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SOME REMARKS ON UNIQUENESS FOR A
CLASS

OF SINGULAR ABSTRACT CAUCHY PROBLEMS

JAMES A. DONALDSON1 AND JEROME A. GOLDSTEIN

Abstract. Of concern is the Cauchy problem for equations of the form

u"(t) + a(/)K'(<) + S2u(t) = 0 ('= d/di) on a complex Hilbert space X. S is

a selfadjoint operator on X while a is a continuous function on (0, oo) which

can be unbounded at t = 0. Uniqueness results are obtained for these

equations by applying a uniqueness theorem for nonlinear equations. Fur-

thermore, nonuniqueness examples for the linear abstract Euler-Poisson-

Darboux equation, which is contained in this class, show that the uniqueness

theorem is best possible.

Introduction. We shall consider the linear evolution equation

(1) u\t) = iA + P(t)Ht)       it > 0)

in a Banach space X. Here prime denotes differentiation with respect to t. Let

A be the infinitesimal generator of a (C0) semigroup of linear operators on a

Banach space X. (We use the standard notation and terminology of operator

semigroup theory; cf. Hille and Phillips [13], Goldstein [11].) Let P be a

strongly continuously differentiable function from (0, oo) to the bounded

linear operators on X.

Definition 1. A type (I) solution of (1) is a function u E C'([0, oo); X)

satisfying (1) for t E (0, oo).

Definition 2. A type (II) solution of (1) is a function u G C'((0, oo); X)

n C([0, oo); X) satisfying (1) for t E (0, oo).

Note that a type (I) solution is clearly also a type (II) solution. The converse,

however, is false, as will be seen below.

Together with equation (1) we shall consider the initial condition

(2) uiO) = / G SviA);

^(A) denotes the domain of A. A uniqueness theorem for type (I) solutions of

(1), (2) is given by the following consequence of the main result of Goldstein's

paper [10].
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Theorem 1. Suppose P(i) — K(t)I is dissipative for each t > 0 where

K(t) = t~x + b for some real number b. Then the initial value problem (1), (2)

has at most one type I solution.

Proof. By replacing the norm on X by an equivalent norm we may assume

that A — al is dissipative for some real number a (cf. [13, p. 364], [11, p. 11]).

Let Wj, u2 be two type (I) solutions of (1), (2). Then for / = 1, 2, Vj(t)

= e~("+b)'uj(t) is a type (I) solution of

v'(t) = [A + P(t) - (a + b)I]v(t)       (t > 0),

v(0) = f.

Since [A + P(t) - (a + b)I] - t~xI is dissipative for each t > 0, vx = v2

follows from Theorem 1 of [10]. Hence ux = u2.    O

A uniqueness result for second order Cauchy problems. Now let S be a

selfadjoint operator on a complex Hilbert space Y. (More generally, we could

replace iS by B, the infinitesimal generator of a (C0) group acting on a real or

complex Banach space Y.) Consider now the abstract differential equation

(3) v"(t) + a(t)v'(t) + S2v(t) = 0       (/ > 0)

with initial conditions

(4) v(0) = 4, G Q)(S2),       t/(0) = 0.

Since a(t) is allowed to be unbounded at t = 0, the class of Cauchy

problems under investigation here may be singular. Now let

<-«>=(o-:„).  '=(»>

and let X be the completion of <%(S)xY under the norm ||(*)||

= {\Sx\2 + |y|2}1/2, where |-| denotes the norm in Y. Then iA (with domain

<SD(S2) X ty(S)) is a selfadjoint operator on the Hilbert space X. (1) [resp. (2)]

is equivalent to (3) [resp. (4)] under the identification (5). In particular, u is a

type (I) [resp. type (II)] solution of (1) if and only if v satisfies (3) for

t G (0,oo) and v G C2([0,oo); Y) [ v G C'^oo); Y) n C2((0, oo); Y)}.

In this case we shall call v a type (I) [resp. type (I I)J solution of (3).

Theorem 2. The initial value problem (3), (4) has at most one type (1) solution

ifa(t) 2: -l/tforallt > 0.

Proof. P(t) - Kx(t)I is dissipative for each t > 0, where P(t) is given by

(5) and Kx (t) = - l/t. This can be readily seen by computing

Re<^[P« - Kx(t)I]{^),(^= -rx(Sx,Sx) - (a(t) + rx)(y,yy,
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this is clearly nonpositive whenever a(t) =£ -/"'. Consequently, for a(t)

jg —/ , the conclusion of Theorem 2 is an immediate consequence of

Theorem 1.    □

Remark. For a(?) = Owe obtain the well-known result of Hille [12] that the

Cauchy problem for the abstract wave equation can have at most one type (I)

solution.

