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FACTORIALITY OF AN AFFINE RING

JAMES HORNELL

ABSTRACT.   Let R be a normal integral domain finitely generated

over a field k, let U be an affine algebraic variety with coordinate ring

R, and let V be a projective completion of U over k.   R is factorial if

and only if the class group of V over k is generated by the /(-rational

cycles at infinity with respect to  U.   If k  is algebraically closed,  R  is

shown to be factorial if and only if the Picard group of   V  is zero and the

Neron-Severi group of   V is generated by the /c-rational cycles at infinity.

If k  is finitely generated over its prime field, some well-known arithmetic

results are  applied to show the existence of affine localizations of   V

which have a factorial coordinate ring over  k.   The relationship between

the existence of an affine localization of   V with a factorial coordinate

ring, and the birationality of   V  is also discussed.

One would like to have geometric criteria for the coordinate ring of an

irreducible algebraic variety defined over a field k, a finitely generated

integral domain over k, to be factorial.   I am indebted to Professor A.

Seidenberg for bringing this problem to my attention.   For the case of a curve

the theorems below are similar to Cunnea's  Theorems 4.1 and 4.5 of [4], but

the proof there given using the Riemann-Roch theorem is not applicable to

higher dimension.

1. The geometric criteria.   Let U be a closed subvariety of an affine 72-

space A    contained in a projective 72-space P    with L being the linear form

vanishing on the hyperplane at infinity with respect to A   .   The class group

of the closure V of U in P" will play the essential role.   The following is a

slightly more general formulation.

Let V be a projective algebraic variety, defined and irreducible over the

field k, k[v] its homogeneous coordinate ring over k, and  k'V) its function

field over k.   Let D(V) be the group of divisors on V over k, the free abelian

group generated by the /^-valuations of k(V) which have center of codimen-

sion one on V, here called the prime divisors of V over k.   If f e k(V) is

nonzero let (/) = £   v(f)v, where the sum is over all prime divisors v of V

over k.   These divisors of form (/) are called the principal divisors of V over

k, and they form the subgroup  D IV) of D(V) called the subgroup of divisors

linearly equivalent to zero over  k.   Let  D  (V) be the subgroup of divisors
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algebraically equivalent to zero on V or equivalently on the ^-normalization

of V.   (For the usual form of the definition of algebraic equivalence see [7,

Chapter III, §l].)

There is another, different definition of the group of divisors of V over

k, the free abelian group generated by the ^-irreducible codimension one k-

subvarieties of V (the homogeneous height one prime ideals of &[v]).   In

general, this group is a subgroup of the former group, for identify each k-

irreducible codimension one &-subvariety W of V with 2 [k  : k„,\v, where
' v    v     W

the sum is over all ^-valuations v of k(V) centered at W, where  k    is the

residue field of the  valuation ring of v, and where  kw  is the residue field

of the local ring of V at W over k.   (Compare this to the projection formula

[21, Theorem 10, p. 203], [5] and  [l6, Chapter V, §C] applied to the k-

normalization of V.)   If V is ^-normal the two groups are equal.

Let F be a nonconstant homogeneous element of k[v], and let V(F) be

the locus of F on V.   Vp = V ^ V(F) is affine with coordinate ring   &[Vp] =

!G/Fs|s > 0 and G 6 k[v] homogeneous with degG = s degFi.   Assume that

VF  is normal over k.   Then  V p  is also an affine open subset of the k-

normalization of V.   If A e D(V) let A      be the sum of the components of A

which have support not contained in V(F).   If S C D(V) let S p = iAp|A e S\.

The divisor group of k[Vp], D(Vp), is D(V)p, and let  P(Vp) be the sub-

group of principal divisors of k[Vpl   P(Vp) = D[(V)p C Djy)p.   The fol-

lowing diagram is commutative and exact

0 0

i 1
K, K2

1 I
0-» D  (V)/DfV)-> D(V)/DrV)-. D(V)/Da(V)-► 0

"  ]l \> \>
0   -» Da(Vp)/P(Vp) -. D(Vp)/P(Vp) -* D(VF)/Da(v)p -. 0

0 0

where  j(A) = Ap for all A e D(V).   The kernel   K.   is the subset of elements

of D  (V) which are linearly equivalent to a divisor with support contained

in V(F), and   K.   is thus finitely generated.   The kernel   K,   is generated by

the elements of D(V) which have support contained in V(F).

