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THE VARIATION OF BROWDER'S ESSENTIAL SPECTRUM

JOHN J. BUONI

ABSTRACT.   This paper is devoted to giving various conditions

concerning small perturbation of linear operators which imply the contin-

uous variation of the Browder essential spectrum in the Hausdorff topol-

ogy on the complex plane.

1.  Introduction.   Throughout this paper K  will denote an infinite dimen-

sional complex Hilbert space, i-(H)  will represent the algebra of all bounded

linear operators on K, C(K)   will be the collection of closed densely defined

linear operators on K, and by A   we shall mean the ideal of all compact oper-

ators on K.   For 7 £ Qji), denote the spectrum of 7  by  2(7).  Let rr be

the canonical projection from Asi) onto the (Calkin) quotient algebra A_(H)/K.

For every  7 £ £(K)  the spectrum  E(7)  of n(T)  in £0i)/K  will be called

the Calkin essential spectrum of 7. For 7 £ Qji), the Browder essential spectrum,

B(7), is defined to be the set of À £ 2(7)   such that at least one of the fol-

lowing conditions holds:   (1)   RiX - 7), the range of X - 7, is not closed;  (2)

À is a limit point of 2(7);  (3)   U >n^-(A - T)"1  is infinite dimensional,

where N(A)  denotes the null space of a linear operator A.

Recall that a closed, densely defined operator 7 is called a Fredholm

operator if and only if  dim N(T) < oo, R(T)  is closed, and codim R(T) < oo.

The index of a Fredholm operator  7 is defined by  /(T) = dim N(T) —

codim RiT).  Denote by 0  the collection of all Fredholm operators, and by

í>0, those Fredholm operators with zero index.

In view of the above notation, we have by Atkinson's theorem for 7 £

£(K) that E(7) = |A £ 2(7): X - 7 4 <H  Also, B(7) = {X £ 2(7): A- 7 Í

$n or X is not an isolated point of 2(7)1. For 7 £ £(H), the spectral radius of 7

shall be denoted by  ra(T), and of n(T)  by  r (7).  Nussbaum [8] has shown

that  r (7) = sup{|A| |A £ B(T)\.   This latter quantity shall be denoted by

rb(T).e

The purpose of this note is to describe various conditions on the con-

vergence of linear operators which imply the continuous variation of the
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Browder essential spectrum in the Hausdorff topology of the complex plane.

2.   Sets with property  Y.  Let  Í7  i  be a sequence in  L(K)   converging

to  7 in norm.  In [6] conditions are given which guarantee the convergence

of 2(7 )  to  2(7)  in the Hausdorff metric.  See also [9, p. 36].  In this sec-

tion we generalize some of those results to   B(-).

The ascent of 7, a(T), is the smallest integer p such that N(TP) =

N(TP+ ), and the descent of S, y(S), is the smallest integer a such that

R(Sq) = R(Sq + 1).

D. C. Lay [4] has shown that for A_  £ 2(7)  the following are equiva-

lent to AQ ft B(T):

(i)  A    isa pole of the resolvent (A — T)~     of finite rank,

(ii)  A.,   has finite ascent, descent and defect,

(iii) 72(A0 - 7) = d(X0 - 7) < oo and a(AQ - 7) < oo.

The upper semicontinuity of B(-)  is now formulated.   See also [10].

Lemma 2.1.   Let 17   S  be a sequence of 5l(K)   converging to  7  in norm.

Then for any open set  V  containing the origin, there exists N  such that

for all n > N, B(Tn) C B(T) + V.

Proof.   Assume not.   Then by passing to subsequences if necessary, it

may be assumed that for each  tí, there exists an   a     such that  a    £ B(T )

but a    £ BiT) + V.  Since the  a  's ate bounded, and if necessary pass to

subsequences, it may be assumed that lim __ ̂a    = a.  Therefore,   aft BiT)

+ V, and  a i BiT).  Now by the upper semicontinuity of 2(-)   and E(-),  it

is seen that a £ 2(7)   and a    4 EiT )  tot all  n greater than some N.

This yields that  a is an isolated point of 2(7)   with finite nullity and zero

index and, also, that (a   — 7 )  is a Fredholm operator for all  n > N.  Now' ' 77 77 r

by upper semicontinuity of the isolated parts of the spectrum [2, IV-3-1]

and by the stability of index and nullity for Fredholm operators ((a    — 7 )

—»(a - 7)) [2, IV-5.17], it follows that the a  's are isolated points of

2(7 )  with finite nullity and zero index.  This contradicts the fact that the

a    £ B(T )  and this yields the Lemma.
n n '

Rickart [9, p. 37] has pointed out that if for all  A i 2(7 )   there exists

a real number k > 0   such that krAX - 7 )~ X) > ||(A - 7 )~1\\   toi all n, then

the continuity of the spectrum follows without the need of commutativity,

where ra(A)  is the spectral radius of A.  With this remark in mind and in

view of [6], the following definition is made.

Definition.   A subset r oí X.(K) has property Y iff the following hold:
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(1) if 7 £ t then   A + 7 e r for all  A;

(2) there exists a number k > 0 such that for each 7 e r, if 7~ exists

then  rCT(7_1) > k \\T~l\\;

(3) there exists a number k > 0   such that for each   7 £ r, if (rriT))~

exists, then  rfc(T~ J) > %tt(7))~ ^l.

Theorem 2.2.   Le/,  r z'72 <L(H)  zjave property Y and let  7    —' T in norm,

where T. £ t.  If the isolated points of 2(7 )  converge to the boundary of

2(7), then for any open set  V containing the origin there exists N  such that

for all n > N, B(TJ C B(7) + V and B(T) C B(Tn) + V.

