PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 61, Number 2, December 1976

LEFT LOOPS WHICH SATISFY THE LEFT
BOL IDENTITY

B. L. SHARMA

ABSTRACT. It is our purpose in this paper to initiate a study of the algebraic
properties of a left loop Q(-) satisfying the identical relation

m Wz yx)=(y-2p)x

for all x, y,z € Q. It is shown that (1) implies right division in Q(-). By
introducing a new operation ‘ o ’ in Q, the connection between the left loop
0(") and Bol loop Q(o) is established. Further we show that the role of nuclei
in the left loop theory is not the same as that in the loop theory. We conclude
the paper by describing situations in which the left loop Q(-) is Moufang.

1. Introduction. A loop Q') is a Bol loop if and only if

(1 (xy-2)y = x(yz - y)

for all x, y, z € Q. Bol loops had their origin in the work of Bol [1] and their
algebraic properties have been discussed by Robinson [2]. There exists a
duality between those loops satisfying (1) and those loops for which

) Wz -yx) = (y-2zy)x

forall x, y, z € Q. (1) and (2) are called right Bol identity and left Bol identity
respectively. A loop for which (1) ((2)) holds is called a loop with R.B.P.
(LB.P).

In this paper we discuss the algebraic properties of a left loop Q(-) with
L.B.P. We show that (2) implies right division in Q(-). Secondly we introduce
a new operation ¢ o > in Q and prove that Q(e) is a loop with L.B.P. Robinson
[2] has proved results for the loops with R.B.P., so similar theorems hold for
the loop Q(°) and this fact helps us in discussing results for Q(-). Further we
emphasize some principal distinction between the left loop theory and the loop
theory. Namely, such notions as nuclei are not valid in the left loop theory.
Instead, some new notions introduced are more effective in the case of a left
loop with L.B.P. We conclude the paper by describing situations in which a
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left loop with L.B.P. is Moufang. We recall that a left quasi-group is a magma
(groupoid) Q() in which the equation a - x = b is uniquely soluble: x = a\b.
A left quasi-group Q(-) with right identity e (a - ¢ = a,Va € Q) is called a left
loop.

In this paper we denote the right inverse of each x € Q by x°, ie,
x-xP =

2. THEOREM 1. If Q(*) is a left loop with L.B.P., then
(1) O() satisfies the left inverse property,
(i) (x - yx)* = x? - yPxP forall x, y € Q.

PrOOF. (i) Let y = z° in (2); then z°(z - z2°x) = (2 - zz°)x = zPx for all
x, z € Q. Thus, by the left cancellative law, we have

(3) z-z2’x=x forallx,z € Q.

Let z = y*in (2); then y(»” - yx) = (y - y’y)x = yx by (3), forall x, y € Q.
Thus, by the left cancellative law, we have

4) 2’ zx = x forallx,z € Q.

This completes the proof of (i). Let x = e in (4); then z° - z = ¢ or

5) (z°) =z forallz € Q.

Further, e - ¢ = ¢ = ¢ = ¢. Let z = ¢ in (4); then

©) e-ex =x forall x € Q.

(ii) For all x, y € Q,
(- yPxP)(x - yx) = xP[YP(xP(x - yx))] by (2)

= xP(y* - yx) by (4)
= x"x by (4)
= e

So, (x - yx)’ = xP - y*xP for all x, y € Q. This completes the proof of (ii).

THEOREM 2. If Q(') is a left loop with L.B.P., then for given a, b € Q, the
equation x - a = b has a unique solution for x in Q(:).

ProOF. Let x = y” in (2); then
7 y-z=(y-zy)y? forally z € Q.
Let us consider the equation

(8) x-a=>b forgivena, b € Q.

Lice or copyright restrictiops may apply to.redistribysion; see https://www.ams.org/journal-terms-of-use
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a-x = (a-xa)a® by (7)
=ab-a’* by(8).

Thus x = a\ab - a® = a”(ab - a”). Substituting the value of x in (8), we have
[a°(ab - a®))la = a® - ab by (7)
=b by @4).

Thus x - @ = b has a unique solution for x in Q(-).
We define a new operation ‘ o ’ in the left loop Q(-) as follows.

©) xoy =gx L'y
where L y:= xy.

LEMMA 1. The operator L, is an involutive automorphism in the left loop Q(-)
with L.B.P.

