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REMAINDERS IN HAUSDORFF COMPACTIFICATIONS

RICHARD E. CHANDLER AND FU-CHIEN TZUNG

Abstract. We generalize a theorem of Steiner and Steiner and use it to

obtain new results concerning remainders for completely regular spaces.

Both the locally compact and the nonlocally compact cases are considered.

Introduction. The nature of what one added to a completely regular space

in order to compactify it has been considered almost from the beginning of

the theory. For example, Cech [2] was concerned about the cardinality of

/?N\N. It was not until the mid-1960's, however, that the topological

properties of remainders was studied in a concerted fashion. Magill, in a

series of papers [8], [9], [10] discovered and developed conditions on a space

X which would guarantee that members of a certain class of continua would

be remainders of X. This theory was extended by Rogers [14] and Chandler

[3, 7.8] to conclude that if X is locally compact and not pseudocompact then

any compact space containing a dense continuous image of R is a remainder

of X. One of the useful results in this area has been a theorem of Steiner and

Steiner [15]. Here we generalize this theorem and use it to obtain some new

results on remainders. Throughout we follow the general terminology of [3].

In particular, all spaces will be assumed to be completely regular and

Hausdorff. A remainder of X is any aX \ X where aX is a compactification

of X.

1. The locally compact case. Throughout this section we assume all spaces

to be locally compact. If /: X -> Y is continuous and Y is compact then £ (/}

will denote the set n {clYf(X \ F)\F E X is compact}.

Theorem 1. £{/} is a remainder of X.

Proof. First, we show that if X is not compact then £{/} is not empty. We

do this by showing (clYf(X \ F)\F Ç X is compact} is a family of closed

subsets of Y which has the finite intersection property. For suppose not. Then

there is a family {Fx, . . . , Fn) of compact subsets of X for which c\Yf(X \

Fx) n • • • n clr/(A- \ F„) = 0. Thus Y - Gx U • • U Gn where G, = Y\

c\Yf(X \ F,). Then X = f~x(Gx) U • • • U f~\G„). Now G, EY\f(X\ F¡)
so   that f-x(Gi)Ef-x(Y\f(X\F¡))EF¡.   We   conclude   that   X = Fx
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U • • • U F„, which is compact. This contradiction assures us that £{/}

Let /": ßX^> Y extend /. We claim that fß(ßX \ X) = £{/}. Since

fß(ßX \ X) is compact, all we need to show is thatfß(ßX \ X) is contained

in and dense in £{/}. For any compact F G X we have cl^A \ F) n (ßX

\ X) = ßX \ X so that fß(ßX \ X) G clYf(X \ F). Since F is arbitrary, we

conclude thatfß(ßX \ X) G £{/}. Ufß(ßX \ X) is not dense in £{/} then

there is a point p G £{/} and a compact neighborhood U of p such that

U n fß(ßX \ X) = 0. Then G = (fß)~](U) G X G ßX, and since U is
closed in Y we have G is compact.p G clr/(A \ G), contradicting/» G £(/}

G clYf(X \ G).

We have now shown that £{/} is a continuous image of ßX \ X. By a

theorem of Magill [8] it follows that £(/} is a remainder of A.

Corollary 1. Any of the following implies that £(/} = Y.

(\)f(X \ F) is dense in Y whenever F G X is compact.

(2)f~x(Z) is not compact for any zero set Z G Y.

(3)f~x(p) is not compact for each p G D, a dense subset of Y.

Proof. That (1) implies £(/} = Y is obvious. The hypothesis of (2)

implies /(A \ F) n Z ¥= 0 for any compact F G X and any zero set Z G Y.

Since any point in Y has a base of zero set neighborhoods, it follows that

/(A \ F) is dense in Y for each compact F G X. Similarly the hypothesis of

(3) implies that f~x(p) is contained in no compact F G X. Thus D G /(A \

F) and we conclude that/(A \ F) is dense in Y for each compact F G X.

