MAXIMAL CONNECTED EXPANSIONS OF THE REALS
J. A. GUTHRIE', H. E. STONE AND M. L. WAGE

ABSTRACT. The question of whether there exist nontrivial maximal con-
nected Hausdorff spaces is settled in the affirmative by showing that there is
a maximal connected topology for the reals which is finer than the
Euclidean topology.

1. Introduction. Much of the interest in the lattice of topologies on a set has
centered on those topologies which are maximal or minimal with respect to
some topological property. In this paper we show that there exist nontrivial
Hausdorff topologies maximal with respect to connectedness. This answers a
question first raised by Thomas in 1968 [15]. The existence of the question
has been noted by other authors [11], [14].

Progress on the problem has taken two directions. One approach has been
to derive the properties that a maximal connected Hausdorff space must have
[15], [16], [6], [7], [S] and to study those properties and examples of such
spaces [10], [7].

The other approach has been to try to answer certain related questions.
One such question is: Given a connected topology, how may a finer con-
nected topology be constructed? We discuss this question in the next section.
Another related question is: Does every connected Hausdorff space admit a
finer connected topology which is maximal connected? This question was
answered in the negative by Guthrie and Stone [7], who showed that no
connected Hausdorff space with a dispersion point has a finer maximal
connected topology; and by Baggs [2], who studied an example of such a
space. A third related problem was raised in 1968 by Hammer and Singletary
[8] independently of Thomas: Does there exist a maximal connected topology
finer than the usual topology on the reals? In this paper we answer this
question, and hence Thomas’ more general question, in the affirmative.
Solutions were obtained independently by Wage and by Guthrie and Stone.
The constructions are different, and both will be described.

Let us fix some terminology and notation. We say that a space (X, o) is an
expansion of (X, 7) if 0 D . In this case we also call 6 an expansion of 7. The
expansion of the topology 7 on the set X by a collection @ of subsets of X is
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the topology with subbase r U @, and it is denoted by 7(&). In case & = {4}
we write 7(4) in place of 7({4}). Throughout R will denote the set of real
numbers, 7 the set of points in the closed unit interval, Q the rationals, and ¢
the usual Euclidean topology for R or I.

We denote the boundary and interior of a set A with respect to 7 by 9,4
and Int, 4, respectively. The cardinality of the set A4 is represented by |A4|, and
cis |R|.

2. Expansion of topologies. The major class of expansions which have been
known to preserve connectedness consists of those obtained by adjoining a
filter of dense sets. Results of this type have been obtained by several authors
(1], [3], [4], [6], [10], [12], [13]. Bourbaki [4] points out that these are exactly the
expansions which leave fixed the semiregular compression 7, of 7, the topol-
ogy generated by the regular open sets of 7. The semiregular compression was
introduced by Katetov [9], who showed that it leaves invariant all continuous
functions on the space which take values in a regular space; from this the
connectedness preserving property of dense-filter expansions is immediate.

If 7 is expanded by an ultrafilter of 7-dense sets, the resulting topology is
called submaximal by Bourbaki [4). Note that if o is a submaximal topology
and A is any subset of the space, then d_4 is a discrete set.

Let X C R and let 7 D &. Then a subset 4 of (X, 7) is biperfect if for each
a€A aeCl(ANn(—,a)NClL(4N(a o). If 4ACX is biperfect,
then A is singular at p € A if A — {p} is 7-open. An expansion ¢ of 7 is a
singular expansion if every point x € X has a o-nbd base which is a filterbase
of sets r-singular at x. The expansion o of 7 is maximal singular (over 7) if for
each x € X there is a o-nbd base at x which is an ultrafilter base of sets
r-singular at x.

3. The construction of Guthrie and Stone. The first theorem establishes a
certain compatibility of maximal singular expansions and expansions by
filters of dense sets.

