is entire of exponential type with «(±7r/2,/)_C<7r, and/(«)=0 for

ne A. Choose S according to Theorem 1, and then an entire function

<j> of exponential type which vanishes on S but not identically. Since

D(S)=0, we may require h(±tr¡2, <¿)=0. (See [2].) Put F=fif> and
g(z)=2 F(n)zn. Since F vanishes on AuS (which has very long blocks),

g has Ostrowski gaps. Since h(±n¡2, F)=«(±7r/2,f)<n, the standard

characterization theorem shows that g is holomorphic on the complement

of a compact set A" that omits the negative real axis, and vanishes at infinity.

(See [3].) By Theorem 2, g can be extended to K and so vanishes every-

where, whence F=0 and/=0.

Theorem 1 seems to be confined to integers; a more subtle approach

may be necessary to deal with more general zero sets [9].
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