The theorem that (1) implies £{/} = Y is the result of Steiner and Steiner

referred to in the Introduction. That (3) implies £{/} = Y is due to Magill

[8]. We can use this corollary to obtain an old remainder theorem originally

due to Alexandroff and Urysohn [1] (although it was stated somewhat

differently) and improved by Engelking [5].

Corollary 2. Let D be an infinite discrete space and suppose Y is compact

with density character less than or equal to \D\. Then Y is a remainder of D.

Proof. The only compact subsets of D are finite. Thus, if /maps D onto a

dense subset of Y we have f(D \ F) is dense in Y whenever F is compact in

A. (For any isolated point/? of Y, let/send infinitely many points of D top.)

Since there are separable compact spaces with cardinality 2C, we conclude

that there are remainders of N with this cardinality. Thus | ßW \ N| > 2C.

Cech had observed that |)SN\N| < 2C. Thus | ßN \ N| = 2e, a result origi-

nally due to Pospisil [12]. Mrórwka [11] apparently was the first to discover

this technique of proof.

The result of Steiner and Steiner above cannot be used to produce discon-

nected remainders for a connected space A. Theorem 1 can do this: Let

A = (0, 1), Y = [0, 1], and /: A-* Y is the inclusion map. Then £{/} =

{0, 1}.
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We can also use Theorem 1 to give a necessary and sufficient condition for

a space to have a remainder consisting of exactly tj points. The first to

characterize such spaces was Magill [7]. We use his result to obtain ours. Let

Tn denote all points in R" on the positive coordinate axes whose distance to

the origin is less than or equal to 1. (T„ is the "n-ode", the obvious

generalization of the triode.) Let {ex, . . ., en) denote the set of endpoints in

T„, namely those points with one coordinate equal to 1 and all the others

zero.

Theorem 2. X has an n-point remainder if and only if there is a map f:

X^Tnwith t{f) = {ex,...,en).

Proof. The "if" part is immediate from Theorem 1. Conversely, suppose X

has a compactification with an n-point remainder. By Magill's theorem

referred to above, it is possible to write X = K u G, u • • • U G„, where K

is compact, G, is open, G, U K is not compact, G,C\ K = 0, G, n G, = 0 if

i #y, for / = 1, 2, . . . , n. In the compactification aX which Magill con-

structs using this representation of X we have each G, associated with a point

p¡ in aX \ X. Let g¡: ctX —> [0, 1] be defined in such a way that g¡(p¡) = 1 and

gj(aX \ [G, u {/>,}]) = 0. Define f:X^>Tn by letting the 7th coordinate of

/(/) be equal to g¡(t). Since for a given point t E aX at most one g¡ is different

from zero at t, it is clear that/(í) E Tn.

If / = f\x then (e„ . . . , en) E £{/}. For any point t E Tn with t ^ e„

7 = 1, 2, . . . , tj, we can choose a compact neighborhood U of t in Tn with no

e¡ in U. f~\U)=f~x(U) which is compact. / E clf(X \/"'(£/)) so that

t $ £{/}. Therefore £{/} = {ex,..., en).

Corollary 1. Suppose aX \X = {px, . . . ,p„) and each {p¡) is a zero set

in aX. Then any remainder of Tn° = Tn\ {ex, . . . , e„} is a remainder of X.

Proof. For each i, there is a map h¡: aX —>[0, 1] with h¡(p¡) = 1 and

h¡(t) < 1, if t¥=p¡. Let/: aX^>[0, 1] be defined by/-(0 = Tj,(/)g,(0 where
the g, are as described in the proof of Theorem 2. Then/: aX-+[0, 1] with

MPt) = M(0 < 1 if * * Pi, and f(t) = 0 if t E G, Define f:ctX^T„ by
/(/), = f,(t). Then /: aX ^ T„ with f(Pi) = et and /(i) E T„° if t * et, i =
1, 2, .. ., TJ.

