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HOMOLOGY OF REGULAR COVERINGS OF
SPUN CW PAIRS WITH APPLICATIONS TO

KNOT THEORY1

W. L. MOTTER

Abstract. The />spin of a pair of CW complexes, one a subcomplex of the

other, is defined. The algebraic properties of certain tensor-product chain

complexes are used to calculate the homology groups of regular coverings of

such spun pairs where these groups are considered as modules over the

integral group ring of the group of covering transformations. In §4, by using

the free differential calculus and "geometric presentations" for fundamental

groups, presentations for certain homology groups are developed. In §§5 and

6 these results are used to analyze the homology and associated invariants

for coverings of complements of higher-dimensional knots and torus-like

embeddings in the sphere obtained by ^-spinning.

1. Introduction. Let F be a connected CW complex and F a connected

subcomplex, define xP(K>L)> tne p-spin of the CW pair (K,L) as Sp X K

U Dp+X X L identified along Sp X L; here (DP+X,SP) is the standard disk,

sphere pair andp > 1. The process of p-spinning has been studied by several

people [3], [5], [1], [4], [10], [2], [18], [14], [13].
If (F, LI ) is a regular covering of K with G the group of covering

translations, then since Hx(xp(K,L)) SSi n,(F), the associated regular cover-

ing xP(K, L) of XP(K> L) is Sp X K U Dp+X X L identified along Sp X L,

where F = II-1 (F). Here y G G acts on cells a X t of xp(F, L) by y(o X t)

= a X (yt), a C Dp+X, t G K (see Figure 1).

"    "    *      lu)     '       )     vÍÜ     '       )     Hü      *    "    *

1 cells of £ Sp      Dp+l

Figure 1

Our main result is to construct a tensor-product chain complex Ct by which
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the homology of xp(K, L) is calculated as a module over ZG, the integral group

ring of G, as follows.

Theorem 3.5.

(H¡(K),       i < p,

H,(xp(K,D) =ZG yHp+n(Â) 9 Hn{KQ        i=p + n,n>\.

2. Coverings of xp(K,L) and their cellular homology. Following [15], we

know that the covering transformations preserve dimension, orientation, and

the incidence relations of cells in K, i.e., G operates on K as a complex.

Moreover, there exists a fundamental region F of K modulo G; namely, a subset

F of cells {wf}, so that the collection {yü"\ü" E F,y E G} represents uniquely

the cells of K.
The next two propositions are straightforward extensions of results from [11,

pp. 187, 190] to the more general situation where the chain groups are also ZG

modules.

Proposition 2.1. Let Y and X be CW complexes with G a group of

transformations operating on X as a complex; then the Eilenberg-Zilber transfor-

mation T(t" ® am) = t" Xam is a natural chain equivalence of left ZG modules

from the tensor product complex [C(Y) ®z C(A)]# onto the chain complex

Q(yxA). C*(Y) is the cellular Z-chain module of Y; and C*(X) and

C*(Y X X) are the cellular ZG-chain modules of X and Y X X respectively.

Proposition 2.2. // (A,X, Y) are invariant under the action of G (A a

subcomplex of X) and F: A -> Y preserves the action of G, then the cellular ZG-

chain complex of the adjunction complex Y UF X with a ~ F(a) is chain equiv-

alent to the ZG-quotient module of C*(Y) © C+(X)by{F$(c) — c: c E C+(A)}.

Let ix, i2 denote the inclusion maps of Spx L into Sp X K, Dp+X X L

respectively. By Proposition 2.1, we have C+(SP X K) chain equivalent to

[C(SP) ®z C(K)]* and C*(DP+X X L) chain equivalent to

[C(Dp+x)®zC(L)]*

under natural (Eilenberg-Zilber) transformations, say T and T'. Let

[C(Sp) ® C(K% © [C(Dp+x) ® C(L)l
{-•*    -

Image (/, © -i2 )

and I — ix © —i2  for notational convenience. With these constructions, we

can now prove

Theorem 2.3. There is a natural chain equivalence of ZG modules from C*

onto C*(Sp X K USPxL Dp+X X L).

Proof. By naturality, we have the commutative diagram:
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0 -*■ C*(SP x Î) -Î-* C,(S" xK)<B C*(Dp + l xZ}~* C*(S" x K L> Px~Dp + 1 * L) —» 0

r = 7-'[C(5p) ® C(L)] * T®T'

0 — [0(5") • OX)] « -^ [C(5P) 9 C(K)\ , 0 JC(D" + ' ) 9 C(L)}, — C* — 0.