PrOOF. By equation (6), ¢ - ex = x for all x € Q. Therefore, L,(L,x) = x,
(L L,)(x) = x implies

(10) . =L

Lety = ein (2); then &(z - ex) = ez - x for all x, z € Q. Thus
(11 L(z-Lx)=1L,z-x.

Puttingw = L x = x = L;lw = L,win (11), we have

(12) L(z-w)=(Lz)-(L,w) forallz,w € Q.
This completes the proof of Lemma 1.

COROLLARY 1. The operator L_ is an involutive automorphism of Q(°).

Proor. We consider

L(xoy)= L/(x-e) by(9)and(10)
= (L,x) -y by (12) and (6)
= (Lx) ° ()
= (L,x) o (L,y) forallx,y € Q.
This completes the proof of Corollary 1.
COROLLARY 2. The operator L, satisfies the property

o\ _ p
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Proor. For all x € Q, x - x* = ¢; thus L (x - x”) = L (¢). By using (9)
and (12), we have
(Lyx) - (L,x") = e= L (x*) = (L x).
This completes the proof of Corollary 2.
THEOREM 3. Q(°) is a loop with L.B.P. and having € as two-sided identity.

ProOF. By definition (9), for all x,y € Q,xoy = x-e& = z € Qo).
Consider the equationao x = b foralla,b € Q,aecx =a-ex = b= ex
= g\bor x = ¢ - a’b = Q(°) has a unique left division. Now we consider the
equation x oa = bforalla,b € Q,xoa=x-ea =b=x = b - (ea)’ by
Theorem 2 = b - ea” by (13) = Q(c) has a unique right division. Next we
consider, for all x € Q,eox =¢e-ex = x by (6), also x o ¢ = x - ee = x.
Thus ¢ acts as two-sided identity. Thus we have proved that Q(e) is a loop.
Next we prove that Q(e) has L.B.P.

Forall x, y, z € Q,

yol(zo(yex) = yelzle(y - ex)))) = pe(z(y - ex)))
= (Mez - p)) - (ex) = (Melz - &) - (ex)
= (oo ox

Thus,
yo(zo(yox))=(ye(zey)ox foralxy zeQ.
Hence the loop Q(°) has L.B.P.

THEOREM 4. If Q(°) is a loop with L.B.P. and L is an arbitrary involutive
automorphism of Q(), then Q(-) equipped with the multiplication x -y =4, x
o Ly is a left loop with L.B.P. and L is an involutive automorphism of Q(-).

PROOF. Since L is an involutive automorphism of Q() and
(14) x-y =g4q4xoLy forallx,y € Q,

there exists left division and right division in Q(-). Let x = e (identity of Q(°))
in (14); then

(15) Ly =e-y forally € Q.

If we put y = e in (15), we have

(16) Le = e.

Since L is an involutive automorphism of Q(c), we have L = L' Secondly,

License or copyrigﬂ(exricligvgmmé@(ﬁed&trby);ﬁh!@b&’\)/vﬁmig@by)al—ﬁns(m) oy = (LX) . (Ly).
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Thus,
L(x-y)=Lx-Ly forallx,y € Q.

We have shown that L. is an involutive automorphism of Q(:). Now we
consider

Nz yx) =y L(zo L(y e Lx)) =y (Lz o (y o Lx))
=(yo(Lzey))o Lx by(2)
=(yeLizeLy))e Lx = (y- 2p)x.

Thus Q(-) satisfies the L.B.P. This completes the proof of the theorem.

THEOREM 5. If Q(°) is a loop with identity e and L.B.P., and Q(') is a left loop
with right identity ¢ and L.B.P., such that x c Ly = x-y and e = ¢, then L
is an involutive automorphism of Q(°) and Q(-).

Proor. Forall x, y € Q,
(17) xoly=x:y.
Let x = e = ¢ in (17); then
(18) Ly =¢-y forally € Q.

Since Q(-) is a left loop with L.B.P. and by Lemma 1, it follows that L is an
involutive automorphism of Q(-). Now (17) can be written as follows:

(19) xoy=x-Ly forallx,y € Q.

By Corollary 1 of Lemma 1 it follows that L is an involutive automorphism of
QO(°). This completes the proof of the theorem.