Suppose yT„° is any compactification of Tn° where we consider y: T„0 —> yT°

as the inclusion map. It is clear that

V(/W:*-Tl?   and    £{y » (/|x)} - yi;0\ I?.

Note that the requirement that each {/7,} be a zero set in tiY. is satisfied, for

example, if each/7, has a countable neighborhood base in aX. Then each {/»,}

would be a closed Gs set in the normal space aX. By [6. p. 15], each {/?,}

would then be a zero set in aX.

Lemma If a: X -> aX is the inclusion map then £{a} = aX \ X.

Proof. From the proof of Theorem 1 we see that tra(ßX \ X) = £{a}
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where ira : ßX -» aX is the quotient map.

Corollary 2. Suppose X = U ,°1 \F¡ where F¡ is compact, Fi+X D F„ A \ F,

« connected, i = 1, 2, ... , ano" each compact subset of X is contained in some

F¡. Then each remainder of X is connected.

Proof. By the lemma aA \ A = £{a} = n £ ,cl a (A \ F¡) (the second

equality is easily verified). This set is connected since it is the intersection of a

decreasing sequence of compact connected subsets.

Corollary 3. R" has only connected remainders for n > 1. Thus R" has no

remainders with cardinality < c (except the one-point remainder) if n > 1.

2. The nonlocally compact case. The remainder question for spaces which

fail to have compact neighborhoods for some of their points is considerably

more difficult and very little has been done. Rayburn [13] has obtained a

result analogous to the one by Magill which was cited in the proof of

Theorem 1. Using this, we are able to extend Theorem 1 to the nonlocally

compact case. Denote by R (A) the set of points of A which have no compact

neighborhoods. A continuous map /: A -» Y is closed at x G X if for every

neighborhod U of f~x(f(x)) there is a neighborhood of V of f(x) for which

f~x(V) G U. f is perfect at x if it is closed at x and/~'(/(x)) is compact.

Note that / is closed (perfect) if and only if it is closed (perfect) at each

x G A.

Theorem 3. Let f: X -^ Y be continuous where Y is compact. Iff is 1-1 on

R (A) and perfect at each point of R (A) then £ {/} \ f(R (A)) is a remainder of

X.

Proof. The proof that fß(ßX \ A) is dense in £(/) is exactly as in the

proof of Theorem 1. Thus fß(c\ßx(ßX \ A)) = £{/}. In order to use Theo-

rem 1.3 of [13] we need to show:

(i)fß(ßX\X)Gt{f}\f(R(X)).
(h)fß\mx) is a homeomorphism onto f(R (A)).

(iii)/,(/?(A))n//3(0A\A) = 0.
(This last condition, while not explicitly stated by Rayburn, is necessary for

the validity of his theorem.) We would thus have a space £{/} \f(R(X)), a

compactification £{/} of it, and a continuous map fß: c\ßx(ßX \ A)-»

£{/} which carries R(X) homeomorphically onto £{/} \(£{/} \f(R(X)))

= f(R(X)). (Note that f(R(X)) G £{/} since R(X) G cl^/îA \ A).)
(i) Ufß(ßX \ X) is not contained in £{/} \/(F(A)) then there are points

p G ßX \ X and x G R(X) with fß(p) = f(x). Since / is perfect at x,

/'(/(*)) is compact. Thus there are neighborhoods Uoff~x(f(x)) and F of

p in ßX with Un V =0. Í/ n A is open in A so there is a neighborhood W

of f(x) with f~x(W) G Un X, since / is closed at x. It follows that

f~\W) n V =0. However, p G dßX(V n A) so that fß(p) G clY(f(V n

A)). Now IF is a neighborhood of f(x) = f(p) so that W n f(V n A) ¥=0.
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We see that f~\W) n V =£0, a contradiction.

(ii) By assumption, fß | R(^X) is 1-1. The hypothesis that/is closed at x for

each x says thatf\R(X) = fß\R(X) is a closed map. Thus fß\Rm is a homeo-

morphism.