The top row is exact by Proposition 2.2; thus, we obtain an induced natural

chain equivalence T" of the quotients.

3. A formula for homology of ^(F, L). The structure of Q, can be described

as follows: Take Sp as the complex consisting of a vertex v and a p-cell ep

with èp = v and Z)^1 as c U ef U e^1 with e^+1 = ep. Suppose in the

covering complex F, we have vertices gv and «-cells git", ..., gu", where g

ranges over G. Denote w" = I" if and only if ü" is an «-cell in the subcomplex

L. Thus for w < p, Cm(C+) is the free left ZG module generated by

{v 9 of}; Cpiq«) is the free left ZG module generated by {*?' 9 j»} U [v
9 «/'}; for « > 1, C_+„(Q) is the free left ZG module generated by [ep 9 of}
U {e^"1"1 9 ^"~'} U {y 9 k"+/'}. The boundary homomorphisms are given by:

d(ep 9 ü") = (-l)pep 9 rlfif, since ep is a cycle with aep = 0; d(v 9 w,"+i')

= v 9 Böf*; 3(é^+1 9 T/*"1) = g' ® £-» + (-1)'+V+1 ® a//1-1.
Using the properties of the tensor product boundary operator, the next

lemma can be established.

Lemma 3.1. In C +n(C*) (n > 1), the cycles are linear combinations of cycles

of the form c* = ep 9 c? + (-l)p+Xep+x 9 9c?, where c" is a chain in Cn(K)

with de" G Cn_x(L), or cycles of the form v 9 z"+p where zn+p denotes a cycle in

Cn+P(K).

From now on R = ZG. Let R{c*] denote the ZG-submodule generated by

{cf}, R{v 9 If*'} the ZG-submodule generated by [v 9 If**}, Bp+n the ZG-
submodule generated by {d(ep 9 w"*1)} U [d(ep+x 9 1?)}, B*+„ the ZG-sub-

module generated by [d(v 9 ün+p )}. From Lemma 3.1, it is easy to see that

Hp+n(C^) has the direct sum decomposition

R{c*}/Bp+n®R{v®zP+n)/B*p+n.

Clearly,

R{v 9 zrp)/B*p+n «j, Hp+n(K).

Lemma 3.2. Hp+n(C*) *R Hp+n(K) © Hn(K,L), « > 1.

Proof. From the above, it must be shown that R{c*}/Bp+n sér Hn(K,L).

Now from Lemma 3.1, cf can be represented by

(ep 9 2 Ojo? + (-1K+V+1 9 3(2 a,-ö?))

where c" = 2 <*/ "" is an element of ker 3 ; so ^(c* ) = <c" > gives a ZG-

homomorphism from R{c*} onto Hn(K,L) = ker 3/F„(F,L). Here < > is an

equivalence   class   in   ker 3/F„(F,F),   where   3=p<>9   with p: C„_X(K)
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-* C„_X(K)/C„_X(L) the canonical projection and 9: C„(K) -* C„_X(K). Fin-

ally, {cl) = 0 if and only if 2 a¡i% - 9(2 í,","+1) - 2 ¿>,//\ in which case
9(2 <*¡a?) = -9(2 6/í"), i-e., the preimage

c* = (-[)p+2a(ep ® 2 s^) - d(ep+x ® 2 bj?) E Bp+n;

henee Bp+n = kernel of ty.

Remark 3.3. Geometrically, relative «-cycles of C„(K,L) "spin" to (p + n)-

cyclesofCp+n(xp(K,L)).

Proposition 3.4. For r < p, Hr(C*) = Hr(K).

Proof. For r < p, the truncated chain complex (Cr(C*), dr) is chain

isomorphic to {Cr(K),ar} by v ® «J «-> ûj; moreover, since o(ep+x ® v) = ep

® v, Hp(C*) -ZG Hp(K).

Lemma 3.2 and Proposition 3.4 establish Theorem 3.5.

4. Presentations for p + 1 homology of the universal covering Xp(^> L). By

shrinking to a point a suitable maximal tree of (K,L), we may reduce our

considerations to pairs (K, L) having only one vertex. Suppose n^A) has a

"geometricpresentation", \x0,... ,xn: rx,... ,rm\ where x0, ..., xr are genera-

tors for nj(L). The 2-skeleton of K consists in one vertex v, n + 1 edges

e0, £], ..., e„ and m 2-cells px, ... ,pm, where Xj is carried by e, and ç by p},.

