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CONVEX SOLUTIONS OF A SCHRODER

EQUATION IN SEVERAL VARIABLES

FRED M. HOPPE1

Abstract. A nonprobabilistic proof is given for the existence of the

Yaglom conditional limit distribution for the subcritical multitype Galton-

Watson process by using a uniqueness theorem for convex solutions of the

multidimensional Schroder functional equation.

Introduction. An alternate proof is presented for the existence of the Yaglom

conditional limit distribution in a subcritical positively regular, multitype

Galton-Watson process. The original proof by Joffe and Spitzer (1967)

required a probabilistic argument to obtain the convergence of a certain

sequence of probability generating functions (p.g.f.'s). This was in contrast

with the one-dimensional results of Heathcote, Sene ta, and Veré-Jones (1967)

who manifested this convergence as a consequence of convexity arguments

pertaining to solutions of Schroder's functional equation (see Kuczma (1964)).

The present proof is in the same analytic spirit although there is a marked

difference in technique to account for the increased dimension. In particular,

it is necessary to first establish the uniqueness of solutions to a Schröder

equation and then to invoke this uniqueness to show that a sequence of

difference quotients of iterates of p.g.f.'s converge. This paper is therefore

another step in the program elegantly outlined by Seneta (1969) emphasizing

functional equations as the appropriate setting for the study of many problems

in branching processes. Other details in this direction may be found in the

author's Princeton dissertation (1975b).

Background, x = (xx,...,xd) will denote a generic point in [0,1] with

0 = (0,... ,0) and 1 = (1,..., 1).   x < y iff x,. < y¡, 1 < i < d.   F(x)

= (F(1)(x), . . . , F(d\x)) is the vector offspring p.g.f. and Fn(x) denotes the

nth functional iterate of F(x). For notational convenience write Fn(0) simply

as Fn. v and u are the left and right eigenvectors, respectively, corresponding

to the maximal eigenvalue p < 1 of the offspring expectation matrix. Two

basic asymptotic results of Joffe and Spitzer required below are:
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(la) lim(l-Fn(x))/v(l-Fn(x)) = u

and

(lb) "m v • (1 - Fn+x(x))/v ■ (I - Fn(x)) = p,

both for x G [0, l]d - 1.

It is required to show that for each i, the sequence

(2a) {(F^(x) - /*>)/(! - J|f >C,

tends to a limit which is a proper p.g.f. In one dimension, by convexity, if

0 < x < F(0), then

1 - F(Fn(x))     1 - F(Fn)

\-Fn(x)   *    l-Fn

and cross-multiplication then shows that (2a) is a monotonie decreasing

sequence, which establishes the limit. (Extension to all x E [0,1] is then

straightforward in view of (lb).)

This argument fails in Rd because of a lack of monotonicity. To overcome

this problem, Joffe and Spitzer allowed the index i in (2a) to vary with « in

such a way as to obtain monotonicity. Their very clever selection of i depended

upon being able to express Fn(x) as a p.g.f. and following up with an

argument based on the Markov property.

The approach followed in this paper is as follows. By virtue of (la) it suffices

to work with the sequence

(2b) {v{Fn(x)-Fn)/v(l-FX=o-

This sequence is also not monotonie. However the lim sup exists and can be

identified as the unique convex and monotonie nondecreasing (with respect to

the partial order in R^ solution of the Schröder equation

(3) 1- G(F(x)) = p(l - G(x)),   G(0) = 0.

This is accomplished by linearization and reduction to one dimension. It is

then shown that the lim sup of any subsequence of (2b) is also a solution of

(3), which proves that the entire sequence converges.

Methodology. Define

Gn(x) = v(Fn(x)-F„)/v(l-F„),

and

(4) G(x) = lim sup Gn(x).
/i-»oo

Obviously G(x) is convex, monotonie nondecreasing, and satisfies G(0) = 0.
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G(x) will now be shown to be the unique solution of (3) with these properties.

First, Gn(F(x)) may be expressed as (an + bn - \)/bn where an = Gn+X(x)

and bn = v ■ (1 - Fn)/v ■ (1 - Fn+X). By (lb), bn ->p~' and passage to the

limit shows that G (x) satisfies (3).

Let P(x) denote any appropriate solution to (3). For 0 < s < 1 and n a

positive integer define

^(5) = p-"[l-P(l-*(l-Fn))].

Since F is convex, F((l — s)\ + sFn) < (1 — i)l + sFn+x, and since P is

nondecreasing,

1 - P((l - s)l + sFn+x) < 1 - P(F((l -s) + sFn))

= p(l - P((l - s)l + sFn)),

this last equality by (3). Dividing by pn+1 it follows that An+X(s) < An(s) and

therefore A(s) = \im.n_txAn(s) exists. In particular, notice that A(s) is con-

cave, nondecreasing, with .4(1) = 1.

