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A NOTE ON GENERALIZING ALTERNATIVE RINGS

IRVIN ROY HENTZEL1 AND GIULIA MARIA PIACENTINI CATTANEO2

Abstract. Let R be a nonassociative ring of characteristic different from 2

and 3 which satisfies the following identities:

(i) (ab, c, d) + (a, b, [c, d]) = a(b, c, d) + (a, c, d)b,

(ii) (a, a, a) = 0,

(iii)   (a, b " c, d) = b ° (a, c, d) + c ° (a, b, d)

for all a, b, c, d G R  and with x ° y = (xy + yx)/2. We prove that if

R is semiprime, then R is alternative.

Introduction. In this paper we study rings R which satisfy the following

three identities

(i) iab, c, d) + (a, b, [c, d]) = a(Z>, c, d) + (a, c, d)b,

(ii) (a, a, a) = 0,

(iii) (a, b ° c, d) = b ° (a, c, d) + c ° (a, b, d)
for all a, b,c,d E R. We assume characteristic different from 2 and 3 and we

define the      °     product by x ° y = (xy + yx)/2.
Identities (i), (ii) and (iii) hold in any alternative ring; thus these rings are

generalizations of alternative rings.

Rings of this kind have been studied by Getu and Rodabaugh. In their

papers they assume the existence of an idempotent and prove that with the

further assumption of simplicity [1] or primeness [4], then these rings are

alternative.
In our paper we do not require the existence of an idempotent, and we

prove that any semiprime ring of characteristic different from 2 and 3 which

satisfies (i), (ii) and (iii) is alternative.

To prove this, we make use of the result that we stated in [2] that any

semiprime ring of weakly characteristic different from 2 and 3 which satisfies

(i) and (ii) is right alternative.

Preliminaries. As usual, by (a, b, c) we denote the associator (a, b,

c) = iab)c - aibc) and by [a, b] the commutator [a, b] = ab - ba. The

associators of type (a, a, b) are called alternators. An ideal / ^ 0 is trivial if

I2 = 0. Rings without trivial ideals are called semiprime.

It is known that in a right alternative ring the following identities hold (see

[3]):
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(1) (a, b2, c) = (a,b,bc + cb),

(2) (a, b, be) = (a, b, c)b.

We shall also make use of the following two identities

,3) ([a, b], c, d) + (a, b, [c, d]) - (b, a, [c, d])

= [a,(b,c,d)] -[b,(a,c,d)],

(4) [ab, c] - a[b, c] -[a, c]b - (a, b, c) + (a, c, b) - (c, a, b) = 0.

Equation (3) is an immediate consequence of (i); Equation (4) holds in any

nonassociative ring.

By characteristic different from 2 and 3 we mean that the map x -^ nx is

1-1 and onto for n = 2 and n = 3.

By weakly characteristic different from 2 and 3 we mean that the map

x —» nx is 1-1 or onto for n = 2 and n = 3.

Main section. Throughout the paper R will be a semiprime ring of char-

acteristic different from 2 and 3, which satisfies identities (i), (ii) and (iii). In

[2] we proved that semiprime rings of weakly characteristic different from 2

and 3 satisfying identities (i) and (ii) are right alternative. We shall therefore

make the assumption that R is also a right alternative ring throughout the rest

of the paper.

Lemma 1. In any right alternative ring, the following identity is equivalent to

(iii):

(a,b,[c,b])=[b,(a,b,c)].

Proof.

(a, b2, c) = (a, b, be + cb)   by (1)

= 2(a, b, c)b + (a,b, [c,b])    by (2)

= 2(a, b,c)ob-[b, (a, b, c)] + (a, b, [c, b]).

Lemma 2. ([a, b], a, b) = 0 for all a, b G R.

Proof. From Lemma 1, (a, b, [a, b\) = [b, (a, b, a)] and (b, a, [b, a]) = [a,

(b, a, b)]. Adding these gives (a, b, [a, b]) - (b, a, [a, b]) = [a, (b, a, b)] -

[b, (a, a, b)]. Comparing this with identity (3) when c = a and d = b gives

([a, b], a, b) = 0.

Lemma 3. The additive subgroup I of R generated by all alternators is an

ideal.

Proof. By Thedy [5, pp. 25 and 26], / + RI is a left ideal which equals, if

the characteristic of R is different from 2, the additive subgroup generated by

all alternators and by all elements of the form ([a, b], b, a). Since in our rings

by Lemma 2 ([a, b], a, b) = 0, / is a left ideal. By (3) and Lemma 1,

([a, b], a, c) + (a, b, [a, c]) = - [b, (a, a, c)].

But then, by linearizing Lemma 2 on b,

(5) [b, (a, a,c)] = ([a, c], a, b) + (a, [a, c], b)
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and / is also a right ideal.

Lemma 4. (b, b, ia, a, c)) = 0 for all a, b, c E R.

Proof. By (5), replacing b with b2,

[b2, (a, a,c)] = ([a, c], a, b2) + (a, [a, c], b2)

= -([a,c],b2,a)-(a,b2, [a, c])

= -2b ° i[a, c], b, a) - 2b ° (a, b, [a, c])    by (iii)

= 2b o {i[a,c],a,b) + ia, [a, c], b)}

= 2b o [b,(a,a,c)]    by (5).

On the other hand by (4),

[b2, ia, a,c))=2b°[b, ia, a, c)] + 2(6, b, ia, a, c)).

Subtracting the two expressions for [b2, ia, a, c)], we get   2(fc, b, ia, a, c))
= 0.

Theorem. If R is a semiprime ring of characteristic different from 2 and 3

and satisfies (i), (ii) and (iii), then R is alternative.

Proof. Let A e /, where / has been defined in Lemma 3. By (5) and

Lemma 4,

(6) [X, ia, a, b)] = i[a, b], a, X) + (a, [a, b], X) = 0.

By (iii), Lemma 3 and Lemma 4,

(7) X o (a, a, b) = (a, a,X ° b) - ia, a, X) ° b = 0.

Equations (6) and (7) yield I2 = 0.

Since R is semiprime, 1 = 0 and R is alternative.
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