In the 2-skeleton of K, the universal cover of A, we have 0-cells gv; 1-cells

ge0, ..., gln ; 2-cells gpx, ..., gpm ; where g ranges over G â II, (A"). Using

the same reasoning as [10, §2], we know the boundary homomorphisms of

■■■^C2(K)^Cx(K)^C0(K)^0

are defined by

( "    or    \
0\(glj) = g(dX£j) = g(xj - 1>,        92(gp,) = g( 2 faijJ,

where drjdx: are the Fox Free Derivatives.

Let Q, be the chain subcomplex of C* generated by [ep ® d") U {ep+x

® /,""'}. As left Zn,(Ä") modules, Lemma 3.2 gives for any n > 1, Hn(K,£)

ss Hp+n(C*) so that

Hp+n(Xp(K,L)) S //^„(Q) s //,+„(£) © //„(Q).

To compute Hp+x(C#), we observe by Lemma 3.1 that here the (p + l)-cycles

of Q are generated by z, = ep ® è, + (-\)p+x (ep+x ® di¡), i = 0, ..., n,

since 9è, = (x¡ — \)v E L for all i. In fact, it is easy to show that {z,} freely

generates the submodule of cycles of Q., Zp+x(C+), as a Z IL; (A) module. We

can now prove

Theorem 4.1. // n^A") has a presentation \x0,... ,xn: rx,... ,rm\ with

jcq, ..., xr the image of the generators of HX(L) under the inclusion map, then

\zr+x,... ,zn: 2 (orJoXj)Zj (i = 1, ...,n)| is a presentation for HX(K,L)

= HP+\(C*) as a left Zu,(A) module.
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Proof. Cp+2(C+) is the free left Zu,(K) module generated by [ep 9 pf)
U {ep+x 9 £0,... ,ep+x 9 lr}. From the algebra of the tensor product com-

plex Q,, we observe that

Ke'9Pt) = (-O" 2 |jke' ® Ij) = (-1)' 2 g-J;*,,

since 2 (of/ä-^OC*/ _ lV = 3,(32p,) = 0. Moreover, d(ep+x 9 ê0) = zo>
..., S^*1 9 er) = zr. This establishes the theorem for one particular pre-

sentation of n,(F). The method of [10, p. 97] establishes it in general.

5. Applications to coverings of complements of spun knots. We obtain a

method (Theorem 5.2) of calculating the homotopy groups of spun knots as

left Zn, modules and a method (Theorem 5.4) of proving that the polynomial

invariants of the knot one is spinning completely determine the invariants of

the spun knot. An «-knot denotes a smooth embedding k: S" -* S"+2. For a

definition of the process of p-spinning k to obtain an (« + p)-knot and the

notation of this section, see [7, p. 415]. Call this spun knot xp(k)(S")- For a

proof of the next lemma, see [7, p. 416].

Lemma 5.1. If Y = Sn+P+2 - xp(k)(S") then Y a¡ xp(K,L), where K
ca Sn+2 — k(S") and L a* S"+ — S"~x, a homotopy circle, represents a merid-

ian in II,(F), sa denotes homotopy equivalence.

Theorem 5.2. Let K, L, and Y be as in Lemma 5.1, — denote universal cover,

and G = II,(F) = |x0,x,,... ,xn: rx,... ,rm\, with L the carrier of x0; then

[Hí(K), /</>,

(!) Hi(Y) =-ZG j Hn+p(K) © Hn(K), i = « + p, n > 1,

(hp+x(k)®hx(k,l),     i=p+l.

(2) HX(K,L) is presented by \zx,... ,z„: 2 dr¡/dxj (i = 1,... ,n)\.

Proof. (1) follows directly from Theorem 3.5 and the exact sequence for

homology of the pair (K, L) since L is a 1-sphere with Hr(L) = 0 when r > 1.

Observe that HX(K,L) sa ker H0(£) -* H0(K). (2) follows from Theorem 4.1.

See [7, pp. 416^417] for a completely different approach for obtaining group

presentations for ker H0(L) -* H0(K).

Corollary 5.3. If H¡(K) = 0, / < p + 1, as in the case of the p-spin of a 1-

knot (S3,k(Sx)\ then

HX(K,L) -zrii Hp+X(Y) szrii Up+X(Y)

and Hp+X(Y) is presented as in (2).

