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Abstract. Let K be a field. Let 8 be an element of a field extension of K.

The order of 8 over K is the smallest positive integer m such that ff" lies in

K, or oo. We compare the order m of 8 to the degree h of 8 over K. Clearly

h < m.
Theorem. Let K be afield. Let 8 be an element of degree h and order m over

K. Let p be a prime. Let p' be the maximum power of p dividing h, and suppose

p' divides m.

(1) If the characteristic of K is p, then s < e.

(2) Ifs > e andp is odd, then K(8) contains a primitive pth root of unity u not

in K. Moreover K(u) contains a primitive p*~e root of unity.

(3) If s > e and p = 2, then -1 is not a square in K and K(8) contains

i = \/—l. Moreover —1 is a 2S~"power in K(i).

Let AT be a field. A polynomial with coefficients in K of the form

a0xm° + ax xm' + • • • + adxmd with all a, ^ 0 is called a multinomial of length

d. An element 0 in an algebra over K has multinomial degree d if 0 satisfies a

multinomial of length d and no shorter multinomial. 0 has finite multinomial

degree d if and only if 0 has finite algebraic degree h over K, and clearly d < h.

For an element 0 in an algebra over K we are faced with the problem of

determining the multinomial degree d of 0 over K. If 0 has multinomial degree

d let p(x) be a monic polynomial of minimal degree among the multinomials

of length d satisfied by 0. p(x) is called a minimal multinomial for 0. Clearly

d = 0 if and only if 0 is nilpotent, and in this case the minimal multinomial

for 0 is the minimal polynomial for 0 over K. If 0 is not a zero divisor then we

need consider only polynomials with nonzero constant term, i.e., we can

require m0 = 0 in the above definition.

If d = 1 or if 0 is not a zero divisor and d = 2, then the minimal

multinomial for 0 is unique. For in these cases the difference between two

minimal multinomials, if not zero, would be a multinomial of length < d and

lower degree satisfied by 0.

Lemma 1. Let 0 G A have a multinomial degree d > 1. Suppose x" is the

maximum power of x dividing the minimal polynomial x" ■ q(x)for 0 over K. Then

there exist orthogonal idempotents ex and e2 in A that commute with 0 such that

ex + e2 = 1, 0X = 9ex is nilpotent, 92 — 0e2 is invertible in A2 = e2Ae2, the

minimal polynomial for 02 in A2 is q(x), 02 has multinomial degree d in A2, and

any minimal multinomial for 0 is x" multiplied by a minimal multinomial for 02

in A2.
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Proof. If n — 0, taking ex = 0 and e2 = 1 we are done. Suppose n ¥= 0.

Let r(x) and six) be polynomials such that r(x) • x" + six) ■ qix) = 1. Set

ex = si9)qi9) and e2 = ri9)9n. It is easily seen that ex and e2 satisfy the

required conditions. Note that the unit element of ejAet is not 1 but e„ and

that 9 satisfies a polynomial if and only if 9X and 92 satisfy it considered as

elements of exAex and e2Ae2 respectively. Q.E.D.

Note that by the above lemma and the discussion that precedes it the

minimal multinomial for any element of multinomial degree d < 2 is unique.

In what follows we assume that 9 is not a zero divisor. Then 9 has multinomial

degree 1 if and only if some positive power of 9 is a nonzero element of K.

We define the order of 9 over K as the smallest positive integer m such that

9m lies in K, or oo if no positive power of 9 lies in K. Thus the order of 9 is

simply the order of 9 considered as an element of the multiplicative group of

K{9) modulo the multiplicative group of K, and it is finite if and only if 9 has

multinomial degree 1. If 9 has finite order m over K and a — 9m, then xm - a

is the minimal multinomial for 9 and the minimal polynomial for 9 divides

xm — a. The degree of 9 is less than or equal to its order with equality if and

only if the minimal polynomial for 9 over K is xm — a.

We now assume that the minimal polynomial for 9 over K is irreducible so

that Ki9) is a field extension of K. If 9 has finite order then the Galois group

of 9 over K is solvable, but certainly not conversely. For an extensive

discussion of the "pure equation" xm — a, see [2, Part I, Chapters 6 and 12].

