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ACTIONS OF GROUPS OF ODD ORDER ON

COMPACT, ORIENTABLE MANIFOLDS

CRISTIAN U. SANCHEZ

Abstract. Differentiable actions of cyclic groups of odd order on compact,

connected, orientable manifolds with only two fixed points are studied in

order to obtain conditions under which the representations of the group on

the tangent spaces at the fixed points are equivalent.

A well-known theorem of Milnor establishes the equivalence of these

representations in the case of a semifree action on a homology sphere.

A result for more general actions is obtained which yields a generalization

of Milnor's theorem for groups of odd order.

Introduction. Let 0 be a smooth action of a cyclic group G, preserving the

orientation of a compact, connected, orientable, even-dimensional manifold X

and having only two stationary points P and Q.

Our objective is to study some conditions under which the representations

@p and ®q, of the group G, on the tangent spaces to X at P and Q, are

equivalent.

The kind of conditions that we shall study will involve the G-signature of

the G-manifold under consideration. Introduced by Atiyah, Bott, and Singer

[1], [2], the G-signature is a powerful tool, which seems especially useful in this

type of problem.

A revealing example of its power is the following theorem of Milnor which

yields an important result about /t-cobordant lens spaces [5, (12.12)].

Theorem ([5, (12.11)], [1, (7.27)]). Let G be a compact group of diffeomor-
phisms of a homology sphere X, with fixed points P and Q, the action being free

except at P and Q. Then the induced representations of G on the tangent spaces

TP and Tq are isomorphic.

Along the lines of this theorem, we study actions of a more general nature

on compact orientable manifolds; that is, actions not necessarily free outside

the fixed point set but with certain restrictions on the fixed point sets of the

proper subgroups.

The nature of our problem restricts us to cyclic groups of odd order, which

makes superfluous the initial condition of "orientation-preserving", since we
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shall be considering always compact, connected, orientable manifolds.

Our notation will be basically from [1] and [2], but we shall use FiG,X) to

indicate the fixed point set of G in X and, for convenience, given a point x in

F(G,X), FiG,x,X) will indicate the connected component of FiG,X) con-

taining x.

The word manifold will mean smooth manifold.

I would like to express my appreciation to Professor Glen Bredon, my thesis

director, who introduced me to this problem for his patience, generous advice

and helpful suggestions. Special thanks also is due to Professor Ted Petrie for

his teachings and many hours of enlightening conversation and to Professor

Mischa Cotlar whose interest made my graduate studies possible.

1. Cyclic groups of odd order. Our first result naturally arises when one

tries to obtain as much information as possible by using the G-signature. The

idea is analogous to the one in the proof of Milnor's theorem but we use Bass'

generalization of Franz' theorem.

(1.1) Theorem. Let G = Zn in odd) be a group of diffeomorphisms of a

compact, connected, orientable 2q-manifold X, having only two fixed points x and

y. Assume that:

(a) For every proper subgroup H of G either F(T7,X) = [x,y] or FiH,x,X)

= FiH,y,X).

(b) For every g in G satisfying Fig,X) = {x,y}, Sign (g, X) = 0. Then

@x = 0r

Proof. We can assume that G acts as a group of isometries for a convenient

metric in X.

Let g be a generator of G. Since g has only isolated fixed points,

Sign ig,X) = vix) + viy) and

q   r        e-i9k _ J9k        -i
(1-2) Vix)  =    TT        -—a-~-IT
K     ' W      fe=l L(l - e-,e*)il - e'^)A

where 9k, k = 1, ..., q, form a coherent system for dgx [1, (6.24)] i0k is an

integral multiple of 2ir/n).

We can assume 0 < 9k < m and if we write hk = e~'0k then

/     x / ^        X   P + hk~\

Remark. When we take 0 < 9k < it, we choose an orientation on Ek (the

2-plane direct summand of TXX where the action of dgx is rotation through 9k

[1, (6.24)]). This orientation may not agree with the original one, so we may

have to multiply by (-1) in the corresponding factor; this negative sign will be

eliminated when we multiply by vix).

Thus

■«^-A[f?a-[f^I-n[t^]
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where hk range over all the eigenvalues of dgx.

