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Abstract.
Generalized axially symmetric potentials may be expanded as
Fourier-Jacobi series in terms of the complete system rkCk/2~ '(cos 9) on
axisymmetric regions Q c E" (n > 3) about the origin. The values of these
potentials are characterized by the nonnegativity of sequences of determinants drawn from the Fourier coefficients in a manner analogous to
the characterization of the values of analytic functions of one complex
variable by the theorems of Caratheodory-Toeplitz and Schur.

1. Introduction. The singularities of generalized axially symmetric potentials
(GASP) xp are characterized from the coefficients of their Fourier-Jacobi
series expansions by S. Bergman [1], [2] and R. P. Gilbert [3], [4] who found a
definitive characterization by employing function theoretic means to develop
a theory mirroring the classical work of Hadamard, Mandelbrojt and Fabry
on the singularities of analytic functions / of one complex variable. Cauchy's
classical estimate [5, p. 123] on the zeros of a polynomial, along with the

theorems of Carathe'odory-Toeplitz [12, p. 157] and Schur [12, p. 159] bound
the zeros of/relative to convex sets from its coefficients; the possibility arises of
developing a parallel theory for the values of xp.
An extension of Cauchy's estimate applying to the zeros of harmonic
polynomials in A" was found by Morris Marden [8]. We shall illustrate how
the reasoning in [8] which is based on methods found in Professor Marden's

early work [6], [7] can be used to locate the zeros of GASP. Moreover, it is
apparent that this reasoning plays a role in bounding the zeros of i^ analogous
to the role played by the reasoning of Hadamard in the multiplication of
singularities theorem upon which Gilbert's "envelope method" [1], [2] is
based. Remark; Investigations [9]-[ll] subsequent to [8] employ the An
operator [4, p. 168] to geometrically establish equality of known sets of
excluded

values of the An associates

and corresponding

sets of excluded

values of GASP.
2. On the zeros. In axisymmetric regions Q c E" [8] about the origin,
generalized axially symmetric potentials xpnmay be developed as a series [4, p.

168]
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*„(/-,*) = MX) = flBin-2,k+l)akrkcrl/2(cos0)
k=0

in terms of the polar coordinates (r, 9) which depend on the cylindrical
coordinates x = xx, p = (xf + " ' ' + xZ)l/2 by x = r cos 9, p = r sin 9. Because of symmetry,

xpnassumes constant

values of hypercircles

X = (x, p) in

Q.
For each ypnwith domain U, there is a unique associated function /,

(2)

/(*) = 2 akik,
k=0

analytic on the corresponding

axiconvex domain w c C [8] whose An trans-

form [4] is defined by

(3)

UV=otnffio)dv„in,
JL

o = x + p/2(l + f _1), a„ = Tin - 2)/(4/)"-2r(«/2
measure

(4)

- 1) with nonnegative

^„(0 = a-rT3^/i

for f on the contour L = {f = e"|0 < t < 77}.(The Fourier-Legendre expansion for n = 3 follows from the Bergman-Whittaker
operator.) From the
development of xbnin (1) we defined the matrix
(b0,a1,...,ak

\

°:b°r.:::":::)
0,0,0,

...,b0

)

its conjugate transpose Mk (b0 = a0 - a, a E C) and the determinants
(6)

ak(a) = okia0, . . . , ak, a) = det(Mk + M£)

and
(7)

ykia)

= ykiaQ, . . . , ak, a) = det

(Mk

h\

Vh

Mkl

where 7^. is the (A: + 1) by (A: + 1) identity matrix. Initially the values of xpn
relative to the hypersphere S„ with unit radius about the origin are considered
in
Theorem 1. Let the generalized axially symmetric potential xpnbe expanded
as in (1). Then ypnis regular in the hypersphere S„ and on each hypercircle X in

S„,
(8)

ifUX) =£ a + i], V Re(rj) < 0, (a0 - a real)

or

(9)

^(X)^r,,

for tj complex according to whether

V|r,-a|>

1
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(8a)

o0(a) > 0, a, (a) > 0, . . . , ok(a) > 0, . . .

or

(9a)
In particular,

Y0(«) > 0, v,(a) > 6, . . . , yk(a) > 0, . . ..
if a > 0 and (8a) or |tj| > 1 and (9a), //ten xpnhas no zeros in Sn.

