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ARCS DEFINED BY  ONE-PARAMETER  SEMIGROUPS

OF  OPERATORS

HUGO  D.   JUNGHENN  AND   C.   T.   TAAM1

Abstract. Let T(t) (t^O) be a one-parameter semigroup of

continuous linear operators in a locally convex reflexive linear

topological space X such that T(c) is an isomorphism (into) for

some c>0. It is proved that for any xe X, T(-)x is of bounded

variation on finite intervals if and only if x is in the domain of the

infinitesimal generator of T(t). The result is interpreted geometri-

cally in terms of arc-length.

1. Definitions and main results. Let A' be a locally convex sequentially

complete (Hausdorff) linear topological space over the complex numbers,

and let X* and L(X) denote the dual space and the space of all continuous

linear operators in X respectively. A one-parameter semigroup is a family

VT(t):t^0}cL(X) with the following properties:

(1) T(t)T(s)=T(t+s) for any /, s^O;

(2) F(0)=7, the identity operator;

(3) lim^,, T(t)x= T(s)x for any s^.0 and any x e X.

A one-parameter semigroup {T(t):t^.0}e:L(X) is said to be locally

equicontinuous if for any 0<i< oo and any continuous seminorm/» on X

there exists a continuous seminorm q on X such that p(T(t)x)Sq(x)

for all OStSs and all x e X. We refer the reader to the paper by T.

Kömura [2] for the basic properties of locally equicontinuous semigroups.

In particular we note that a one-parameter semigroup is locally equi-

continuous if the space X is reflexive.

The infinitesimal generator A of a one-parameter semigroup {T(t);

i^O} is defined by

Ax = lim(T(h)x - x)/h
Mo

whenever this limit exists. The domain of A, denoted D(A), is always
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dense in X, and A is a linear operator from D(A) into X. Furthermore,

if {T(t):t^.O} is locally equicontinuous, then A is closed [2].

Let x e X, 0SaSb<co, and let p be any continuous seminorm on X.

We define the p-length L(x; a, b;p) of the arc {T(t)x:aStSb} by

n

L(x; a,b;p) = sup £ p(T(t>)x - T(tj_x)x)
3=1

where the supremum is taken over all finite sums determined by partition

points a = t0<tx<- • -</n=/3. if L(x; a, b;p)<oo for every continuous

seminorm p, we say that the function F( • )x: [0, co)—►A' is of bounded

variation on the interval [a, b]. Finally T( ■ )x is said to be absolutely

continuous on la, b] if for every positive e and continuous seminorm p on

X there exists a positive ô such that

2 p(T(b,)x - T(a,)x) < e
3=1

whenever (a,, bx), (a2, b2), • ■ • , (an, ¿>„) are nonoverlapping subintervals

of la, b] with

2 (&, - a,) < «3-
3 = 1

We recall that an isomorphism of a locally convex space X into itself

is a continuous linear transformation on X which is one-one and relatively

open.

Theorem.    Let Xbea locally convex reflexive linear topological space and

{T(t): t^.0} c L(X) a one-parameter semigroup with infinitesimal generator

A. Suppose T(c) is an isomorphism for some c>0. Then for each x e X the

following are equivalent:

(i) xeD(A);

(ii) F( ■ )x is absolutely continuous on each finite subinterval la, b] of

[0, oo);

(iii) F( • )x is of bounded variation on each finite subinterval {a, b] of

[0, co).

If any of the above statements holds then every arc {Tit)x:aStSb},

where OSa<b<oo, has finite p-length, and

Lix;a,b;p) = \piATit)x)dt
Ja

for each continuous seminorm p on X.

Corollary. // DiA)^X (for example if X is an F-space and A is not

continuous) then for each interval la, ¿>]<=[0, co) there exist continuous
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seminorms p on X such that each nonempty open set contains points x for

which L(x; a, b; p) is arbitrarily large iboth finite and infinite).

