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ON A GENERALIZED VERSION OF THE

NAKAYAMA CONJECTURE

MAURICE AUSLANDER1 AND IDUN REITEN

ABSTRACT.   Nakayama proposed a conjecture which is equivalent to

the following:   If A   is a finite dimensional algebra over a field and the

dominant dimension of  A is infinite, then  A is self-injective.   In this

paper we study a generalized version of this conjecture.

Introduction.   In [5] Nakayama proposed a conjecture, which by results

of Miiller [4] is equivalent to the following:  If A  is a finite dimensional alge-

bra over a field k,  and dom dim A = 00,  i.e., in a minimal injective resolution

(1) 0- A -^-.l^-,-►£.-...

for A,  all the  E . are projective, then A  is self-injective.

We recall that a finitely generated (left) A-module  M  is said to be ulti-

mately closed, if in a minimal projective resolution for  M,  there is a kernel

K  ,  each of whose summands is the summand of an earlier kernel [3].   Miiller

showed, generalizing results of Nakayama [5] and Tachikawa [6],  that

Nakayama's conjecture holds  for an algebra which is an endomorphism ring

of an ultimately closed generator-cogenerator for some artin  algebra [4].

Further, Tachikawa [7] showed that the Nakayama conjecture is true for an

algebra which is the endomorphism ring of a generator-cogenerator over a

group algebra kG,  where  k is a field and  G  a finite p-group.

We propose here another conjecture, of which the Nakayama conjecture

is a special case.   We assume throughout that A is an artin algebra, i.e.,

an artin ring which is a finitely generated module over its center, and that

all the modules are left modules.

Conjecture.   In a minimal injective resolution (1) for an artin algebra  A,

each indecomposable injective A-module occurs as the summand of some  E ..

It dom dim A = 00,   and each indecomposable injective A-module is a

summand of some  E. in the injective resolution for A,   then all the injec-

tive A-modules would be projective, hence  A would be self-injective.

Our generalized Nakayama conjecture is further seen to be equivalent to

the following.
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If S is a simple A-module with ExtA(S, A) = 0 for i > 0, then S is zero.

To see this, we use the fact that ExtA(S, A) / (0) if and only if S C E.

(i.e., E(S)  is a summand of E . where  E(S) is the injective envelope of S).

For the sake of completeness, we mention that the Nakayama conjecture

would be a consequence of the conj ecture that the finitistic global dimension

of any finite dimensional algebra over a field is finite.   We recall that the

finitistic global dimension is the supremum of pd Al,  where  M runs through

all modules with pd M < oo.   For if dom dim A = <x, (1) is a minimal injective

resolution for A.  then all the kernels in this sequence have finite projective

dimension.   If there was an upper bound on these dimensions,  0 — A —> E

would split, so that  A would be self-injective.

In this paper we shall discuss the generalized Nakayama conjecture.   We

shall first show that this conjecture is true if and only if the following con-

jecture is true.

Conjecture.   If A is an artin algebra, and M  is a generator such that

Ext!(/M, M) = 0 for i > 1, then Al  is projective.

The Nakayama conjecture is known to hold for every artin algebra if and

only if for any artin algebra  A,  M  being a generator-cogenerator with

Extl(M, M) = 0 for i > 1, implies that M is projective [4].   We obtain this

result as a special case of our considerations.

We shall then show that in the various cases where we know that the

Nakayama conjecture holds, the generalized Nakayama conjecture holds,,

This means that we get the same conclusion by weakening  Al  being a genera-

tor-cogenerator to  Al  being a generator.

Mod A will denote the category of (left) A-modules, mod A the category

of finitely generated (left) A-modules.

1.   Before we can reformulate our generalized Nakayama conjecture, we

shall need to recall some useful results on rings of endomorphisms from [l] and [2].

We consider pairs  (A, Al),  where  A  is a ring (i.e., here an artin algebra)

and M a finitely generated (left) A-module.   We denote by End the map on

such pairs given by  End (A, Al) = (Y, P),  where  Y = EndA(Al)op,  and  P =

(a1, A).   A projective T-module  P  is said to be a Wedderburn projective Y-

module if  End2(r, P) = End (End (Y, P)) = (Y, P),  and if Al  is a (finitely gen-

erated) A-generator, then  P  is a Wedderburn projective F-module and

End (A, Al) = (A, M).   Hence End gives a one-one correspondence between

pairs  (A, Al),  with  Al  a finitely generated A-generator, and (Y, P),  with  P  a

a Wedderburn projective.   If

(2) 0-r-B0-.-E1-....-B.-...

is a minimal injective resolution for Y,  then  P  is a Wedderburn projective if

and only if for each simple submodule  S of  EQ II   E y P  contains the projec-
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tive cover Ps of S as a summand.   P  is said to be a minimal Wedderburn

projective if the only indecomposable summands of P are  the above P„.