THEOREM 1. Let ) be an ultrafilter of e-dense sets and for each x € R, let
8, be an ultrafilter of sets e-singular at x. Let § = U .S, . Then there exists
for each x € R an ultrafilter 5, of sets e(D)-singular at x such that e(8 (D)
= e(D)NY), where ¥ = U |9,

ProoF. For each x € R, set F, = ((G N D)uU {x}|G €5,, D € D}.
Clearly, 9, is a filterbase of sets e(°D)-singular at x. Suppose V is a set such
that 5, U {V} is a filterbase of sets e(°D)-singular at x. Then V — {x} €
€(%), so there exists W € e and E € 9D such that V — {x} = W N E. Thus,
for b > x,

@#[(WNE)N(GND)]n(x,b)=(WnG)n(END)nN(x,b)

for each (G N D) U {x} € ¥,. Thus, (W N G) N (x, b) # @ for each G €
§,. Similarly, (W N G) N (a, x) # @ for each a < x. Thus, W U {x} is
e-singular at x and has nonempty e-singular intersection with each G € §,.
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Thus, W U {x} € G, and V € 9,. Hence, ¥, is an ultrafilter of sets
(% )-singular at x.

Now § C F, s0 e(8)(D) C e(F)D) = e(DXF). Conversely, in (D )F)
each point x has a basis of the form V¥ N D N F for V €¢, D € 9D,
FE% ,andx€VNDnNFBuF=(GnE)forsomeG €G,,E €D,
$o

VNDNF=VNDN(GNE)=VNGn(DnNE)EeS)D).
Thus, e(D)(F) C &(8)(D) and the proof is complete.

Thus, an expansion of (R, €) which is obtained by a maximal singular
expansion followed by a submaximal expansion may be obtained as a
submaximal expansion followed by a maximal singular one.

Every topology admits maximal singular expansions, but in Example A

below we show that singular expansions of (I, ¢) may be disconnected. We
want to be able to construct connected ones.

THEOREM 2. Suppose (I, 6) is a singular expansion of (I, €) and suppose
(A, B} is a partition of (I, o), i.e., illustrates that (I, o) is disconnected. Set
C =1 — (Int,A U Int,B). Then (C, €) is a homeomorphic image of the Cantor
set.

ProOF. Clearly, Int,A and Int,B are nonempty and C is nonempty,
e-closed, and totally disconnected. Let x € C N A. Every interval J about x
must contain points of B, but Int, B can be expressed as a disjoint union of at
most countably many open intervals B,. Thus, since J Z Int,B, J contains an
endpoint of some B,. But an endpoint of B, cannot be in A. Thus, each
interval about x contains a point of B N C. Similarly, each pointin B N Cis
an e-cluster point of A N C. Hence (C, ¢) is perfect, and we are done.

This information about disconnected singular expansions allows us to
exhibit one.

EXAMPLE A. Let C be the usual Cantor set constructed by removing middle
thirds from I. Let A be the union of the closures of the intervals removed at
odd numbered steps, and let B =1 — 4. Foreveryx € C N A let U, = {x}
UInt,4. For x € C N B, let U, ={x}uUInt,B. Let AU = {U,|x € C}.
Then () is a singular expansion of I which is disconnected by 4 and B.

THEOREM 3. There exists a connected maximal singular expansion of (I, €).

ProOOF. By a Cantor set in /, we mean a subset of / homeomorphic to the
usual Cantor set; i.e., a closed, perfect, totally disconnected subset. Let ¢ be
the set of all complements of Cantor sets in I. Then each J € § is a union of
countably many disjoint open intervals. Now J is determined by the count-
ably many endpoints of their intervals, so |$| < ¢“ = c.

Now for each J € ¢ consider C(J, {0, 1}), the set of all continuous
functions from J to {0, 1}. Each such function must be constant on each of
the countably many disjoint open intervals into which J can be decomposed.
For each J there are 2° = ¢ such functions. Let ® = {(J,NJ € ¢, f €
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C(J,{0,1}) and I —J CClf~'0) N Clf~!(1)}. Now |B| < ¢, and for
everyJ € ¢, I — J is a homeomorph of the Cantor set and, hence, |[I — J| =
c.

We now well-order ® and index it by the least ordinal A whose cardinal is
| |. We write B, for the ath pair (J, f). Thus, ® = {B,|a < A}. Similarly,
we may well-order each C = I — J and index it by the least ordinal whose
cardinal is ¢, also denoted by ¢. Then C = {x,|x, €I — J,a < c}.

Next we construct a mapping g: % — I by transfinite induction. For
B, = (J, f), let g(B,) = x,, the first element of 7 — J. Assume that g(B,) has
been defined for each a < B such that g(B,) is the first element of I — J’ not
previously chosen, where B, = (J', f").