Remarks. The implications (i)=>(ii) and (ii)=>(iii) of the Theorem

are valid in the absence of reflexivity. That this is not the case for the

implications (ii)=>(i) and (iii)=>(i) is demonstrated by the following

example :

Example 1. Let X=L1i— co, co) and let F(r) be translation by t.

DiA) consists of those x e X which are absolutely continuous on finite

intervals and have derivatives in L1, and Ax = x' [I]. If x(r) is the charac-

teristic function of the interval [0, 1], then F( • )xis absolutely continuous,

but x $ DiA).

The next example shows that the implication (iii)=>(i) of the Theorem

is not generally true if none of the operators F(?) (f>0) is an isomorphism.

Example 2. Let X=L2({0, co)) and define T(t) as in Example 1. Then

D(A) consists of all x e X which are absolutely continuous on finite

intervals and have derivatives in L2, and Ax—x' [1]. Define xelas

follows :

x(s) = s-1>i      if0<i^l,

= 2- s    iflSsS2,

= 0 otherwise.

It is easily verified that T(t)x e D(A) for all r>0, but x <£ D(A). Since

\\AT(t)x\\ < i~3/4 + 1    forallr>0,

it follows that for any partition 0^r0</i<- ■ -<tn = b we have

n n     rtj

2 l|F(i,)x - T(tj_x)x\\ S 2 ¡xi! + 2 \\ATit)x\\ dt
3 = 1 3 = 2-»iJ.^1

S 2 \\x\\ + b + 4bm.

Therefore F( • )x is of bounded variation on [0, b] for every 0<Z>< co.

In fact, similar calculations show that F( ■ )x is absolutely continuous on

[a, oo) for any a>0.

Our final example explicitly illustrates the phenomenon indicated in

the Corollary.

Example 3.    Let X=lp, lSp<co, and define F(i) by

T(t)x = ieuxx, ei2tx2, ■ ■ ■);        x = ixx, x2, ■ • ■).

Then DiA) consists of all those x = (x,, x2, ■ ■ ■) e X such that

00

2 \nxn\p < oo,   ■
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and Ax = iixx, 2ix2, ■ ■ ■). Choose any z=izx, z2, • ■ ■) not in DiA), and

for each pair of positive integers k and n define y(k, «) = (0, 0, • • • ,

0, ?*, Zk+i, •'• , zk+n, 0, 0, • • ■)• Then limk^x y(k, n) = 0 uniformly in

n, and for each k,

L(y(k, n); a, b; \\ • ||) = (b - a) \\Ay(k, n)\\ - oo

as n—>-co. Thus for fixed 0Sa<b<.co we may construct vectors y in D(A)

with arbitrarily small norm and arbitrarily large arc-length.

2. Proof of Theorem. Assume statement (i) of the Theorem holds.

It follows from the sequential completeness of X and the continuity of

AT(-)x on [0, oo) that the Riemann integral ¡^ AT(t)x dt exists in X

for any 0Sa<b<cc. Moreover,

(1) T(b)x - T(a)x = \AT(t)x dt
Ja

[2]. Let p be any continuous seminorm on X and 0^a<7»<co. By the

local equicontinuity of {F(?);/ = 0} there exists a continuous seminorm

q on X such that p(AT(t)x)Sq(AT(a)x) for all a<tSb. Therefore if

(ax, bx), ia2, b2), ■ ■ ■ , ian, bn) ave nonoverlapping intervals in [a, b], we

have from (1)

2 p(T(b,)x - Tiajx) S 2 C'piATiOx) dt
j'=l 3=1 J ai

v(i\bi)x - Tiajx) s ¿ |   p(Ai (t)x) dt

n

S 2 ib j - aj)qiATia)x),

which implies that F( • )x is absolutely continuous on [a, b].