Proof. When (8a) or (9a) are valid, the associate / given by (2) is regular in
the disk D = |£| < 1 so that its An transform represents xpnin Sn. When (8a) is
satisfied, the Caratheodory-Toeplitz
theorem guarantees that Re[/(a) - a] >
0 when |a| < 1 which is the case for all x2 + p2 < 1 and { El, Moreover,
for f G A, the measure aV„(f) is nonnegative. Consequently, the integral
xpn— a = An(f — a), viewed as the uniform limit of a sum of vectors, each
terminating in the right half plane A, is in A (see [6], [7]). This establishes (8).
In (9a), Schur's theorem guarantees the bound \f(o) — a\ < 1, x2 + p2

< 1, { 6 I, The measure is nonnegative and the operator is normalized
according to An(l) = 1. Hence \xp„(X) - a\ < An(\). Remark; Due to Fatou's

theorem [12, p. 146], a > 0 is a sufficient condition for the existence of the
radial limits of xpn relative to S„, with the possible exception of a set of
singular circles whose intersection with a meridian plane has one dimensional
measure zero.
Theorem

(10)

2. If for some constant a, the sequence

Yo(a) > 0, . . . , yk(a) > 0,

yk+x(a) = • • • = 0,

then xpnis a linear combination of Newtonian potentials whose mass is distributed
over k + 1 singular

circles exterior

to Sn such that xpnhas no zeros in the double

cone

(11)

0< p < ±(A - x)tan(vT/4(A: + 1)).

The distance A from the origin to the most remote (finite) singular circle is
determined by the Gilbert-Hadamard
theorem. Moreover, if xpnvanishes on the
sphere centre at x = x0 and radius p = p0 with no singular circles in the
concentric sphere of radius p0csc(7t/2(k + 1)) about S„, the associate vanishes

in the disk |£ - x0| < p0csc(vr/2(A: + 1)).
Proof. Because of (10), the associate /is a rational function with (k + 1)
distinct zeros and (A: + 1) poles which are symmetric in |£| = 1 [12, p. 159].
Application of the An operator to the partial fraction expansion of / establishes the first part. To verify that xpnhas no zeros in the cones (11), we reason
as in [8] bearing in mind the location of the zeros and poles of the associate.
To establish the converse relation on the effect of the zeros of xpon those off,
apply Marden's mean value theorem [5, p. 11] in a manner similar to its use in

[9]- '

Relating the values of xpnon axisymmetric sets to the values assumed in
convex sets suggests a lengthy statement on the Fourier coefficients. For
brevity, we consider the version in
Theorem 3. The generalized axially symmetric potential xpnas in (1) has the
axisymmetric set S2 c E" for its domain where the analytic function
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gH) = 2 &€*/*!
k=0

maps the unit disk onto the corresponding axiconvex set ucC.

The constants

Bk are defined by

(13)

Hk= 2 VA'S^sP•■■&"".
/-O

(14)

/>£>= *!/(!!)"*...

(*! Tkimk\).

The summations are over mx + 2m2 + • • • + kmk = k, and mx + • ■ • + mk
= j. If either sequence,

(15)

o-0(fl0, a)>0,...,okiB0,...,Bk,a)>0,...

or

(16)

y0(B0, a) > 0, . . . , yk(B0, . . . , Bk, a) > 0, . . . ,

then on each hypercircle X G S2, xpnsatisfies the corresponding

inequality (8) or

(9).
Proof. We write/ = / ° g. Then (15) or (16) imply that/maps
D onto the
respective convex sets D or Re(£) > 0. Consequently, f.u^D
or Re(|) > 0
so that reasoning as in Theorem 1 completes the proof.
3. A generalization to A3$ + F(r2) = 0. The purpose of this closing remark
is to indicate a broader range of application of [6], [7] by referring to work of
S. Bergman [2] who expands axially symmetric solutions of

3x2

dp2

(F is entire) in series of generalized

P

3p

v '

Bessel functions

J* [2, p. 435].

Theorem 4. If

<*> Ta/2)Ak

J*U)

is the development of a solution of L<&= 0 regular in the unit sphere S3 and
there is a constant \a\ > 1 for which

(19)

y0(^o><*) > 0,7,(^0.^1.

«) >0,...,ykiAo,...,Ak,a)

> 0,

then on each circle X E S3,

(20)

O(X) ¥=0.

Proof. The proof relies on the operators <f>= L>0(77) [2, p. 435] and
7L = B3if). Because of (19) and (essentially) Theorem 1, |77(X) - a\ < 1,
|X| < 1. Therefore,

since the generating

function

of D0 is real, we may

conclude from [7] that |$(X) - a\ < 1.
Remark.

More general cases can be treated using the Method of Ascent (see

Gilbert [3]).
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