Now define g(Byg) to be the first element of 7 — J” not previously chosen,
where Bg = (J”, f”). This is possible since |{x,|a < B}| < c.

We now construct an expansion topology for (I, €). For every x € g(®),
let G, =[f""0)N[0,x)]U[f (1) (x,1]], where x =g(B) and B =
(J, f). Let G, be an ultrafilter of sets e-singular at x such that G, € §,. If
y €E1—g(®), let §, be an arbitrary ultrafilter of sets e-singular at y. Now
set § = U ,§,, and let 6 = £(9). Clearly, o is a maximal singular expansion
of €.

We can now show o is connected. By Theorem 2, if there exist 4, B € o
such that A #@+# B, AUB=1 and AN B=0, then I —[Int,4 U
Int,B] is a Cantor set in I. Thus, we may associate with {4, B} an element
B, = (J, f) such that Int,4 = f~'(0) and Int,B = f~'(1). But x, = g(B,) is a
point of I such that x, & J = Int,4 U Int,B, and G, was chosen so that
every nbd of x intersects both 4 and B. Thus, no disconnection of (I, o)
exists.

THEOREM 4. Let § be a submaximal expansion of (I, ¢) and let p be a
maximal singular expansion of (I, 8). Then if p is connected, p is maximal
connected.

PrOOF. Suppose p(A4) is connected for some A C I. We will show that
A € p, that is, there is no connected proper expansion of p. If 4 N 9,4 = @,
we are done. Thus, let x € 4 N9,4. Then x € A N4, and since § is
submaximal, there exists W € § such that W Nd;4 = {x}. Now (W N
Int;4) € 6 and W N Intgd N (x, b) # @ for b > x. Otherwise, [0, x] is open
and closed in (Z, p(4)). Similarly, W N Intz4 N (a, x) = @. Thus, (W N
Int;4) U {x} is &-singular at x. Now suppose V is an element of the
ultrafilter of sets §-singular at x which forms a p-nbd base at x. Consider

Vn[(Wnntd)u {x}]=[(V n W)nIntd] U {x)

is 8-singular at x, else, as above, I is p(A4)-disconnected. Thus, (W N Intz4)
U {x} € p. This contradicts x €93,4; hence, 4 N9, 4 =D and 4 € p.

THEOREM 5. There exists a topology p for R such that ¢ C p and p is
maximal connected.
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PrROOF. Since I contains a homeomorphic copy of R, and connected
subspaces of maximal connected spaces are maximal connected, it suffices to
show there exists a maximal connected topology for I finer than e.

By Theorem 3 there exists a connected maximal singular topology o for /
such that ¢ C 0. Now let u be a submaximal expansion of 0. By Theorem 1
the connected topology p can be obtained as a submaximal expansion
followed by a maximal singular expansion. Thus, by Theorem 4, p is maximal
connected.

COROLLARY 5A. Every Euclidean space R" admits a maximal connected
expansion.

PrOOF. Let R" be given the weak topology with respect to the collection of
all lines through the origin. By Theorem 5 each line admits a maximal
connected topology. The resulting topology for R” is maximal connected.

4. The construction of Wage.

LEMMA 6. There exists a topology o, on Q, that refines the usual topology and
is maximal among all topologies having the following property :

(*) IfUisopenand q € Uthen(—o0,q) N U# @ #(q, 0) N U.

PrOOF. Assume that for all « < «, g, is a topology on Q which satisfies (*)
and og C g, whenever 8 < a < k. Let o, be the topology generated by
U 4«0, The lemma will follow from Zorn’s lemma once it is shown that o,
satisfies (). If ¢ € U € o, then there is an a < k and V € ¢, with g €
V C U. Since o, satisfies (¥)and V' C U, we have (— 0, ¢) N U # @ # (g, )
N U, and hence g, satisfies (*).

Enumerate as (U,: a < 2°) all clopen elements U of ¢ such that |cl,(U) N
cl,(Q — U)| = 2. It is not difficult to prove that for each irrational x there
are 2° such clopen sets such that x € cl,(U) N cl,(Q — U). Hence, the
irrationals can be inductively ordered as {x,: a < 2) so that x, € cl,(U,) N
cl,(Q — U)foralla < 2°.