The proof of the implication (ii)=>(iii) is entirely similar to that of the

classical case and is omitted. To prove the implication (iii)=>(i) we shall

need the following lemmas:

Lemma 1. Let X be a reflexive locally convex linear topological space

and {i(i):/^0}cL(I) a one-parameter semigroup. If {yn} is a bounded

sequence in X, then there exists yeX such that for each x* e X* there

exists a subsequence {xn} of {yn} for which

lim (T(t)xn - T(t)y, x*) = 0   for all t ^ 0.
?l-*O0

Proof. Since X is reflexive and {yn} is bounded, we may choose a

weak cluster point y e X of {yn}. Let x* e X* and let rx, r2, ■ ■ ■ , be an

enumeration of the nonnegative rationals. For each positive integer n let

Un = {x:|<v - x, F(r3.)*x*>| < »"S 1 Sj S »},
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where T(t)* denotes the operator dual of T(t). Since y is a weak cluster

point of {yn}, we may choose a subsequence {xn} of {yn} such that xn e Un

for every n. Let B be any bounded set in X containing {y„}. Then q(y*) =

sup{|(x, y*)\ :xe B} defines a continuous seminorm for the strong topol-

ogy of X*, so by the reflexivity of X it follows that (see [2])

lim q(T(r)*x* - T(t)*x*) = 0.
r->t

Let £>0, r^O, and choose r¡ so that

sup \(Tir,)xn - Tit)xn, x*)| S qiTir,)*x* - F(í)*x*) < e
n

and

\(Tirj)y-Tit)y,x*)\<E.

If «> max {j, 1/e}, then

\(xn-y,Tirj)*x*)\ < l/n<s,

and therefore

\(Tit)xn - Tit)y, x*)| S \(Tit)xn - Tir¡)xn, x*>| + |<F(r3.)(*„ - y), x*>|

+ \(T(r,)y-T(t)y,x*)\<3e,

proving the lemma.    Q.E.D.

Lemma 2. Let X be a reflexive locally convex linear topological space

and {T(t):t^.0}<^L(X) a one-parameter semigroup with infinitesimal

generator A. Then x e D(A) if and only if {(T(h)x—x)/A:0</»<l} is a

bounded subset of X.

Proof. The necessity is obvious. To prove the sufficiency we note

that by Lemma 1 we may choose a point y in X such that given any

x* e X*, there exists a sequence

xn = (T(hn)x - x)\hn,       hn\0,

such that for all t£0,

\im(Tit)xn,x*) = (Tit)y,x*).
tt-*0O

Since {F(/):i^0} is locally equicontinuous, given any positive r there

exists a continuous seminorm p on X such that for all z e X and all

O^r^r, \(T(t)z, x*)\Spiz). Therefore, since {x„} is bounded,

sup{|(F(,)xn,x*>|:0^ t Sr;n = 1,2, • • •} < oo.

By Lebesgue's dominated convergence theorem then,

lim      (Tit)xn, x*) dt =    (Tit)y, x*> dt.
n->oo Jo Jo
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Since

frt(Ox„ dt = (1/TiJ \""(T(t + r)x - T(t)x) dt - Tir)x - x,
Jo Jo

it follows that

(Tir)x - x, x*> = \J V(í)>' dt, x* \

Therefore, since x* was arbitrary,

Tir)x - x =   rT(t)y dt,
Jo

which implies that x e 7)L4).    Q.E.D.

Lemma 3. Let X be a locally convex linear topological space and {T(t) :

t^.0}<=L(X) a locally equicontinuous one-parameter semigroup. Then for

each continuous seminorm p on X and 0Sa<b<co there exists a continuous

seminorm q on X such that for all x e X and all 0<h<b—a,

p(T(b + h)x - T(b)x)/h SL(x;a,b; q)j(b - a - h).

Proof. Let p, a, b be given as in statement of lemma, and let q be

a continuous seminorm on X such that p(T(t)x)Sq(x) for all x e X and

all OStSb. If 0<h<b — a and n denotes the greatest integer in (b—a)\h,

then for any integer y such that 1 SjSn we have OSb—a—jh + hSb, so

pCTib + h)x - Tib)x)

= piTib - a -jh + h)iTia + jh)x - F(a + jh - h)x))

S q(T(a + jh)x - T(a + jh - h)x).

