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ON THE EXISTENCE OF SATURATED MODELS
OF STABLE THEORIES

VICTOR HARNIK

ABSTRACT. It is proven that a theory T stable in a power A,
A>IT‘, has a saturated model of cardinality A.

The purpose of this note is to show that a theory stable in the power A,
A > |T|, has a saturated model of cardinality A. This statement has been
well known and easily seen for regular A (even for A = |T|). We shall, there-
fore, consider the case of a singular A > |T|. Our result was stated in [1]
where we gave a proof for the particular case of totally transcendental theories.

Our method of proof was inspired by Shelah’s Theorem 4.3 in [8]. It
should be mentioned that Shelah extended our result to the case of a singular
A = |T| (a proof will appear in [9]).

A proof of a somewhat weaker version of our result is presented in [0]
and uses a notion of rank for types.

Before proceeding to the proof itself, we review, in §l, the main results

about stable theories.

0. Notations and terminology. Our notations will be standard. L will
be a first order finitary language and T a complete L-theory. We denote
structures by U, B, U, etc. and their respective universes by 4, B, A,, etc.
We follow Shelah [6], [7] and assume the existence of a huge model %0 ET
such that every other model of T which comes into consideration is an ele-
mentary substructure of B,. E ¢(ay,..., a,_,) will mean that (v, ..., v, _;)
is satisfied by a, ..., a,_; in ?30. C, D will denote subsets of B,. L(C) will
be the language obtained from L by adding individual constants as names
for the elements of C. We shall not distinguish between an element and its name.
pla, C) will denote the type of a over C i.e., pla, C) = {t//(vo): l/l(vo) € L(C),
E(a)l. S(C) will be the set of all types of elements over C. For g € S(C),
C, CC,q|C, = gN L(C,) will be the reduct of g to C,.

A model & E T is called A-saturated if for all C CA with |C| <A,
every type p € S(C) is realized by an element of A. ¥ is saturated if it is
|A|-saturated.

(X, <), where < is a linear order, is an ordered set of indiscernibles

over D if, for any » < ®, any two increasing n-tuples of elements of X
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satisfy the same formulas of L(D). X is a set of indiscernibles over D if
any two n-tuples of distinct elements of X satisfy the same formulas of L(D).
These notions are naturally extended to those of an ordered set, resp. a set,
of indiscernible k-tuples (cf. e.g. Shelah [6], [7]).

Kx (®X) will be the set of k-sequences (of sequences of length < ) of
elements of X. If 7 € X, a <k, then n|a will be the initial segment of 7

of length a. We shall denote by a, b, etc. finite sequences of elements.

1. Preliminaries. In this section, we review some of the main notions
connected with stability.

T is called stable in A if for all C, |C| =X implies that |S(C)| =A. T
is called stable if it is stable in some power.

It is easy to see that if T is stable in A > |T|, A regular, then T has a
sagurated model of power A. If A is singular, one still gets a X' -saturated
model of power A for every regular A’ <A,

Another property is that if T is stable then every ordered set of indis-
cernibles in a model of T is a set of indiscernibles (cf. Morley [3] and
Ressayre [4]).

Definitions 1.1 and 1.3 below, though very important, are not used in
our proof.

Definition 1.1. A Morley tree of height p is a family {¢_(v,, @ ): s €
“#2} such that:

(a) for all n € #2 the set of formulas @, = {anla(vo, Zz'nla): a < pul
is consistent with T;

(b) forall s € 2,0 _ (v, @ )= =1 by, Ty

It is immediately seen that if T is stable then T does not have arbi-
trarily high Morley trees. For T stable let p(T) be the first cardinal such
that T has no Morley tree of height p(T). Less immediate but fairly easy is

Proposition 1.2 (Shelah [5]). If T is stable then W) < |1,

A more involved notion is

Definition 1.3. A Shelah tree is a family {¢_(vy, @) s € <Kol of formu-
las such that:

(a) For every 7 € Kw, the set of formulas ‘Pn = {l,/lnla(vo, E"'lla): a < K
is consistent with T.