By Proposition 1 of [4] if the degree of 9 over K is odd and the order of 9 is

finite, then the order of 9 is odd. By Proposition 2 of [4] if K is the field of

rational numbers and 9 has odd degree over K, then the order of 9 equals its

degree. By Lemma 3.1 of [1] if 9 has degree h and order m over a field L which

is finitely generated over the prime field, then m < M • h\ where M is as

follows. M is an integer so that uM = 1 for all roots of unity u satisfying

[Kiu): K] < hi.

In this paper we investigate how the degree is related to the order of an

element 9, and how the minimal polynomial of 9 is related to the polynomial

xm — a. Some of the complications that arise are illustrated by the following

examples. If p is an odd prime, a primitive pth root of unity has degree p — 1

over the rationals and order p. Let m be any integer > 2, and let He a

primitive m root of unity in the complex numbers. Then 9 has degree 2 over

the real numbers. The order of 9 over the reals is m if m is odd and m/2 if m

is even.

Let K be the field of rational numbers. Let L be the field A^x/-!) which

contains the primitive 3rd root of unity u = -\ + j\/—3. Let b be a nonzero

rational number. Set 9 = b ■ u • y^. Then the minimal polynomial for 9

over K is x2 + 3bx + 3b2 and 96 = -21b6. The order of 9 over K is 6.

Observe that over any field

x*> + 4bA = ix2n + 2bx" + 2b2)ix2n - 2bx + 2b2).

Furthermore the quadratic polynomials x2 + 2bx + 2b2 and x2 — 2bx + 2b2

are irreducible over a field K of characteristic ¥= 2 if and only if — 1 is not a

square in K. Let A and b be as above. Set 9 = b + bi with i2 = -1. Then the

minimal polynomial for 9 over K is x2 - 2bx + 2b2 and 9A = -4b4. The order

of 9 over K is 4.
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From the above examples it is clear that in estimating the order of 9 over K

we must take into account both the degree of 0 over K and the roots of unity

in K(0) not in K. We have the following results.

Proposition 1. Let K be afield. Let 0 be an element of finite order m over K.

Then m = t • n where n is an integer dividing the degree hof 0 over K and t is an

integer satisfying the following condition. For each prime p that divides t, K(0)

contains a pth root of — I not in K.

Remark. The stated condition on t is clearly equivalent to the following two

conditions

(1) For each odd prime/? that divides t, K(0) contains a pth root of unity

not in K.

(2) If 2 divides t, then -1 is a square in K(0) but not in K.

Proof. Let a = 9m. Let us factor m = t ■ n with t and n relatively prime as

follows. For each odd prime p dividing m, p divides n if and only if a is not a

pth power of any element of K. If m is even but not divisible by 4, 2 divides

n. If 4 divides m, 2 divides n (and hence 4 divides n) if and only if a ¥= —4b4

for any b G K. It remains to show that t and n satisfy the above conditions.

Suppose m = r ■ s with r > 1. If a = br for some b G K, then (0s)r = br.

Hence 9s = b ■ u for an rth root of unity u in K(9). If u G K, 9s G K

contradicting the minimality of m. Thus either K(9) contains an rth root of

unity not in K, or a is not an rth power of any element of K. This conclusion

holds, in particular, for r any prime divisor of m. Thus if m is even a is not a

square of any element of K.

By our choice of n we can conclude from Capelli's Theorem [3, Theorem 16,

Chapter 8, §9] that the polynomial x" - a is irreducible over K. Since 9'

satisfies this polynomial, x" — a is the minimal polynomial of 9' over K. Hence

n is the degree of 9' over K. As 9' G K(0) we conclude that n divides the

degree of 9 over K.

By the choice of t if an odd prime p divides t, then a is a pth power of an

element of K. Hence K(9) contains a pth root of unity not in K. Suppose 2

divides t. Then 4 divides m and a = -4b4 for some b G K. Since a ¥= 0 the

characteristic of K ¥= 2. As a is not a square in K, it follows that — 1 is not a

square in K. (9m/2/2b1)1 = -1. Hence -1 is a square in K(9). Q.E.D.

