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KILLING CHARACTERISITC CLASSES BY SURGERY

STAVROS PAPASTAVRIDIS

Abstract. Let M be an «-dimensional C °° manifold and let

c£H*(BO;Z2)

be a characteristic class. Suppose that c as a factor annihilates all the

characteristic numbers of M. We prove that if dim c > (n + l)/2 then M is

cobordant to a manifold which has the class c zero, in that way answering in

the affirmative a question raised by C. T. C. Wall. We examine the same

question for more general cobordism theories, and for Zp characteristic

classes.

0. Introduction. We begin by describing the question that we are going to

investigate. We consider a certain cobordism theory which is fixed throughout

the paper. Let us call B (n) its classifying space and yn its classifying bundle

of dimension n (we can think of B(n) as BO(n), BSO(n), B Spin(rt), B PL(n),

etc.). We assume that the cohomology of B(n) is finitely generated in each

dimension. Let M be a compact manifold, m-dimensional and oriented in our

cobordism theory. From now on we will suppress n from B (n), yn, etc. since it

is sufficient for our purposes to take 77 very big with respect to m. Let S be a

set of characteristic classes in our cobordism theory, in other words 5 consists

of elements in the Z^-cohomology group of B for various prime numbers p.

We will assume that all classes of 5 have dimension greater than one. We

assume that y is oriented with respect to all groups which appear as groups of

coefficients for a class of S, i.e. Thorn classes U E H*(T(y); Zp) have been

selected for the various /7's.

Question 0.1. Suppose that all normal characteristic numbers of M which

include a class of S as a factor vanish. Is it true that M is cobordant to a

manifold which has all the characteristic classes 5 zero?

Theorem 0.2. Some finite multiple of the cobordism class of M contains a

manifold which has all of the characteristic classes of S zero.

Theorem 0.3. // all of the classes of S have dimension greater than or equal

to (m + l)/2, then M is cobordant to a manifold which has all of the

characteristic classes of S zero.
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Theorem 0.3 answers in the affirmative a question of C. T. C. Wall (see [19,

p. 17]). The result was known for the case where all classes of S have

dimension strictly greater than (m + l)/2 (see [19, p. 17]). For related results

the interested reader can look at [l]-[3], [9], [6], [15], [20], [8]. For background

information concerning cobordism and characteristic classes, a good refer-

ence is R. Stong's book [14, pp. 14-39].

In [19] Question 0.1 was analyzed using surgery techniques. In this paper

we study this question from a homotopy viewpoint as follows:

We form a tower of fiberings

B' = Br -> Br_x -»•■•-> 5, -> B0 = £

where Bi+X is a fibering over B¡ with fiber an Eilenberg-Mac Lane space, so

that at each stage of the tower we kill one of the classes of S.

Let y' be the pull-back of y over B'.

Let a: 5"+m -> T(y) be the map that we get from the Prontrjagin-Thom

construction on the oriented manifold M (for details see [14, p. 19]), and let

(a) £ nn + m(T(y)) be the corresponding homotopy element. Because of

transversality theory we can give homotopy interpretation to Theorems 0.2,

and 0.3. Theorem 0.2 says that some finite multiple of (a) lies in the image of

the induced map TTn + m(T(y')) -> TTn+m(T(y)), and Theorem 0.3 says that (a)

lies in the image of this map. Of course our method applies to bundle theories

where transversality holds, i.e. differential manifolds, PL manifolds and

topological manifolds where m =?= 4.

Remark 0.4. From the previous analysis it is clear that it is enough to prove

Theorems 0.2, and 0.3 only for the case where S contains just one element. So

from now on we assume that S = {c}, c e Hd(B; Zp). Let tt: B' -> B be the

fibration over B with fiber K(Zp, d - 1) which kills class c.

Let us consider the cofibration

(0.5) T(y')-+T(y)-+T(y)/T(y').

Since we are in the stable range this cofibration is a fibration too. Thus we

get exact sequences in homotopy, homology and cohomology. We are going

to study the space T(y)/T(y') using an idea of W. Browder (see [4]), in that

way getting hold on the map TTn+m(T(y')) -> vrn+m(F(y)).

The paper is arranged as follows: In §1 we prove that the space

T(y)/T(y') is "almost" of the homotopy type of K(Zp, d) /\ T(y) and also

we prove Theorem 0.2. In §2 we study the space K(Zp, d) /\ T(y) and we

complete the proof of Theorem 0.3.

It seems to me that it is an interesting question to see what happens in the

case where some classes of S have dimension less than (m + l)/2.

I would like to express my gratitude to the referee whose comments

simplified greatly the exposition of this paper.

1. The space T(y)/T(y').

Definition. We set A = T(y)/ T(y').

The main technical results of this section are the following:
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Under the assumptions of §0, we have

Proposition 1.1. Let us call 8: T(y) —> A the natural collapsing map. Then

8,({a}) E TT„ + m(A) belongs to the kernel of the Hurewicz homomorphism of the

space A.

Proposition 1.2. There is a map g: A -> K(Zp, d) A T(y) such that:

(a) the map g* is an isomorphism in cohomology with Z , coefficients, if

p' * p;

(b) the map g* is an isomorphism in Z -cohomology up to dimension n + 2d

— 1 ; and

(c) 7« dimension n + 2d, the kernel of g* in Zp coefficients is generated by

(i ■ c — i2)U (i is the fundamental class of K(Z , d)).

Proof. Essentially this is Theorem 6.1 of [4].