Recall the fact that a noetherian integral domain R is factorial if and

only if each of its prime ideals of height one is principal, which in turn
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holds if and only if R is integrally closed in its quotient field and has zero

class group.   (The first equivalence is easily proven using the principal

ideal theorem [22, Theorem 29, p. 238], and the second equivalence follows

from the first by using the normality of R.)

The class group of &[Vp] is D(Vp)/P(V p), and Theorem 1 below now

follows from the remarks made on the above diagram.

Theorem 1.   Let V be a projective algebraic variety, defined and irredu-

cible over k.   Let F € k[v] be homogeneous and nonconstant, and assume

that  VE  is normal over k.    Then   k[Vp]   is   factorial   if  and   only   if

Dj.V)/Dj(V)  is generated by divisors algebraically equivalent to zero with support

contained in  V(F ) and D(V)/D  (V) is generated by divisors with support

contained in V(F).

2. The application of some well-known arithmetic results.  For Theorem

1  and the preceding discussion the base field k had been fixed.   Now let V

be, in addition, irreducible, although zero divisors may be treated as in [6],

and let K be an extension field of k.   Identify each ^-valuation v of k(V) with

Z   ([k  : k]l /[k   :  k],)w, where the sum is over the distinct K-extensions w
W V l w I        7

of v to K(V), and where   [k  : k]    is the order of inseparability of k    over k

[19 or 21, p. 21].

Let D  (V) denote the group of divisors on V over k, which was pre-
k K

viously denoted by D'V).   By the above identification D  (V) C D   (V), and

the elements of D  (V) are called ^-divisors or divisors rational over k [19,

p. 198], or [22, p. 207].   Let D AV) denote the divisors linearly equivalent

to zero on V over k, previously denoted by  D AV).   By [21, Corollary 2, p.

265] V\ (V)= Df(V) n Dk(V).   Also let  D^(V) denote the /e-divisors alge-

braically equivalent to zero, denoted previously by D jy).   Although it was

not noted before, D  (V) is the subgroup of ^-divisors algebraically equivalent
h K. h

to zero over the algebraic closure of k, and thus  D  (V) = Da (V) O D  (V).

(See [12, p. 139].)

The Ne'ron-Severi group of V (over k) is  Dk(V)/D^(V) [7, p. 64], and it

is finitely generated as an abelian group [8, Theorem 7, p. 86], or [11, Theo-

rem 2, p. 145].

D  (V)/Dl (V) is a subgroup of the abelian variety Pic(V/), the Picard

variety of a projective  normalization of V [7, p. 64], which we shall also

call the Picard variety of V.   Pic(V) is a birational invariant of V [7, p.

152], [10, Theorem 4, p. 23ll» or [l3, Proposition 1, p. 4].   There is a finite

extension k ' of k such that D   (V) /Dl (V) is the subgroup of k -rational

points of Pic(V) [8, p. 86], [l3, p. 2].

Let He a finitely generated extension of its prime field.   Then
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Da(V)/^>l(V) is finitely generated [8, Theorem 1, p. 71, or Corollary, p.

86]; see also [ll, Theorem 3, p. 146] and [18, p. 302].   Let F be a homo-

geneous element of k[Vl which vanishes on the nonnormal locus of V and

on the support of each element of a finite set of generators of D  (V)/D XV)

and of Dk'V)/Dka(V).   By Theorem 1, Vp = V ~ V(F) has a factorial co-

ordinate ring over k.