The abstract Euler-Poisson-Darboux equation. We apply the theory devel-

oped in the preceding section to the Cauchy problem for the abstract Euler-

Poisson-Darboux (EPD) equation

(6p) u"it) + ip/t)u'it) + S2uit) = 0,

(7) w(0) = 4>,   <b E <5D(S2),    u'iO) = 0,

and obtain uniqueness results for this problem. This problem is singular for

p # 0 since the initial data is defined at / = 0 where a coefficient of the

equation becomes unbounded. Recently the EPD equation has received much

attention in the literature; see Carroll [2]-[5], Donaldson [8], [9] and Lions [14].

Its concrete analogue

(8p) utt + ip/t)ut - uxx = 0,

(9) «(x,0) = (bix),       utix,0) = 0

is classical, and the fundamental work of Weinstein was a catalyst for recent

investigations of this equation. In this regard we mention the work of Blum

[1], Diaz and Weinberger [7], Delache and Leray [6], Tersenov [15], and

Weinstein [16]—[19]. Also, see the references in [19].

We now state the following uniqueness result for the Cauchy problem for

the abstract EPD equation.

Theorem 3. The Cauchy problem (6p), (J) for the EPD equation can have at

most one type (I) solution for p g -1,

Proof. This is an immediate consequence of Theorem 2 since pt~x

^ -/"' for p ^ -1.    □

Now let vp be a type (II) solution of (6p). A straightforward computation

shows that wpit) = vpit) + tl~pv2_pit) is a type (II) solution of (6p) for p < 0

and p not a negative odd integer. In particular, wp(f) = tl~pv2_pit) satisfies

(6 p) for p < 0 with <b = 0 in (7). For q > 0, a type (I) solution to i6q) and

(7) (with <b = \p E 6D(52)) is given by

(1 Ojr) Vqit) = cq J^ (1 - a2)"'1-' exp[iotS) + da

where cq = T((q + l)/2)/{r(?/2)r(l/2)}. (See Donaldson [8], [9].)

Theorem 4. Nonuniqueness of type (II) solutions of (6p), (7) holds when

p < 0 and p is not a negative odd integer.

Proof. Let <b = 0 in (7). Let 0 ¥= ip E ^(S"""1"2) where m is the smallest
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positive integer such that 2m + p > 0. Let q = 2 — p > 0 and let v„ be

defined by (10 q). Then v = 0 and u (t) = tx~pvq(t) are distinct type (II)

solutions of (6 p) satisfying zero initial conditions.    D

In the above proof vp is clearly a type (I) solution. Also, u is a type (I)

solution if p < —1 since a straightforward computation shows that v"p(t) exists

at t = 0. This shows that Theorem 1 is a sharp result in the following sense.

Theorem 5. The conclusion in Theorem 1 becomes false if the hypothesis on

K(t) is changed to K(t) = (1 + «)?_1 + b for some real b and some e > 0.

Of course, if K(t) is replaced by (1 — e)t~x + b for some real b and some

e > 0, then the hypothesis of Theorem 1 is satisfied, so we have uniqueness of

type (I) solutions of the Cauchy problem (1), (2).

Remarks. 1. In [10] it was pointed out that a nonlinear example of Perron

showed that the largest permissible constant c in K(t) = ct~x was c = 1. The

above results for the abstract EPD equation show that the same is true in the

context of the linear theory.

2. Uniqueness of the solution of the initial value problem (8 p), (9) for p > 0

has been established by Asgeirsson. However, for p < 0 there can be no

uniqueness, since any function of the type tx~pu2_ (x,t), which vanishes

together with its derivative with respect to t at ; = 0, may be added to a

solution up(x, t) of the Cauchy problem. The sum is also a solution.

3. For the concrete problem (8 p), (9) it is true that the EPD equation is

singular for all values of p ¥= 0. However, it is only when p is a negative odd

integer that one obtains singular behavior at t = 0. Unless the initial values

are sufficiently smooth, the derivatives of u Ax, t) of a certain order with

respect to t will become infinite for t = 0 (cf. [18], [6], [1]).

4. One can obtain nonuniqueness of type (II) solutions of (6 p), (7) when p

is a negative odd integer by employing a modification of the work of Blum [1].
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