Proof of Theorem 0.2. It is well known that, since we are in the stable

range, the rational Hurewicz homomorphism it,(A) ® Q -» H,(A; Q) is a

monomorphism. (Note that A is (n - l)-connected.) By Proposition 1.1,

5%({a}) £ tt,(A) has finite order. But from the homotopy exact sequence of

fibration (0.5), it follows that some finite multiple of {a} lies in the image of

the map TT,(T(y')) -> Ti,(T(y)), and that ends the proof.

In order to prove Proposition 1.1, we need some preparation.

Lemma 1.3. Consider the map tt: B' —» B.

(a) tt* is an isomorphism in Zp,-cohomology if p' =£ p; and

(b) the kernel of tt* in Zp-cohomology is the ideal of the algebra H*(B; Zp)

generated by all elements of the form a • c, for a E Ap (Ap is the mod-p

Steenrod Algebra).

Proof. It follows by standard (Serre) spectral sequence arguments on the

fibration K(Zp, d - 1)—> B' -> B. The main ingredient of the proof is the

knowledge of the cohomology of K(Zp, d — 1) (see [5]) and the knowledge of

the transgressions of the elements of H*(K(Zp, d - 1); Zp) in the Serre

spectral sequence of the fibration tt (see [10, p. 104]).

Lemma 1.4. If a E A , then a ■ c annihilates all of the characteristic numbers

of M where it appears as a factor.

Proof. Let v: M —> B be the map which is determined by the orientation of

M in ß-cobordism. There is a right action of Ap on H*(B; Zp) such that

(v*(xa)-v*(y), (M}> = (v*(x)-v*(ay), {M}>

fora E ^andx,y E H*(B; Zp).

(For the details see [22, p. 46].) Now the proof of our lemma follows easily.

Proof of Proposition 1.1. It is enough to prove that the composition 8a:

S" + m —> T(y) -> A induces the zero map in Z^.-cohomology for any prime p'.

But this follows readily from Lemmas 1.3, 1.4, and the fact that the cofibra-
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tion (0.5) induces exact sequences in cohomology.

2. The space K(Zp, d) f\ T(y).

Definition. We set F = K(Zp, d) A F(y).

In this section we will study the space F, and we will prove that it is

"almost" a product of K(Zptys up to homotopy. This combined with

Proposition 1.2 will enable us to get a hold on the homotopy of A.

If p is an odd prime we define L = K(Zp, n + 2d) X XxK(Zp, d + dim x).

If p = 2 we define L = XxK(Zp, d + dim x). In both cases x ranges over a

Z^-basisof/FWy)^).
We define a map h: F—> L, such that the pull-back of the fundamental

class of K(Zp, n + 2d) is i2U (for the case wherep is añ odd prime) and the

pull-back of the fundamental class of K(Zp, d + dim x) is i • x (recall that /' is

the fundamental class of K(Zp, d)).

Proposition 2.1. The map h has the following properties:

(a) h* is an isomorphism in Zp-cohomology if p' =£ p, and

(b) h* is an isomorphism in Z -cohomology up to dimension n + 267*.

Proof. Essentially this is Theorem 6.2 of [4].

Definition 2.2. Let E = XxK(Zp, dim x), where x runs over a basis of the

cokernel of g* (in Zp-cohomology). Let g': A —> E be the map which pulls-

back the fundamental class of K(Zp, dim x) to x. Let v be the ^-dimensional

Wu class of y which is defined by the equality v ■ U = x(Sqrf) U. It is well

known (actually it follows easily from Proposition 2.3 of [4]) that v as a

normal characteristic class is zero for all w-dimensional manifolds where

m < 2d. So, as far as Theorem 0.3 is concerned, we lose nothing by assuming

that v ¥= c. Because of this assumption we can choose a Z2 basis for

H*(T(y); Z2) which includes (v — c)U. Furthermore we can assume that

such a basis had been used in the definition of L (see definition above). Then

we define L' as follows:

(a) If p = 2, we define L' by splitting-off L the factor K(Z2, n + d) which

corresponds to the element (v - c)U.

(b) If/? =£ 2, we define L' by splitting-off L the factor K(Zp, n + 2d) which

corresponds to the element i2U.

Let s: L —> L' be the natural projection. Consider the composition of maps:

gxg' Ax Id iXld
(2.3) A^FxE^LXE-^L'XE

and let us call H this composition.

Proposition 2.4. The map H* is an isomorphism in Zp-cohomology up to

dimension (n + 2d).

Proof. We will do the case p = 2, the case of an odd prime being simpler.

Let us consider the element (i• c — i2)U G Hn+2d(F; Z2), which, accord-

ing to Proposition 1.1, belongs to the kernel of g*. This element can be

written
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(i-c- i2)U= (i-c - Sqdi)U

= (i-c)U-i- x(Sq")U - £ Sq>(/ • x(Sq'-')t/)
i

(for the justification of the above step see [23])

= i-(c-v)U-^Sa/(--.).
i

From this it is clear that i ■ (v - c)U belongs to the image of H*.

Now we are in a position to prove that H* is onto up to dimension 77 + 2<i.

Really (g X g)* and h * are onto in this range, and the only problem could

arise from the map s, but the previous argument covers this case. The map

H* is a monomorphism too in the required range, since by splitting-off a

factor from L, we eliminated the kernel of g*. The case where p is an odd

prime is even simpler to prove.

Proof of Theorem 0.3. Since L' x E is a product of K(Z*)'s, by the

previous proposition, it follows that the Hurewicz homomorphism of the

space A is a monomorphism up to dimension n + 2d - 1, and since m < 2d,

the result follows because of Proposition 1.1.
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