Next it is shown that A(s) = s. To this end fix 0 < s < 1 and let e > 0 be

arbitrary but satisfying jp(l + e) < 1. From (la) and (lb) for all sufficiently

large n,

(1 - e)p(l - F„)< 1 - Fn+X < (1 + e)p(l - F„),

whence

1 - P(\ - ps(\ - e)(l - Fn)) < 1 - P(l - s(\ - Fn+X))

< 1 - P(l - p*(l + e)(l - Fn)).

Consequently,

^Ml + *)) < pAn+x(s) < An(sp(l + e))

which implies that

A(sp(l + e)) < PA(s) < A(sp(l - e)).

Letting e 1 0 it is seen that A(s) satisfies

(5) A(ps) = PA(s).

According to Kuczma (1964) equation (5) possesses a unique one parameter

family of concave solutions given by cs where c is a constant. In this case c is

obviously equal to 1, so summarizing,

(6) }™p-v-m-s(i-Fn))] = s.

(6) will now be used to force uniqueness. Fix x £ [0, l]d and suppose that
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G(x) # 0. Let («'} denote a subsequence of the integers along which the lim

sup is achieved in (4) for this particular choice of x. Thus

(7) Jim v • (1 - F„. (x))/v   (l-Fn.)=l- G(x).

Choose e > 0 arbitrary but satisfying (1 + e)(l - G(x)) < 1. Involing (la)

and (7), for all sufficiently large «',

(8)(1 - e)(l - G(x))(l - Fn.) < 1 -    Fn,(x) < (1 + e)(l - G(x))(l - Fn.)

from which it obtains that

1 - P(l - (1 - e)(l - G(x))(l - Fn.))

< 1 - P(Fn,(x)) < 1 - P(l - (1 + e)(l - G(x))(l - Fn,)).

Divide these inequalities by p" , use (6) to conclude

(1 - e)(l - G(x)) < 1 - P(x) < (1 + e)(l - G(x))

and then let e i 0 to deduce P(x) = G(x). If G(x) = 0 then proceed in an

analogous fashion using the inequalities

Fn, < Fn,(x) < Fn, + e(l - Fn>)

in place of (8) to deduce that P(x) = 0. This separate argument is necessitated

because the coefficient of 1 — Fn, in the extreme right-hand inequality of (8)

does not lie in [0,1] and so (6) is not applicable. (Actually (6) may be extended

to all j > 0, since eventually i(l — Fn,) is less than 1.) Since x is arbitrary it

follows that P(x) = G(x), proving the uniqueness assertion above.

Finally, to show that lim Gn(x) exists, let («'} denote an arbitrary subse-

quence of the integers and let H(x) = limsupn,_fa0G„'(x). Now 1 - Gn,+X(x)

= 1 - G„,(x)an,bn. where

v • (1 - Fn,+l(x)) v(l-Fn,)

a"'~    v(l-Fn,(x)) '       °"'      v(l-F„,+xy

and <*„'bn> -* 1 from (lb). Therefore one also has H(x)

= lim sup^.^^ Gn,+l(x). Imitate the steps in the first paragraph of this section

to conclude that H(x) satisfies (3) and then by uniqueness of solutions,

H(x) = G(x). This obviously implies that limn_>00 Gn(x) exists.

Concluding remarks. In a previous paper (1975a) the author proved that

there is a unique p.g.f. solution to equation (3) which therefore characterized

the Yaglom limit. The proof required differentiation of (3) to show that all

p.g.f. solutions have the regularly varying property

(9) 1 - G(l - tu) = tL(t),       t -+ 0,

where L(t) is slowly varying at 0. (Such an approach is not valid here since the
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function G(x) defined by (4) is not a priori differentiable.) The essence of

uniqueness was in the property (9) used in the following form:If sn and tn tend

to zero in such a way that sjtn -* a and 0 < a < oo, then

,    , \-G(l-s„u)
(10) lim-t^¡-S-¿ = a.
v    ' n-°o 1 — G(l — tnu)

Now, letting sn = s(\ - Fn) and tn = t(\ - Fn), where s/t = a, then (10) also

results but this time as a consequence of (6). Moreover by combining (6) and

(9) it follows that if t'n and tn tend to zero in such a way that t'np"

~ t„v • (1 - Fn) then 1 - G(\ - t'nu) ~ t„. Such a result is related to the

more general problem of inversion of asymptotic relationships involving

slowly varying functions (see Bojanic and Seneta (1971), §3).

The technique developed here depends only upon the behaviour of the

iterates of convex functions at a fixed point. It is therefore highly probable

that it can be extended and applied to the more general problem of the

existence and uniqueness of solutions to the multidimensional Schröder

equation. A similar approach leading to a limit relationship analogous to (6)

has been used by the author (1977) in the investigation of invariant measures

on Galton-Watson processes and in that setting it is Abel's equation which is

of relevance.

Thanks are due to Professor Anatole Joffe for a number of stimulating

conversations and, in particular, for first expressing interest in a nonprobabil-

istic proof.
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