End gives a one-one correspondence between pairs (A, M) and (T, P), where

M is a (finitely generated) generator such that each indecomposable injec-

tive A-module occurs as a summand of EAM) II   E j(z\0,  where  ElM)  and  E j(zW)

are the first two terms in a minimal injective resolution for M,  and P is a

minimal Wedderburn projective T-module.

For M a A-generator and  P  a Wedderburn T-projective, the functors

Horn (P, ): Mod F — Mod A and a = HomA(zM, ): Mod A -. Mod V have the

property that Hom_(P, )Hom (M, ): Mod A —> Mod A is isomorphic to the iden-

tity functor.   And if a denotes the full subcategory of Mod T whose objects

are thus isomorphic to the T-modules ilA, X) for X in Mod A,  then the re-

striction of Horn AP, ) to a gives an equivalence of categories between a

and Mod A.

There is another useful description of a.   Let E = EiP/vP) be the injec-

tive envelope of P/tP,  where V denotes the radical of V.   Then the objects

of a are the T-modules   Y such that EQiY) II £j(V) is in V(E), the full ad-

ditive subcategory of Mod T generated by E.   An object (zM, X) in a is an

injective r-module if and only if X is an injective A-module.

We have

Theorem 1.1.   (a)   // the generalized Nakayama conjecture does not hold

for 17  choose  P  to be a projective T-module whose indecomposable summands

are exactly the P-,  where S  is a simple submodule of some E (T).   Then

for (A, M) = End(T, P), M  is a nonprojective generator such that ExtUzW, M)

= 0 for i > 1.

(b)   // (A, M)  is such that M is a nonprojective generator and Ext^(zM, zVl) =

0 for i > I,  then for (T, P) = End (A, M),  the generalized Nakayama conjec-

ture does not hold for V.

Proof,   (a)   Assume that the generalized Nakayama conjecture does not

hold for 17 and let (2) be a minimal injective resolution for V.   Let P be as

in the statement of the Theorem.   The projective A-modules are the (P, Q),

where  Q is a summand of a finite sum of copies of P.   Hence, by our assump-

tion on r, M = (P, T)  is not a projective A-module.    We now want to show

that Ext^iM, M) = (0) for all z > 1.

We have the exact sequence of A-modules

0 -^ Ai = (P, D -» (P, EQ) ̂ iP,E)^->iP,E)^....

Since all the Ef clearly are in a, all the (P, E ) are injective A-modules.

Consider now the sequence

o -^ up, n, 77 n) - up, n, (p, e0)) -^ —, up, n, (p, e.)) _^....
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Since  Y and all the  E . lie in   a,  we use the equivalence of categories that

Hom.(P)   induces  between   a   and   Mod A,  to get that this sequence is iso-

morphic to the sequence (2) which we know is exact.   It follows that

Extj^Al, Al) =0  for  i> 1.

(b)   Let (A, Al)  be such that Al is a nonprojective generator with

Ext^Al, M) = 0 for i > 1, and let (1% P) = End (A, M).   Let

0 -»M -»/„-»/,-»-► /.-»...
u 1 i

be a minimal injective resolution for Al.   Hence we get that

0 — (M, IA) -» (M, EQ) -. (M, Ej) —-> (M, E.) -, ■ ■ ■

is an injective resolution for Y.   The number of nonisomorphic indecompos-

able injective T-modules is strictly larger than the corresponding number for

A, since  M is a nonprojective generator.   But the number of indecomposable

injective T-modules which are summands in a minimal injective resolution

for  r can be at most this smaller number.

Corollary 1.2.   In the Wedderburn correspondence between (A, Al)  and

(Y, P),  Al  is a generator-cogenerator with Ext.(Al, M) = 0 for z > 1   if and

only if dom dim Y = oo (and P  is a minimal Wedderburn projective).   And

under this correspondence,  M  is projective if and only if Y is self-injective.

Proof.   If dom dim T = oo,  the previous choice of P  is a minimal Wed-

derburn projective, since in this case all the indecomposable summands of

the  EiY) are already summands of E0(D  II Ej(D.   Since all the injective

T-modules which lie in  a are projective T-modules,  M = (P, Y)  contains

all indecomposable injective  A-modules as summands, i.e., M is a cogenerator.

And if conversely M is a generator-cogenerator with Ext. (M, Al) = 0

for i > 1, then for each indecomposable injective A-module /, (a1, /) is a

projective r-module, so that dom dim T = oo.

Since M is a A-generator-cogenerator, we have for the pair (r, P) =

End (A, Al),  P is a minimal Wedderburn projective r-module, so that we can

use this  P for the opposite direction.