The proof of the above proposition yields the following corollaries.

Corollary 1. The integers t and n in the proposition can be chosen relatively

prime and such that x" - a is the minimal polynomial for 9' over K.

Corollary 2. Let 9 be an element of finite order m over a field K, and let

a = 9m. Suppose K(9) contains no pth root of —1 not in K for any p. Then

xm — a is the minimal polynomial for 9 over K.

By Corollary 2, an element 9 whose minimal polynomial over K has length

greater than 1 has multinomial degree greater than 1, unless K(9) contains a

pth root of - 1 not in K. We note that the above-cited results of [4] follow
easily from Proposition 1.

We restate the proposition as follows.

Corollary 3. Let K be afield. Let 9 be an element of degree h and finite order
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m over K. If p is a prime that divides m to a higher power than it divides h, then

Ki9) contains a pth root of — I not in K.

Corollary 4. Let 9 be an element of degree 2 over the rationals K. If 9 has

finite order m over the rationals, then m = 2J, m = 3J, or m = 2 • 3J.

Proof. If A(0) = Kiy/11!), then m = 2J withy > 1 by the proposition. If

A(c7) = AX\/—3) then by the proposition either m = 2, m = 3y, or m = 2

• 3J withy > 1. In all other cases K{9) contains no irrational roots of unity,

and m = 2 by the proposition.    Q.E.D.

We now specify more precisely the factor t of the above proposition so as

to conclude, in particular, that the exponent j in Corollary 4 is not too large.

Proposition 2. Let K be afield. Let 9 be an element of degree h and finite

order m over K. Let p be a prime. Let pe be the exact power of p dividing h, and

suppose ps divides m. Ifs > e, then Ki9) contains a p-power root of unity v whose

order over K is ps~e.

Proof. Let a = 9m and a = 9m^p'. Then apS = a and a has order ps over

K. The conjugates of a over K in any normal extension of K are of the form

a • u for various p-power roots of unity u. Let r be the degree of a over K. As

a E Ki9) r divides h. The constant term of the minimal polynomial for a over

k is clearly (— l)rar ■ v where v is a p-power root of unity. Hence the norm of

a from Kid) to K, A(a) = arv.

Since the g.c.d. of h and ps is pe, the order of ah over K is ps~e' As r divides

h the order of ar over K is p7 with j > s — e.

Since v = Nia)/ar with A(a) in K, the order of v over K is pf    Q.E.D.

Combining the above results we obtain the following.

Proposition 3. Let K be a field. Let 9 be an element of degree h and finite

order m over K. Let p be a prime. Let pe be the exact power of p dividing h, and

suppose ps divides m.

(1)7/ the characteristic of K is p, then s < e.

(2) If s > e and p is odd, then K does not contain a primitive pth rodt of unity

and K{9) contains a primitive ps~e root of unity.

(3) //s > e andp = 2, then -I is not a square in K and —1 is a 2s~epower

in K{9).

Proof. Immediate from Corollary 3 to Proposition 1, together with Propo-

sition 2.

Corollary 1. Let 9 be an element of degree 2 over the rationals. If 9 has finite

order m over the rationals, then m — 2, 4, 3 or 6.

Proof. Immediate from Corollary 4 to Proposition 1 together with Propo-

sition 3. It is clear how and when these values of m do occur.

Corollary 2. Let K be a field. Let 9 be an element of degree h and finite order

m over K. Suppose the group of roots of unity in Ki9) modulo the group of roots

of unity in K is finite of order T. Then m divides h ■ T.

Proof. Immediate. In fact F can be replaced by the order of the subgroup
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generated by the p-power roots of unity for those p such that L contains a

pth root of — 1 not in K.

Every finitely generated group of roots of unity in a field is a finite cyclic

group. Hence every finitely generated subgroup of the group of roots of unity

in K(9) modulo the roots of unity in AT is a finite cyclic group. Thus if the

group of roots of unity in K(9) modulo the roots of unity in K is infinite, K(0)

contains roots of unity of arbitrarily large order over K. Thus we have the

following corollary.