(b) For every a <k there is a formula x,(v, %) and a natural number
n(a) such that for any s € %, t/fsm(vo, Esm) = xa(vo, Esm) for all m < w,
and, any subset of {lﬁsm(vo, a ) m< ®} which has more than n(a) ele-
ments is inconsistent.

Remark. Notice that condition 1.3(b) says nothing about the formulas
l,[/s(vo, Zz_s) for s a sequence whose length is a limit ordinal. A similar re-

mark applies to Definition 1.1.
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For a stable theory T define k(T) to be the first cardinality such that T
has no Shelah tree of height k(T). It is easy to see that «(T) < u(T) and
strict inequality is possible. Thus, (T) < |T]| .

We are now going to reproduce the two important notions of splitting of
types. Rather than defining ‘‘splitting’’ we define ‘‘nonsplitting’’.

Definition 1.4 (Shelah [9]). (a) A type p € S(C) does not split over D C
C if forall n<w and for all @, b n-tuples from C, if @ and b satisfy the
same L(D)-formulas then for all (v , ¥) € L(D), Wy, @) €p iff Ylv, t) €p.

(b) A type p € S(C) does not split strongly over D C C if for every in-
finite set X C C of indiscernibles over D, for all @, b n-tuples of distinct
elements of X and for all Yi(vy, ¥) € L(D), Y(v,, @) € p iff Y(vy, b) € p.

These notions are related to the previous ones in

Theorem 1.5. Ler T be stable. (a) (Shelab (6] and the author (1], inde-
pendently). If p € S(C) then there is D C C, |D| < u(T), such that p does not
split over D.

(b) (Shelah [6]). If p € S(C) then there is D C C, |D| C&k(T), such that
p does not split strongly over D.

Proof. (The references in Shelah [6] are 2.7 for (a) and 4.3 for (b).) The
proof of (a) is essentially the same as that of 1.3 in [2]; it is similar to, but
simpler than, the proof of (b) which we are going to reproduce (in outline) at
the suggestion of the referee.

Assuming that a type p, p € S(C), does not satisfy the conclusion of (b),
we construct a Shelah tree of height «(T). This will contradict the definition
of k(T). Our construction will yield not only a Shelah tree {l,[/s(vo, Es):

s € <K(T)

w}, but also elementary maps [/ such that for all a < «(T) and all
s€w, the following conditions hold:

(i) the domain of f_ is DS' ={a: a is a member of some sequence
Zl_s|,6’ B < al and the range of f¢ isaset D, D, CC (thus, the range of /s
depends only on the length a of s, and not on s itself);

(ii) if ¢ is an initial segment of s, then f,C /s and

(i) ¥ (v,, @) € .
The construction will be done by induction on a < «(T), the induction assump-
tion being that ¢ (v,, @_) and /s have been defined for all s of length <a
in such a way that they satisfy conditions 1.3(b) and (i)—(iii) (notice that
conditions (i)—(iii) imply 1.3(a)). The case of & limit is trivial (take
v,lls(vo, a_s) to be v, = v,; see the Remark just after Definition 1.3). To cope
with the case of a = 8+ 1 we must indicate how to define ¢Sm(vo, Esm)
and f_  forall m<w and s of length B. By the induction assumption, we
are given the set Dg (the common range of the functions s s of length B)
and it satisfies that D'BC C and IDBI < k(T). As we assume 1.5(b) to be



364 VICTOR HARNIK

false, p splits strongly over Dﬁ' It follows that there exist a countable
infinite set X = {xo, Xy ees } C C of indiscemibles over D,B’ a formula
8(vy, u) with u a k-tuple and disjoint k-tuples, say, y ;= (xg, ..., xk-l>’
¥y =(%gs --+y ¥, _) such that 8(vy, ¥) N—18(vy,¥,) € p. Given any s
of length B3, let B = “’0’ by, ... } be a set such that DS' U B is elementarily
isomorphic to D3 U X by an isomorphism extending /_ and mapping b, to
x;, i<w. For m < w, define E;m = (bka Y eees bka+k_1), E:m =
<bz,m1k', bzkmz,i_"l) and 7__ = E;E;’m‘. Let x/rs.m(v Vo) =
8(vy, @, ) A18(vy, @_ ) and let [ be an isomorphism extending /_ and
mapping @ to ¥y ,. We are now one small but important step short of the
complete proof. We must show that condition 1.3(b) holds for {t//sm(vo, Esm):
m < A} for all s of length B. This last step will be illuminative because it
will explain how that condition arises naturally.