Following Bruck [3, p. 250] the left nucleus N,, the middle nucleus N, and
the right nucleus N, of a loop G() are defined by:

(20) NG ={allx € G|x-yz = xy-zally,z € G},
(21) N,()={ally € G|x-yz = xy-zallx,z € G},
(22) N, () = {allz € G|x-yz = xp -z allx,y € G}.

Further, Bruck [3, Theorem 2A, p. 255] has proved that each subset N,(:),

N#('), N,(-) is an associative subloop (group) of G()). Thus each subset

Ny(2), N,(c) and N, (o) of Q(°) is an associative subloop of Q(c). But we

cannot assert for example, that N, () is an associative subloop for any left loop
Heengy Yo TS T "SR P TR TSTISWA K “TREURER TS the left loop O().
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THEOREM 6. If Q(-) is a left loop with L.B.P., then there exist sub-left loops
(@) O)(-) ={alla € Qlax - ey = a - xy forall x,y € Q},
(b) Q#(~) ={alla € Q|xa-ey = x - ay for all x,y € Q},
(©) 0,() ={alla € Qlxy - ea = x - ya for all x,y € Q},
of ) such that M,() 1 Q) = B, N,() N Q,0) = @ and N,() C Q).
where J denotes the empty set.

ProOF. If a, b are two elements of Q,(-) and x, y any two elements of Q(-),
then

ab - xy = ab - elex - ey) = a(ble - xy)) by (a)
= a(blex - ey)) = a((b - ex)y)

= (a(b - ex)) - (&v) = (ab - x) - (&»).
Thus a - b € Q,(-). Also

a(@x-y) = (a-a’x)-(ey) = x-&y by (3)
= e(ex - y) = (aa®) - (ex - y) = a(a’(elex - y))) = ala’(x - &y));

by the left cancellative law a’x - y = af(x - &y) = a” € Q,(-). Thus Q) (") is a
sub-left loop of Q(-). Leta € Q,(-) N Ny(-); thena - xy = ax - y and ax - ey
= a - xyforall x, y € Q. Thus we have ax - y = ax - ¢y by the left cancella-
tive law, y = ey for all y € Q. It is a contradiction and hence N,(-) N Q) (")
= Q.

Similarly we can prove the results for N#(') and Q’L(~). From (22) and (c), we
get N,(-) = {alla € Q,()|e-a = aforall a € Q,()}. It implies that N, (")
c 0,0)

THEOREM 7. If Q(-) is a left loop with L.B.P. and satisfies the identity
(x - )’ = yP - xP forall x,y € Q, then Q(-) is a Moufang loop.

PROOF. (x - y)’ = y* - x* = (¢ - y)’ = y*. But (e-y)’ =¢-y”. Conse-
quently ¢ - y* = y” for all y € Q which implies e - z = z for all z € Q, and
the right identity ¢ is left as well. From Theorem 1(ii),

xPyPxP = (x - yx)® = (yx)° - xP = xPy? - xP
(23)
=x-yx =xy-x forallx,y € Q.

Forallx,y,z € Q,
x(y-xz) = (x-yx)z by(2)
= (xy-x)z by (23).

Thus Q(-) satisfies the Moufang identity. Hence, by Bruck’s Lemma [4,
LicenEemmwt r3§1r1c;iop‘mqy la@}/,lo@ﬁst)ibﬁs’oraseMmd\fmfgs.])@@w‘al—terms—of—use
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COROLLARY 3. If Q(') is a left loop with L.B.P. and diassociative, then it is a
Moufang loop.

The proof is obvious from Theorem 7.

THEOREM 8. If Q() is a left loop with L.B.P. and is right alternative, then it is
a Moufang loop.

PrROOF. Since Q(-) is right alternative, xy -y = x - yy for all x,y € Q.
Therefore, y(xy - y) = y(x - yy) = (¥ - xy)y by (2). Put xy = z. Thus y - zy
= yz -y forall y, z € Q. The rest of the proof follows from Theorem 7.

THEOREM 9. If Q(*) is a left loop with L.B.P. and R.B.P., then it is a Moufang
loop.

ProoF. Since Q(:) satisfies (1) and by putting z = ¢ in (1), we have
xy-y=x-yy forallx,y € Q.

Thus Q(-) is right alternative. Hence Q(-) is a Moufang loop by Theorem 8.
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