Corollary 3. Let K be afield and let L be a finite extension field of K. There

is a finite bound to the orders of elements of L of finite order over K if and only if

the group of roots of unity in L modulo the roots of unity in K is finite.

The hypothesis of Corollary 2 certainly fails for the complex numbers over

the reals. However, there is no paucity of fields satisfying the hypothesis of

Corollary 2. As observed in [1], in any field finitely generated over the prime

field the group of roots of unity is finite. It is well known that in any field with

a discrete valuation and finite residue class field the group of roots of unity is

finite. In fact, if L is a field with discrete valuation whose residue class field

contains only finitely many roots of unity, then L contains only finitely many

roots of unity. To sharpen the above results we require the following lemma.

Lemma 2. Let M be an extension field of K, and let L be a subextension of M

over K. Let 0 be an element of M of finite order m over K. Let r be the order of

9 over L. Then r divides m and 9r has order m/r over K.

Proof. Elementary. This result is valid if M is merely assumed to be a

group  L a subgroup of M, and K a subset of L.

Proposition 4. We adopt the hypotheses and notation of Proposition 3.

(1) If s > e and p is odd, let u be a primitive pth root of unity in K(9). Then

K(u) contains a primitive ps~e root of unity.

(2) if s > e andp = 2, let i be a square root of — 1 in K(9). Then — 1 is a 2s~e

power in K(i).

Proof. Suppose s > e and p is odd. Let m be the order of 9 over K(u), and

let h! be the degree of 9 over K(u). Note that the degree of u over K < p - 1,

so it is certainly not divisible by p. Since p divides h to the exact power pe, p

divides h! to the exact power pe. Since K(u) contains a primitive pth root of

unity u, by Proposition 3 p cannot divide m! to any power higher than pe. By

hypothesis ps divides m, and by the lemma m' divides m. 9m is an element of

K(u) of order m/m' over K, and ps~e divides m/m'. By Proposition 3, K(u)

contains a primitive ps~e root of unity.

Suppose i > e and p = 2. Let m' be the order of 9 over K(i), and let h' be

the degree of 9 over K(i). Note that the degree of i over K is 2. Hence

h! = h/2 and 2 divides h' to the exact power 2e~x. Since -1 is a square in

K(i), 2 cannot divide m' to any higher power than 2e~x by Proposition 3. By

hypothesis 2s divides m, and by the lemma m' divides m. 9m is an element of

K(i) of order m/m' over K, and 2s~e+x divides m/m'. By Proposition 3, -1 is a
2s~e power in K(i).   Q.E.D.
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Corollary 1. Suppose p = 2, s > e, and neither 2 nor —2 is a square in K.

Then s = e + I.

Proof. By hypothesis, 4 is not a 4th power in K. By Proposition 3, —1 is not

a square in K. Hence xA + 1 is irreducible over K by the above-cited theorem

of [3]. Hence -1 is not a 4th power in Kit). By Proposition 4, 5 < e + 1.

Q.E.D.
It is clear how the statement of Corollary 2 to Proposition 3 can be

strengthened in the light of Proposition 4. Note that the above propositions

give necessary conditions for an irreducible polynomial, the minimal polyno-

mial of 9, to divide a polynomial of the form xm — a.

Corollary 2. Let K be the field of rational numbers. Let 9 be an element of

degree h and finite order m over K.

(1) Let p be a prime. Let pe be the exact power of p dividing h, 0 < e. Suppose

ps divides m and s > e. Then s = e + 1 and p — 1 divides h.

(2) Then m = t ■ n where n divides h, t is square free, and <pit) divides h, where

<b is Euler's <f> function.

Proof. A primitive p' root of unity has degree (p — l)p'-1 over K. Assertion

1 follows by the proposition. A primitive rth root of unity has degree <>(r) over

the rationals. Assertion 2 follows from Assertion 1 and the proposition.

Q.E.D.
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