We have defined above y , and y ;. Define in general y, = <x2ik’ ceey
Xy ikake 1). Then {y, ¥, --- } is a set of indiscemible &-tuples which is isomor-
phic to any of the sets {ES'O, E;’o, Es,l’ E;’l, ...} for s of length B. 1.3(b)
will follow from

Claim (Shelah [7, 5.9A]). There is an n < @ such that any subset of
{5(1}0, i) A= 3(110, }72i+1): i < w} having cardinality > » is inconsistent.

Proof of the claim. Extend {5 ,: i <w} to a set {y: i <Al of indiscerni-
ble k-tuples, where A is a cardinality in which T is stable. If the claim is
false, then an easy compactness argument shows that for every I C A, the
set of formulas A, = {3(110, y;)rice€ 1} Uf—-|5(vo, y i ¢ I} is consistent
with T. This yields 2> distinct types over a set of power A, contradicting
the A-stability of T.

The proof of 1.5(b) is now complete.

The following is a special case of 1.5(b):

Corollary 1.6 (Shelah). Let T be stable. If X is a set of indiscerni-
bles over D and C is a finite set, then there is a set X, C X with |X| <
k(T) such that X — Xo is a set of indiscernibles over D U C (in fact, over
Du CO V) XO).

As a special case of 1.5(a), the author independently obtained 1.6 weakened
with |X | <u(T) instead of |X | <&(T) (cf. [1] or [2, 1.3]).

We next state a technical lemma which we use in our proof. Arguments
of this sort have been repeatedly used; see, e.g., Shelah [s], [6], [7], and go,

in essence, back to Morley [3].

Lemma 1.7. Let g € S(C), D C C and let {aﬁ},&a be a sequence of ele-
ments of C such that for all y < a, p(a,,, DU {aﬁ},@oy) =gqlDU {“,B}ﬁcy'
(a) If q does not split over D then {“ﬁ}ﬁ«z is a set of indiscernibles

over D .
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(b) If q does not split strongly over D and if {aB}B«o is a set of in-
discernibles over D, then so is {aﬁ },B«x'

Proof of (b). It suffices to show that the sequence {aﬁ }/3<a is an ordered
set of indiscernibles. We prove this by induction on a. For & = w there is
nothing to prove and for a limit the induction is trivial. Assume that a =y
+1 and {‘1,3 ¥5<y is a set of indiscernibles over D. To show the same for

{“/3 },B<a we have to show that @, ., and @ ', “,3’ satisfy the same L(D)-

y
formulas where @ ={a; ,...,a za'=(ap ,.u.,a with <
poeerdp )0 = (ag ey ag ) with B
.<B,_,<yand B <...< B 1 $ye Takmg into consideration all the

assumptions, including the mductxon assumption, we get that for ¥(x, v,) €
L(D), kY@, a,) iff (@, vy) € q iff Y(@', vy) € q iff FY@', ap ).
n-1
Q.E.D.
The most important fact concerning stable theories is, perhaps, the

following.

Theorem 1.8 (Shelah [6]). If T is stable then there is A, |T| <A <
ZlTl, such that for all A> |T|, T is stable in A iff A > A, and A Z .

Corollary 1.9. If T is stable in A then «(T) < cf A.
2. The theorem. We are going to prove

Theorem 2.1. If T is stable in A, X is singular and A > |T|, then T has

a saturated model of power A.

Proof. Let A =X, . A
regular cardinals. We may assume that AO > cf A + |T|. Take an increasing
elementary chain {2, }ch x of models of T such that |%,[ <A and U, is
A, -saturated. The model U = U.
it is saturated.