If M is projective, then A, hence   Y, is self-injective.   And we have

seen that if Al is not projective, the generalized Nakayama conjecture does

not hold for Y,  so that  Y is not self-injective.

While the Nakayama conjecture is consequently true if and only if M

being a A-generator-cogenerator with  Exti(M, Al) = 0 for  z > 1 implies that

Al  is projective, the generalized Nakayama conjecture is true if and only if

the following conjecture is true.

Conjecture.   If A is an artin algebra and Al a A-generator such that

Extj^M, Al) = 0  for  i > 1,  then M  is projective.

We shall see that, in this form, the generalized Nakayama conjecture is
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known in the same situations as the ordinary one.   If A is self-injective,

they are the same.   Here Tachikawa [7] has given an affirmative answer for

a group algebra  kG for k a field, when G is a finite p-group.   The other

cases are given by Miiller [4],  and the following result is a generalization

to our situation.

Proposition 1.3.   If M  is a ifinitely generated) A-generator which   is

ultimately closed and such that Ext!! (M, M) = 0  for i> 1, then M is projective.

Proof.   We shall find useful the general

Lemma 1.4. // M is a finitely generated generator for an artin algebra

A, with ExtKzM, M) = 0 for i > 1 then for each syzygy module N = fl"zM of

M,  Ext^(/V, N) = 0.

Proof of the Lemma.   Since  M  is a generator,  Ext^(M, A) = 0.   From

this we can conclude that Ext*+"(zW, N) =* Ext'(M, M) tor i > 1.   We also

have Ext'(/V, N) ^ ExtI+"(zVl, N) for i > 1.   Hence we conclude that

Ext'(N, N) = 0 for z > 1, since Extz'(zVi, M) = 0 for i > 1.   This finishes the

proof of the Lemma.

Returning to the proof of the proposition, we know that since M is ulti-

mately closed, there is some N = fl"/Vf, all of whose summands occur as a

summand in some earlier ft'M (i.e.,  j < n).   It M  is not projective, then

pd M = oo,  since  ExtKzM, A) = 0 for i > 1.   Then we would have pd N = oo,

hence pd N   = oo for some indecomposable summand  N    ot N.   But then some

summand N    ot N is a kernel in a minimal projective resolution for N ,  so

that  Ext7(zV', N") £ 0  for some  ;'> 1.   Hence  ExtA/V, N) ^ 0  for some  j> 1,

which is a contradiction.   This finishes the proof of the proposition.

Since the ultimately closed algebras play a central role in these investi-

gations, we shall mention some examples of such algebras:  If for some

k > 0,  A has a finite number of indecomposable modules which are summands

of /feth  syzygy modules, then A is ultimately closed.

As special cases of this class we have:  A of finite representation type,

gl dim A < oo,  the square of the radical of A is zero, etc.

We end this note with the following observation concerning the generalized

Nakayama conjecture.

Proposition 1.5.   The following statements are equivalent;

(a) The generalized Nakayama conjecture is true for all artin algebras.

(b) // A is an artin algebra with the property that for each simple A-

module S there is an integer i such that Extl(7 A) 4 0,  then a finitely gen-

erated A-generator M  is projective provided Ext!(zM, M) = 0 for all z > 1.

Proof,   (a) implies (b).   Already shown.
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(b) implies (a).   For each artin algebra  Y let m(Y) be the number of

nonisomorphic simple T-modules.   Let J   be the collection of artin algebras

with the property that T is in  J   if and only if n(Y) < m(Y) where n(Y)  is

the number of nonisomrophic simple T-modules  S such that  Exti(5, Y) 4 0

ior some i > 0.   We want to show that J = 0 in order to show that (b) implies (a).

Suppose S 4 0 •   Let Y be an artin algebra in S with m(Y) as small

as possible.   Let S,,..., S  .  , be a set of nonisomorphic simple T-modules

such that for each S. there is an integer i. with the property ExtiAS., Y) 4

0.   Let P . be a projective cover for S. and let P = P. II • • • II P  ,„. (direct
; r    ' ; 1 run

sum).   Finally, let EndCT, P) = (A, M).

Clearly m(A) = n(Y) < m(Y). Hence A is not in J so that A has the

property that for each simple A-module S we have that Extl(S, A) 4 0 for

some i > 0. Hence by (b), a A-generator N is projective if Ext'(N, N) = 0

for all i > 1. But by Theorem 1.1, Al is a A-generator with the property

Ext'dM, M) = 0 for all z > 1 which is not A-projective. This contradiction

shows that J = 0   which shows that (b) implies (a).

In other words, to prove that all artin algebras A have the property

that a A-generator Al is projective if Extj^M, Al) = 0 for all i: > 1, it suffices

to prove it only for artin algebras A with the property that given a simple

A-module S,  there is an integer  i such that Ext!(S, A) 4 0.
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