Therefore,

npCTib + h)x - F(è)x) S 2 q(Tia + jh)x - Tia + jh - h)x)
3 = 1

S L(x; a, b; q),

and since ib—a—h)¡h<.n, the conclusion readily follows.    Q.E.D.

Returning to the proof of the Theorem, let us assume that statement

(iii) holds. Given any continuous seminorm s on X, there exists, by virtue

of the local equicontinuity of F(?) and the fact that T(c) is an isomorphism,

a continuous seminorm p such that s(y)Sp(T(t)y) for all y e X and all

t e [0, c]. Hence, given any interval [a, b]c [0, c] we obtain by Lemma 3

a continuous seminorm q such that

s(T(h)x - x) ■ ff1 S 2L(x; a,b;q)-(b- a)-1
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for all 0<h<ib-á)¡2. Therefore {h~1(T(h)x-x):0<h<l} is a bounded

set in X, hence x e DiA) by Lemma 2.

To prove the final assertion of the Theorem, assume conditions (i)-(iii)

hold and let 0Sa<b< oo. Let/» be a continuous seminorm on Zand choose

a sequence of sums
nUn)

Sm = ¿tXT^Jx - Tit^Jx),
3 = 1

where a=t0m<tXm<- ■ -<tn{m}m—b, such that

lim Sm = L(x; a, b; p)   and     lim max(íím — r3_lm) = 0.
m-*oo m-*oo     3

Define/m: [a, b]->{0, oo) by

n(m)

/m = l¿P((Titjm)x - Titj_x Jx)Htjm - t¡_x J) • Xlt,^ m.tjJ
3 = 1

where %Y denotes the characteristic function of a set Y<= la, b\. If? e [a, b]

is not equal to any partition point tjm, then a standard calculation shows

that/m(r)->/»(/lF(r)x). Therefore fo^piATi ■ )x) a.e. in [a, b]. Also, the

sequence {fm} is uniformly bounded a.e. For by the local equicontinuity

of the semigroup there exists a continuous seminorm q on X such that

II 'j—l mN'S'im

fmif) =  (tjm  -  tj-1 m)~lp(Titjm)X  -   Tit¡_x m)x)

^(íím-'i-lmT1! piATis)x)ds
*i-l m

S qiATia)x).

Therefore, by Lebesgue's dominated convergence theorem,

piATit)x) dt = lim     fmit) dt = lim Sm = Lix;a,b; p),
Ja m-*co Ja m-*co

completing the proof of the Theorem.

3. Proof of corollary. We observe first that given a continuous semi-

norm q on X and an interval [a, Z»]c [0, oo), there exists for each integer

n^la continuous seminorm p such that

F(x; a, b;q) S F(x; a + ne, b + nc;p).

Hence it suffices to prove the Corollary for the case [a, b]<^ [0, c].

Let U be a nonempty open subset of X. Since 73(^4)^^, there exists a

point x in U\DiA). By the proof of the Theorem, there exists a continuous



120 H.   D.   JUNGHENN  AND   C.   T.   TAAM

seminorm q such that L(x; a, b;q)= + oo. Now define

x(r) = r"1   V(0x tfi        (r > 0).
Jo

Then x(r) e F>(/1) ni/ for all sufficiently small r, and Axir)=r~ l(H(r)x—x).

By Lemma 2, there exists a continuous seminorm j such that siAxir)) is

arbitrarily large for small r. Choosing a continuous seminorm/» such that

siAxir))SpiTtAxir)) iOStSc) and noting that

Lixir); a,b;p) = \ piTit)Axir)) dt^ib - a)s04x(F)),
Ja

we see that F(x(r); a, b;p) is arbitrarily large for small r.
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