For each a < 2 choose a set of rationals, L, that lies to the left of x,, and
a set of rationals, R, that lies to the right of x, such that

(@L,R, Eo,

(b) x, € cl,(L,) N cl,(R,), and

(c)either L, c Uyand R, Cc Q — U, orL,Cc Q — U,and R, C U,.

It is easy to find such L, and R, since if we cannot let L, = (— o0, x,) N U,
and R, = (x,, ©) N Q — U,, then just set L, = (—o0, x,) N Q — U, and
R, = (x,, 0)N U,.

Now for each a < 2%, let £, be a maximal subset of o such that L, N (x,
- 1/n, x,) € £, for eachn € w and 4 N B # @ for each 4, B € £,. Simi-
larly define 4, in terms of R,.

The topology p. We can now define a basis for a maximal connected T,
topology on R. The basis contains all members of ¢ plus all sets of the form



164 J. A. GUTHRIE, H. E. STONE AND M. L. WAGE

{x,}J UL URwWherea <2° L € £, and R € @R,. Call the topology gener-
ated by this basis p. This new topology is Hausdorff since it is an expansion
of the usual topology on the line.

THEOREM 7. p is connected.

ProOF. Let U be a nonempty clopen element of p. We will show that p is
connected by proving that U contains the rationals, and hence all of R (since
Q is p-dense in R). Suppose that U does not contain Q. If it happens that
[c,(@ N U)Ncl,(Q — U)| =2° then Q N U= U, for some a < 2. But
by definition the p-neighborhoods of x, intersect both U, and Q — U, so that
U cannot be p-clopen. Hence, we can assume that |cl,(Q N U) N cl,(Q —
U)| < 2°. The set cl,(Q N U) N cl,(Q — U) s a closed element of the usual
topology on R that has cardinality less than 2“ and hence has an e-isolated
point, x. (Note that cL(Q N U) N cl,(Q — U)# Q@ since Q ¢ U and U is
p-open and nonempty.) Let (a, b) be an interval in R that witnesses the
isolation of x. Then (since the interval (a, x) is e-connected and contains no
points of c,(Q N U) N cl,(Q — U)), (a, x) must be contained in either U or
R — U. Without loss of generality, assume (a, x) C U. Similarly, either
(x,b) c Uor(x,b) C R — U.Sincex € cl.,(Q — U)and (a, x) C U, it must
be that (x, b)) C Q — U. However, x is in the p closure of both (a,x) and
(x, b). Hence U is not clopen and it follows that p is connected.

THEOREM 8. p is maximal connected.

ProoF. To see that p is a maximal connected topology assume that p is a
topology on R that strictly contains p. If p N P(Q) # o then, by the
maximality of o, thereisa ¢ € Q and A € p such that either (— o0, g) N 4 =
@ or (g, ©) N A = J. This implies that either (— o0, g) or (—o0,q] is a
clopen element of § and that p is not connected. Thus we can assume that
pN P(Q) = o. Since p is strictly larger than p, there is an 4 € and
irrational x, such that x, € 4 but 4 contains no p-neighborhood of x,. By
intersecting 4 with a suitable p-neighborhood of x, we can assume that
AC QuU({x,}.-Then4 N Q € o and, since 4 is not a p-neighborhood of x,,
there is a U € £, U R, such that U N 4 = @. This implies that either
(— 0, x,) or (— o0, x,] is a clopen element of p. Thus p is not connected and
p is a maximal connected topology.

5. Concluding remarks. Although the two constructions (actually existence
theorems) given here have striking similarities, they are in a sense comple-
mentary. The construction of Wage is the more direct, that of Guthrie and
Stone the more general. Note, for example, that the Wage example has
countable dispersion character (minimum cardinality of an open set). The
dispersion character in the Guthrie-Stone example may also be chosen to be
countable or, by choosing the ultrafilter of dense sets finer than the filter of
sets which are complements of sets of cardinality less than c, the dispersion
character may be made to remain c.
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The following questions remain open:

Question 1. Does there exist a regular 7, maximal connected topology?

Question 2. Does there exist a countable maximal connected Hausdorff
topology?

Question 3. How may maximal connected Hausdorff topologies be charac-
terized?

It has come to the attention of the authors that P. Simon of Prague has
announced a solution to the problem solved in this paper, but we have not
been able to obtain a copy of his construction.
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