Let CCA, |C| <A and let p € S(C). We want to prove that p is real-
ized in ¥. Let g D p be an extension of p to a type g € S(A). By 1.5(b),
there is D C A, |D| < k(T) < cfA such that g does not split strongly over D.

A, where {)\ }< ¢\ is an increasing sequence of

(C”‘ ; has power A and we will show that

Because the power of D is so small, D C A, for some i < cf A. W.l.o. g we
may assume that D C A,. Define a sequence of elements b/j’ B < |T| , such
that b,B € A, and for all y < ]T] , p(b D U{bﬁﬂ )=gq|D U{bﬂ}ﬁ«y This
is p0331ble since U | is A -saturated and)\ >|D| +|T|. By 1.5(a) there is an a; <
|T| such that qlDU fbﬁ }’347-‘* does not spht over DU {bB },B<a It follows, by
1.7(a), that {bB}ao<'3<lTl+ is a sequence of indiscernibles over D. Renam-
ing b, o+ ag we conclude that there is a sequence {aﬂ B<[T|+ of elements

ag € A s.t. {a },3<IT‘+ is a set of indiscernibles over D and, for all y <
IT|*, p(a.),, Du {a'B }/3<'>') =q|D U {“,3 }B<'>’ We now come to the heart of the
proof.
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Claim 2.2. For every finite set Cj, C, C A, all but less than IT|* ele-
ments of {aB}B<|Tl+ satisfy ¢|C,.

Proof of 2.2. W.l.o.g. we may assume that C;, C A,. Define ag |T|
B < |T|* - 2, such that ag € A, and for all y, IT|" <y < ]T|
pla,, DU CyU {a,B }BVY )=¢qlDuCyu fa’B }B<’>’ . Since g does not split
strongly over D, we conclude, by 1.7(b), that {aB }/3< 1t is a set of indis-
cemnibles over D. By 1.6, there is X, C {“ﬁ }'8<ITI+‘2 with |X | < ]T"f such
that X = {aﬁ tﬁ‘lﬂ o is a set of indiscernibles over C,. X certainly
contains some d s thh B > [Tl and that a 8 realjzes qIC (by the very definition
of a 8 for B> |T| *). It follows that every element of X realizes qIC This proves
2.2 since X contains all but less than IT‘ elements of {a 83 <‘Tl

Returning to the proof of 2.1, define {aB ITl <B<A such that ag € A and
for all y <A, p(a,y, Duv {aﬁ ¥,8<‘)' )=gq|D u{aﬁ }ﬁk'y' This can be done induc-
tively provided one makes sure that {aa}ao‘ CA, forall i<cf A. Again by
1.7(b), we conclude that Y = {“,8 }BO‘ is a set of indiscernibles over D. Also,
it follows from 2.2 that for all finite C; C A there is Y C Y, |YC | < |T|
such that every element of ¥ ~ Y. realizes qICO.

Let us go back to our initial C with |C| CA. As Y' U{Y o Co C
G C, finite} has power < |C| - |T| <A, it follows that the set Y Y' is
nonvoid and every element in it realizes ¢|C = p. Q.E.D.

Shelah noticed [7, B3] that our proof shows in fact that whenever {‘Z[z. }i<8
is an increasing elementary chain such that ?Ii is )ti-saturated where cf & >
k(T) and {)\i }i<8 is an increasing (not necessarily strictly) sequence of
cardinals with 3, A, =A> |T| then A = U, U, is A-saturated. He further
noticed that this implies, even for singular A, the existence of a A-atomic
(cf. [2]), A-prime model over every C provided that A > |T| and cf A > (7).
To construct such a model, one takes an increasing sequence {)\i: i<cfA}
of regular cardinals >|T| whose limit is A and then constructs a model U

such that A = C Ufa },), forall i <cfA, A, = CUla,}

ach, is the universe

of a A -saturated model, and for all a < Ay pag, C U{aﬁ }ﬁ<a) is )\i-isolated

(see [2], [4] or [5] for details of such a construction).
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