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A NOTE ON PSEUDOCOMPACT SPACES AND ¿¿-SPACES

AKIO kato

Abstract. Utilizing the Stone-Cech compactification of an uncountable

discrete space, we construct a pseudocompact space X which belongs to

Frolik's class $* but kRX is not pseudocompact.

All spaces in this paper will be completely regular Hausdorff. Recall that a

space X is called a kR -space provided each real-valued function on X is

continuous if its restriction to every compact subset of X is continuous, and

that associated with each space X there is a unique kR-space kRX having the

same underlying set and the same compact sets as X.x Let ® be the class of

spaces X such that kRX is pseudocompact. Let 93* be the class of pseudocom-

pact spaces X with the property: Each infinite collection of disjoint open sets

has an infinite subcollection, each of which meets some fixed compact set [2].

N. Noble [3] showed that Ü c 93* and that 93* is closed under arbitrary

products. In [4] he proved ® is also closed under arbitrary products. It was

not known, however, whether the two classes coincide or not. The purpose of

this note is to show that they differ, i.e., Ü is properly contained in iß*.2

For a space X, ßX and X* denote the Stone-Cech compactification of X

and its remainder, respectively. For D the discrete set of power n,, let ß be

the subspace of D* = ßD \ D consisting of all the elements in the closure

(in ßD) of some countable subset of D. Let A be a countably infinite, discrete

subset of D* \ Ü. Put X = Q, \j A e D*. Henceforth X denotes this subspace

of D*. We will show that X E 93* \ ®.

Assertion 1. A' belongs to 93*.

Proof. Since every countable subset of ß has compact closure in íl, ñ

belongs to 53*. Since Q is dense in X, X also belongs to 93*.

The next property of D* is the key to prove that X is not in Û.

Lemma 1. Let F be a noncompact closed subset of fi. Then clD.F \ ñ is

infinite. In fact, its cardinal is at least exp exp »,.

Proof. Let F be a noncompact closed set in Ü. Put uD = D* \ ñ. It is well

known that the cardinal of uD is exp exp N, (cf. [5, Theorem 5.13]). Hence,
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lkRX has the coarsest topology making continuous each real-valued function on X whose

restriction to compact subsets is continuous.

2 Independent of the author, this fact was also proved by J. L. Blasco [1] (with a different

example).
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we need only show that clD.F \ ß contains a copy of uD.

Let x0 E F. Then x0 G clßDN0 for some countable set N0 in D. Let us

denote by co, the first uncountable ordinal. Suppose a < to, and that we have

chosen a subset {xy}y<a of F and a family {Ny}y<a of disjoint countable

subsets of D with xy E clßDNy. Since IJ y<aNy 1S countable, its closure in ßD

is a compact set contained in ß; hence F \ cl^ Uy<aNy is nonempty

because F is not compact. Pick a point x from the nonempty set. Since every

point of ß has a neighborhood (in ßD) which is a closure of some countable

set of D, there exists a countable set TV in D, disjoint from Uy<aNy, with

x E clßDN. Put xa = x and 7Va = N.

Thus, by induction, we get a subset {xa}a<6)| of F and a family {Na)a<Ui

of disjoint countable subsets of D such that xa G clßDNa. Put F, = {x0}0<Wl.

Clearly F, is a copy of D. We will show next that F, is C*-embedded in ßD.

Let/be a bounded real-valued function on F,. Define a function/D on Z> by

SoWa) = /(*«) and fo(D ^ U „<„#„) = 0. Then the Stone extension of fD

over ßD is an extension of / Hence F, is C*-embedded in /?/) and this

implies ßFx = cl^.F, c cl0.F. Thus we have ßFx \SÍC cl0.F \ ß. Now it is

easy to see that ßFx \ fi is a copy of uD. This completes the proof.

Lemma 2. Every compact subset KofX = Sl\jAisa topological sum

K = Kx ® K2 of a compact set Kx in ß and a finite set K2 in A.

Proof. Let A3 be a compact set in X. Put A3, = A3 n ß and A32 = A3 n A.

Note that A is a closed subset of X because ß is locally compact. Therefore

A"2 is a compact set in the discrete space A, i.e., K2 is finite. Since A" is

compact, clD.A3, \ ß is contained in the finite set A32. Hence, by Lemma 1, A3,

is compact.

Assertion 2. X does not belong to ®, i.e., kRX is not pseudocompact.

Proof. Let a E A and let fa be a real-valued function on X such that

fa(a) = 1 and fa(x) = 0 for any x ¥= a. Then, by Lemma 2, fia is continuous

on every compact subset of X. This implies that each point of A is isolated in

kRX. Since ß is locally compact, we have kRX = ß ® A. Now it is clear that

kRX is not pseudocompact.

References

1. J. L. Blasco, An example of a space X in $* for which kRX is not pseudocompact, Collect.

Math, (to appear).
2. Z. Frolik, The topological product of countably compact spaces, Czechoslovak. Math. J. 10 (85)

(1960), 339-349. MR 22 #8480
3. N. Noble, Countably compact and pseudocompact products, Czechoslovak. Math. J. 19 (94)

(1969), 390-397. MR 40 # 1968.
4. _, The continuity of functions on cartesian products, Trans. Amer. Math. Soc. 149

(1970), 187-198. MR 41 #2636. _
5. R. C. Walker, The Stone-Cech compactification, Ergebnisse Math. Grenzgebiete, Bd. 83,

Springer-Verlag, Berlin and New York, 1974. MR 52 #1595.

Department of Mathematics, Osaka Kyoiku Daigaku, Tennoji, Osaka, Japan


