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AN ALTERNATIVETO THE PLUCKER RELATIONS
HERBERT A. ROBINSON1
Abstract. It is shown how to obtain a set of homogeneous, degree m
polynomials in (£) indeterminates over a field F so that the associated
algebraic variety is the set of decomposable elements in the mth Grassmann
space over an «-dimensional vector space over F. The same techniques are
used to produce an analogous result for the tensor product of m finite
dimensional vector spaces.

Let V be an «-dimensional vector space over a field F, and denote the wth
Grassmann space over V by /\mV. (We assume throughout that m > 2.) It is
well known that the set ty = {u, /\ ■ ■ ■ /\ vm: v¡ E V, i = I, . . . , m) of
decomposable elements in /\mV may be described as the algebraic variety
associated with the set of so-called Plücker relations [2], [4]. An analogous
result for the tensor product K, <8>• • • ® Km of finite-dimensional vector
spaces Vlt...,Vm
has recently been obtained by Grone [1]. In both cases,
the polynomials were homogeneous, degree 2. This paper shows how to
produce alternative sets of (homogeneous, degree m) polynomials which
define the same two varieties. While no claim is made that the new
polynomials can be used more easily than Grone's polynomials or the
notoriously cumbersome Plücker polynomials, the present approach has
certain advantages: (1) The same methods work for /\mV and K, ® • • • ®
Vm, (2) the results have coordinate-free translations, and (3) the proofs are
brief, as well as elementary.

The tensor space. Let V* denote the space of linear functionals on V¡, and
suppose/ G V*, i = 1, . .., m. The universal factorization property of "®"
permits the definitions of unique linear transformations cy: Vx® • ■ ■ ® Vm

-* Vj,j ■!,...,«,

and c: Vx<8>• • • <8>Vm-> F satisfying

(1)

Cj{v, ® • • • ® vm) =

(2)

c(o,®...

n/,(»,)
VP

®vm)= UMv,),
i=\
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for all v¡ G V¡,i= 1,.. ., m. (The dependence of c,, . . ., cm, c on/,, . . . ,fm
will not be explicitly denoted.)
Theorem 1. A tensor z E K, ® • • • <8>Vmis decomposable if and only if for
every choice off G Vf, i = 1, . . . , m, we have
(3)

c,(z)®---

where cl.cm,

®cm{z)=[c{z)]m~Xz,

c are defined by (1), (2).

Proof. Obvious from the definitions and the fact that if z i= 0, then there

exist/ E Vf, i «- 1,...,

m, such that c(z) ^ 0. □

By choosing bases of the spaces Vx, . . . , Vm, and by using the usual
induced basis in K, <8>• • • ® Vm and the dual bases in Vf, ... , V*, we can
convert Theorem 1 into a set of polynomial conditions on the coordinates of z
which are equivalent to the decomposability of z.
Let V¡ have the basis u,„ ..., e^ and let/,,. . . ,fin¡ be the dual basis of

Vf, i = 1, . . . , m. The set
{«;,„(,) ® ■ ■ ■ ® vma(m): 1 < a(i)

is a basis

of

< n¡ for/

Vx ® • • • <8>Vm [3] (notation:

» 1,...,

m)

vla(l) <8>• • • ® vma(m) = vf,

r = {a: 1 < a(0 < «, for i = 1, . . . , m}), so z has an expression
(4)

z = S flao®,
«er

Now, if / G {/„ . . . ,/„}, i=\,...,m,

aa G F.

say/ = fiß0), ß ET, then c{z) and

Cj(z),j = 1, . . . , m, may be computed using (1), (2), (4), and the duality of

the v0 ànd fj bases:
(5)

c(z) = aß,

(6)

Cj(z) = 2 aßjvj„
í=i

where ^, G Y is defined by

(7)

(MO-f™.""^

i.e., ^., is the sequence obtained from ß by replacing ß (j) by t. Compute each
side of (3) using (5) and (6); (3) holds if and only if the coefficients of o® are

equal for all a ET, i.e., if and only if
m

(8)

ITa^-^-'fl^O.
/= i

Thus, (8) holds for all a, ß E T if and only if (3) holds for every selection of
/ G {/i, • • • ,/„.}, i = \, . . . ,m, and by Theorem 1, this is equivalent to the
decomposability of z. We have proved
Theorem

2. The tensor z = SaerVa86

K, ® • • • ® Vm is decomposable

if and only if (%)holdsfor all a, ß E T.
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(Compare with the main result in [1].)

The Grassmann space. Let f E V*, i = 1, . . . , m. The universal
factorization property of "A" permits the definitions of unique linear transformations cy. /\mV^> VJ = 1, . . . , m, and c: /\mV -> F satisfying
Cy(©lA •

• A vm)

(9)

• fj-l(Vl)

<>1 J^+i(oi) • • • /«(»i)

■ fj-l(Vm)

Vm fj+AVm) • ■ • fm(Vm)

= det

/.K)

c(»i a • • • a »j - det

:

:

:

where the right side of (9) is interpreted as a vector in V, e.g.,

det

/i (e2)

u2

/3 (»2)

/l (»3)

u3

/? (ü3)

= -det

/l(»2)

h(Vl)

/l (»3)

/} (ü3)

+ det

v2 — det
f\ («3)

/3 (»3)

/i(f,)

/3(e,)

/l (»2)

/3 («2)

Ü,.

Theorem 3. A skew-symmetric tensor z G f\mV is decomposable if and only
if for every choice off E V*, i = I, ... ,m,we have

(11)

c,(z)A-

• • Acm(z)=[c(z)]m"'z,

vvAere c,, . . . , cm, c are defined by (9), (10).

Proof. The "if part is obvious. For the converse, suppose z = t>,
A " • " A vm> and /i, ■• ■,fm E V* are given. Since each Cj(z) is a linear

combination of «,,...,
vm, cx(z) A ■ • • A ¿'„(z) is a (possibly zero) multiple
of o, A • ■• A om, say

(12)

c,(z)A-

• • Acm(z)-rz,

rEF.

From (9), it follows that
/*(<y(z)) =

' c(z)

ïîk=j,

0 if**/,

so applying c to both sides of (12) yields
[c(z)]

=rc(z),

c(z)(r-[c(z)]m-')
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Thus, (11) holds when c(z) =£0. If c(z) = 0, then the adjugate of [/■(«,-)]is
singular, and it follows easily that cx(z), . . . , cm(z) are linearly dependent,
hence cx(z) /\ • • ■ A cm(z) = 0, so (11) still holds, and the proof is complete.

By introducing a basis of V, a dual basis of V*, and the usual induced basis
in f\mV [3], one may proceed in a manner analogous to that in the previous
section, translating the criterion (11) into a set of mth degree polynomial
conditions on the coordinates of z w.r.t. the induced basis. We choose to omit
this slightly messy but straightforward calculation.

References
1. Robert Grone, Decomposable tensors as a quadratic variety, Proc. Amer. Math. Soc. (to
appear).
2. W. V. D. Hodge and D. Pedoe, Methods of algebraic geometry. I, Cambridge Univ. Press,

London and New York, 1968.
3. Marvin Marcus, Finite dimensional multilinear algebra. I, Dekker, New York, 1973.
4. _,
Finite dimensional multilinear algebra. II, Dekker, New York, 1975.

Applied Mathematics

Division, National

Bureau of Standards,

Washington,

D. C.

20234
Current address: Department of Mathematics, Texas A & M University, College Station, Texas

77843

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