Now set h = exp(2iir/n) and let af be the number of eigenvalues of dgx

equal to hs; then we can write the last identity as

Because of our hypothesis, we have Sign (g,X) = 0 and then v(x) = —v(y),

so \v(x)\   = \v(y)\   and, therefore,

(1.4) .-«$-   n   [r^P"-
\v(y)\ sSZ„;s*n L1       "J

Put now as = af — af; we have to prove as = 0.

If g' is not a generator of G but still for H, the subgroup generated by g',

F(H,X) = [x,y], then from vg>(x) + vg,(y) = 0 in the same way as before we

obtain

ri + hds\"s

jez, L ^(/r3-5) J

where d = n/\H\ and

ri-*,     a#i,
^"U A-l.

If g' generates H and for this subgroup P(rY, x, X) ¥= {x}, then y G F(H, x,

X) by hypothesis and therefore &X\H = ®y\H. The expression of the coeffi-

cients of these restrictions imply that for d = n/\H\ (1.5) holds, so we have

r. + tfisys
(1.6) , =1    for each divisor d of n, d ¥= n.

s<ez„ L ef/r*) J

Remark. In formulas (1.5) and (1.6) there are some factors 2a*. These

factors occur when ds = 0(mod|G|), that is when .? = 0(mod|//|) and

therefore we have in those formulas a factor 2' with t = ^,s=0(\n\) as- ®nr

assumptions imply that in both formulas t = 0 and therefore this factor is just

1. In fact:

In (1.5) we are assuming that F(H,X) = {x,y} and since x and y are

isolated fixed points of H, the number of eigenvalues equal to 1 must be zero,

so SU^i/ji) af = 2,«o(|/f|) < = 0 and t = 0.
In (1.6) we are considering also the subgroups H which do not satisfy

F(H,X) = {x,y}, however, for these subgroups &X\H = ®y\H and therefore

2^o(|//|) af = 2,«rf|*|) af which again gives t = 0.
We defined af as the number of eigenvalues of dgx equal to hs. If p is an

integer such that (p, n) = 1 then af is also the number of eigenvalues of

d(gp)x equal to hps. Thus, taking gp as a generator will produce formula (1.6)

with hp instead of h, so this formula holds for each primitive «th root of unity.

Equality (1.6) can be written as
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(i.7) n eih^r- n eih*)-2a* = 1.
sEZ„ sE.Zn

Now s —> 2s is a bijection of Z„ onto itself whose inverse can be denoted by

5 —> s/2, and with this (1.7) can be written as

(1.8) ii   e(«*)(fl<^>-2a*> = 1.

jGZ,

We can now apply the following theorem from [3], [4].

(1.9) Theorem (Franz-Bass). Suppose bs is E Zn) are integers such that

b_s = bs and such that for each nth root of unity h, tlseZ e(hs)bs = 1. Then

bs = 0 for all s ¥= «.

The conditions of this theorem are satisfied by bs = a,si2\ — 2as since

a/ = ais and a/ = als. We have therefore a,s/2\ - 2as = 0, which in turn

implies as = 0 for each s E Z,, s / /i, and proves (1.1).

(1.10) Corollary. Let X be a compact, connected, orientable 2q-manifold

supporting an action of G = Z„ (rt odd) under the conditions of Theorem (1.1).

Let 77 C G be a subgroup such that \G/H\ = pr ip prime) andy E FiH,x,X).

Consider the action of G/H on F(77, x, X). If u is a generator of G/H then

Sign iu,FiH,x,X)) = 0.

Proof. Since we have the equality of the representations ©x and 6^,, then

the representations of G/77 on Tx F(77, x, X) and Ty F(7T, x, X) are equivalent

and so vu(x) = ±vu(y). Under our hypothesis, 2vu(x) cannot be an algebraic

integer, so Sign (u, F(H,x,X)) = 0.

(1.11) Corollary. Let X be a rational homology sphere supporting an action

of Zn in odd) as a group of diffeomorphisms with only two fixed points x and y and

satisfying (a) o/(l.l). Then <dx = @

(1.12) Corollary. Let Zs,p odd prime, act smoothly on a Zp-homology sphere

X, with only two fixed points x and y. Then 0^ = 0.
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