Proof.  Since the first inclusion is given by the preceding Lemma, it re-

mains to prove the second.   It may be assumed that  V  is a circle of radius

2e > 0.  Now suppose that the inclusion is false.   By using the boundedness

of B(7)   and passing to subsequences, if necessary, we can obtain  a    £ BiT)

such that  \a    - a\ > e  for every  a £ BiT )   and for infinitely many values

of 77.  On the other hand, by the continuity of 2(0   and E(-)  on the set r [61,

there exists a    e 2(7 ) - E(7 )  such that a   —> a    and an e B(7) - E(7).
n n n n 0 0 v    '

By our assumption, a    4 B(T )   and is thus an isolated point of 2(7 ).

Therefore, by our hypothesis, a    lies on the boundary of 2(7).  In view of

[5, 2.9]    and Lay's characterization of the Browder essential spectrum, a

i B(T).  This yields a contradiction.

The following topological example may possibly indicate the futility in

attempting to obtain more general results via the same argument.

Example. Set Kn= {(x, y)\x2 + y2 < 1, |y| > \x/n\\ u\l/n\, where 77 > 2.

It is clear that K converges to the unit disc in the Hausdorff metric. How-

ever, the isolated points of  K     converge to an interior point of the disc.

More positive results can be obtained when considering the Weyl essen-

tial spectrum, W(T).  Recall  W(T) = ,A|A - 7 4 $0 \ and that E(T) Ç W(T) Ç

B(7) Ç 2(7).

Theorem 2.3.   Let  {T   \ be a sequence of Aji)  converging to  7  in norm.

Then for any open set  V containing the origin, there exists N such that for

all n > N, W(T ) C W(T) + V.  Furthermore, if T. £ r, where t has property

Y, then W(T) C W(TJ + V.

Proof.   As in the proof of Lemma 2.1, it may be assumed that there exists

a    £ W(T ) - E(T )  for each 72, an 4 W(T)  and lim a   = a.  By the
n K    n n »      0 v n — 00    n 0 '

stability of the index for Fredholm operators, it follows that the index of

(a   - 7 )  is zero for all  n greater than some N.  This contradicts the fact
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that the  a    £ W(T )  and this yields the first part of the theorem.
n n ' r

Now assume that the second conclusion of the theorem is false.   Then

we may assume, as in the proof of Theorem 2.2, that there exists  a    £  2(7 )

- W(TJ  tot sufficiently large n, aQ e W(T) - E(T)  and lim     ^a   = aQ.

Again by the stability of the index for Fredholm operators, it follows that the

index of (a — 7)  is zero.   This yields a contradiction and completes the

proof of the theorem.

The following is an immediate consequence of above results.

Corollary 2.4.   Let Í7   I be a sequence of JL(H)  converging to  7  in norm,

where  T. £ r and t has property Y.  If W(7) = BiT), then for any open set

V containing the origin, there exists  N such that for all n > N, BiT ) C

B(7) + V and B(T) C B(TJ + V.

3.  Consequences of generalized convergence.  Let S„  be the unit sphere

of M, a closed subspace of the Hilbert space K.   For any two closed sub-

spaces M, N of H, we set o'\M, N) = sup     <-    dist(z/, TV), and ô(M, N) =

max[cr(M, N), o(N, M)], o(0, N) = 0  and o(M, 0) = 1  where dist(w, N)  is the

distance from u to TV. tf(M, N) is called the gap between M  and N.  The set

of all closed subspaces of H  becomes a metric space under 5.  For T, S £

C(K), the graphs G(7)   and GiS)   ate closed subspaces of the product space

X x X.  The distance between  7  and 5  can then be measured by the "gap"

between the closed subspaces  G(7)   and G(S).  Set ô(T, S) = 6\G(T), GiS)).

Then a sequence of operators  7     converges to  7 in the generalized sense

iff SiTn, 7) — 0.

The main result of this section is

Theorem 3. 1. Let Y be a compact subset of the plane and let 7 £ C(K)

such that Y O B(7) = 0. If Í7 \ is a sequence in C(K) that converges to 7

¿72 the generalized sense, then there exists a positive integer k such that

Y O B(7n) = 0, for every n > k.

Proof.  Let V be an open neighborhood containing Y such that its

boundary, dV, consists of finitely many disjoint closed Jordan curves, dV<~)

2(7) =0   and VOS(7) =0.

Since A = VH 2(7)  is a bounded subset whose intersection with  B(7)

is empty, it follows that the spectral projection  PA   associated with  A has

finite rank.   Therefore there exists a positive integer k  such that for every

n > k we have dV Pi 2(7 ) =0   and  P.     has finite rank where A    = V O 2(7 )
— 77 An n n

[2, IV-3.16].   Therefore   \n D B(7n) = 0 and hence,  Y n B(7^) < V O BiTJ =

0, for every n > k.
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Corollary 3.2.   Let r be any positive number such that the boundary of

V » Set: |ex| < r\ has empty intersection with  B(T).   Then for any open set

V such that B(T) C V U V'   there exists k such that B(T ) C V U V '  for

all n > k.

Proof.  Since the complement of V U V    isa compact set whose inter-

section with  B(7)  is empty, the result follows from Theorem 3.1.

Corollary 3.2 is the biproduct of an attempt to generalize Lemma 2.1

to unbounded operators.   An example of Kato [2, III-3.4]  indicates  that  2(7)

is not upper semicontinuous in this sense.   This should be compared with

[6, p. 17 3].

I would like to thank the referee and Professor A. Klein for their com-

ments concerning this manuscript.
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