Let us digress and prove the known fact that if k is an algebraically

closed field and if A is an abelian variety defined over k, then the subgroup

of ^-rational points of A is not a finitely generated group.   Take A to be

imbedded in a projective space P  , and let A     be an affine open of  P    with

coordinates  X.,..., X  .It may be assumed that A  Pi A     is nonempty.   The

set U of all a e k such that V(X   - a) and A have nonempty intersection in

A"  is a nonempty Zariski open subset of k.   (Let  1(A) be the ideal of func-

tions in k[X  ,..., X ] which vanish on A.   Then A n V(X   - a) is empty

if and only if (X    - a - 1) £ 1(A), 1(A) is a proper ideal, so only one such a

may exist.)   Let k„ C k be a field of definition of A which is finitely gene-

rated over the prime field of k.   Let a^ e U be such that a^ £ kQ.   By the

Hilbert Nullstellensatz there is a point  (a ^ a^ .. . , uj of A which is

rational over k.   Let  k^ = kQ(av- ■ ■ . «„)•   Let AQ be the subgroup of kQ-

rational points of A, and let A^   be the subgroup of ^-rational points of A.

A     is a proper subgroup of A  .   By induction there is an infinite ascending

sequence of subfields  kQC kx C • ■ ■ C k._x C k.C ■ • ■ of k, such that, let-

ting  A .  be the subgroup of k -rational points of A, A Q C A ̂  C ■ •• C A._l C

A . C •••   is an infinite, strictly ascending chain.

Now let the field k contain an algebraically closed subfield, and let V

have an affine open subset the coordinate ring of which is factorial over k.

Then D  (V)/D,(V) is either zero or not finitely generated, by Theorem 1,

Dka(V)/Dkl(V) is finitely generated, so it must be zero.   D^(V)/D*(V) is

dense in Pic(l/), and  Pic(V) is zero also.

These comments are summarized in Theorem 2 below.

Theorem 2.   Let V be an irreducible projective algebraic variety defined

over k.

If k  is finitely generated over its prime field, then  V contains an affine

open subset which has a factorial coordinate ring over k.

If k contains an algebraically closed subfield and if V contains an

affine open subset which has a factorial coordinate ring over k, then the

Picard variety,   Pic(V),  of V  is zero.

Using the birational invariance of Pic(l/), the projectivity of V may be

removed from the hypotheses.   The dimension of  Pic(V) has been called

the irregularity of V.
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Theorem 2 easily gives an example of an affine ring which is factorial

and which has an entire, but not factorial, extension to the algebraic

closure of the base field (e.g. an appropriate affine open subset of a curve

of genus one over the rational field).

3. Rationality: remarks and examples.  Let V be projective and bi-

rationally equivalent to an 7z-dimensional projective space   P    for some 72.

Then  Pic(V) is zero.   (Pic(P  ) is easily seen to be zero, and   Pic(P  ) C

Pic(P  ) by [10, Proposition 4, p. 224, and Proposition 10, p. 233] or [13,

V2, pp. 2—4].)   Let F e k[V\ be homogeneous, zero on the nonnormal locus

of V, and zero on the support of each element of a finite set of generators of

D (V)/D  (V).   By Theorem 1 the coordinate ring of  V „  over k is factorial.

Thus, if V  is birationally equivalent to Pn  then V has an affine open sub-

set which has a factorial coordinate ring.

If, in addition to the above, we let V be normal and singular at a sub-

variety W (necessarily of codimension greater than one on V) and let F be

also nonzero on W, VE is affine with a factorial coordinate ring and has a

singular subvariety W.

For dimension one the converse of the above is valid over an algebra-

ically closed field k.   Let k be algebraically closed, let V be of dimension

one, denote V by C, and suppose C has an affine open subset with factorial

coordinate ring over k.   By Theorem 2, Pic(C), which is the Jacobian of C,

is zero.   Hence the genus of C, which is the dimension of Pic(C) [20,

Theorem 18, p. 67, and Theorem 19, p. 70] is zero, and C is thus birationally

equivalent to the projective line   P     [2, Chapter II, §2, p. 23].

A projective variety V over an algebraically closed field k and of

dimension greater than one may have an affine open subset with factorial

coordinate ring, and yet V may not be birationally equivalent to a projective

space Pn.   As an example, a nonsingular cubic threefold in   P    is not bi-

rationally equivalent to  P     [3, Theorem, p. 350], yet its homogeneous co-

ordinate ring is factorial [9, p. 359], [l7, p. 691 ], and any affine open subset

has a factorial coordinate ring over k.
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