Compare this with [1] and [10]. The same type of result for the p + I

homotopy groups of spun links is proved by purely geometric constructions in

[13].
Let A(r) denote the integral group rings of the oo-cyclic groups Z(r) (<2(0)

respectively. The polynomial invariants of an «-knot are invariants of A(r)-
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structure of H%(K; Z), where K is the oo-cyclic cover of the knot complement

K sa Sn+2 - k(S"). See [9] and [16]. We now prove

Theorem 5.4. Let K, L, and Y be as in Lemma 5.1; then the co-cyclic covering

Y ^ XP(K, L) has homology [Z (Q) coefficients]:

(H,(K), i<p,

'-Mr)\Hn+p(K)'A(r) 1 Hn+p(K) © H„(K),        i = n + p, n > 1.

Proof. The proof is a direct application of Theorem 3.5 and the facts that

as in Theorem 5.2 for n > 1, Hn(K, L) a Hn(K); also HX(K,£) St HX(K) as

ker H0(L~) —» H0(K) here is 0 since for oo-cyclic covering H0(£) as C0(v)

= H0(K).

6. Torus-like embeddings obtained by spinning and their invariants. Let k be

a compact, connected, orientable, codimension 2, smooth submanifold con-

tained in the interior of B", the closed unit «-ball. By ^-spinning the pair

(B",k), we obtain a sphere Sq+n = Sq X B" U Dq+X X dB" identified along

Sq xdB" and a spun torus-like smooth submanifold M = 5'XkC Sq+n. M

has trivial normal disk bundle N « M X D2 (see [12]); so by Alexander

duality, the complement Sq+n - (Sq X k) = Y ^ S" - Ñ has HX(Y) = Z(t),

the infinite cyclic group generated by t. The polynomial invariants of the

homology of the oo-cyclic covering complex Y of Y can then be defined as

with knot complements (see [16, §2] and [14, Chapter 2]). This section shows

these are also completely determined by the invariants of Sn — k.

Using the result that B" - k » (5"" - k) V+ S"~x, where S"~x = 95" (see

[16, p. 111]), it can be proved (see [14, pp. 1-3]) that Y is homotopy equivalent

to

Sqx(S"-K)    U    Dq+Xx{*) V* S"~x = A V+ S""1
5«x{»)

and Y at X l>{-} (U,6Z S,"-1). Here {*} = «•-'(*), where -n: (S7^) -» (Sn

— k) is the covering projection. The action of Z(t) on Y preserves not only the

above subspace splitting for Y, but also the product structure of each of the

pieces Sq X (Sn - k), Dq+X X (i), and Sq X {*}. Thus, by Mayer-Vietoris

■ ■■-> Hr((*}) -> Hr(x) © %(u¿srl) -» ̂ (f ) -» • • ■

is an exact sequence of A-modules. Finally, since Hr({*}) = 0, r

# 0 and H0({*}) s HQ(Dq+x X (*}) and #„({*}) = ^o(U,ez S/1"1), we have

by exactness the following.

Theorem 6.1. Hr(?) ssA Hr(X) © //r(U,eZS^_1), r > 1.

Since

ff'Us"-'H£ r = n — I,

otherwise,

to compute homology of Y we can use the following formula for the homology

of X.
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Theorem 6.2.

ÍHr(sñ-K), ^_ r < q,

Hr(X) =A j Hq+l(S* - k) © Hx(S^-k) © A,        r = q+l,

I Hq+n(Sn - k) © Hn(S" -k), r = q + n,n>2.

Proof. This is a direct result of Theorem 3.5 with F = (S" — k), L — {*}

= v, and G = Z(t) (X = Xq(K,L)) and the following facts. The exact homol-

ogy sequence of the pair (S" - k,{*}) gives Hn(S" - «,{*}) = H„(S" — k) for

n > 2. When « = 1,

(1) 0 -* Hx(F~^c) -► Hx(F^T,{*}) -* Hçf({*}) -* 0

is exact. Claim Hçf({*}) = A since A at C0({*}) and if e(r) = 1, we have the

exact sequence

0 -> A -ItÜ* A -*» Z -» 0.

So (1) splits, and HX(S" -k,{*)) ^a Hx(S~n - k) © A. Note that A can be

replaced by T in the preceding.

Corollary 6.3. Fibered embeddings of the form Sq X k G Sq+n cannot be

obtained by q-spinning the pair (B",k) since for a fibered embedding, the co-cyclic

cover of the complement must have all homology groups finitely generated Z-

modules (see [2, p. 416]) and A is not a finitely generated Z-module.
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