(iii) Immediate from (i).

Applying Rayburn's Theorem 1.3, we conclude that £(/} \f(R(X)) is a

remainder of X.

We use Theorem 3 to establish a remainder theorem for a space X for

which R(X) is a singleton which is contained in a compact subset with

countable character. (F E X has countable character if there is a countable

sequence of open sets OxD 02D • • • D F such that if O is open in X and

F E O then there is an tj for which On E O.)

Lemma. // R(X) = {/?} aTii//7 j'í contained in a compact subset F having

countable character then a subset of (0, I] is a remainder of X.

Proof. For each tj there is a map/,: .^-»[0, 1] such that/1(/r) = (0} and

fn(X \0„)={l). Let f(x) = 22-%(x). We have/: *->[<>, 1],/(F) = {0};

and if x $ F we have On E X \ {x) for some tj so that/(x) > 2 ".It follows

that/-'(/(/?)) =/~'(0) = F. We must show that/is closed at/?. Let t/be a

neighborhood of F. There is an tj for which On E U. For x £ On we have

/(x) > 2"". Thus, for the neighborhood V = [0, 2"") of f(p) = 0 we have

/"'(F) Ç. U. We conclude that/is perfect at/7. By Theorem 3 it follows that

£{/} \f(R(X)) E (0, 1] is a remainder of *.

Theorem 4. If R(X) = {p} andp is contained in a compact subset F having

countable character then there is a continuous f: X-*[0, 1], perfect at p, with

£{/} \f(R(X)) equal to (0, 1] or to {\/n\n = 1, 2, . . . }.

Proof. By the lemma we have ag:I-> [0, 1] with £( g) \ g(R(X)) = aX

\_X E (0, 1]. If (0,b]EaX\X for some b > 0 then let/ = (g A b)/b where

/3: X ̂  {/j}. Then/: * -> [0, 1] and is perfect at/7. £{/} \f(R(X)) = (0, 1].

If there is no b > 0 for which (0, è] E aX \ X, then [0, 1] \ £ ( g) is a union

of open intervals and, since no [0, b) E £{g} \ g(R(X)) = £{g} \ (0}, it

follows that we can find two sequences {an), {bn} satisfying:

(i) 1 = bx > ax > b2 > a2 > b3 > a3 > ....

(ii)a„->0,/J„^0.

(iii)[Z>,.+1,a,.]n£{g}*0.

(iv)£{g}\{0}ç U[è, + 1,a,].

(Note: 0 must be a limit point of £(g} \ g(R(X)) since otherwise

£ { g) \ i?(^ (^)) would be a compact remainder of X.)

Let tj: [0, 1] —> [0, 1] be defined as follows: The interval [bi+x, a¡] is mapped

onto l/(/ + 1), the interval [a¡, b¡] is mapped affinely onto the interval

[l/(/ + 1), I//], 7 = 1,2,..., and h(0) = 0. Let/: X -» [0, 1] be defined by

/= tj » g. Then £(/} \f(R(X)) = {l/n\n = 1, 2, . . . } and/is perfect at/7.
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Lemma. A closed, noncompact subset A of a realcompact space X contains a

C-embedded copy of N.

Proof. Choose p G (cLj^) \ A. Then p G ßX \ X and since A is real-

compact there is a continuous function g: /?A—»[0, 1] with g(p) = 0 and

g(x) > 0 for x G A [4, Theorem 3.10.1]. Define/: A -* R by f(x) = l/g(x).

Then / is continuous and unbounded on A. By [6, 1.20] A contains a

C-embedded copy of N.

Theorem 5. Suppose X is realcompact, R(X) = {/?}, andp is contained in a

compact set of countable character. Then (0, 1] is a remainder of X.

Proof. If not, then by Theorem 4 there is a continuous /: A-»[0, 1],

perfect at p, such that £{/} \f(R(X)) = {\/n\n = 1, 2, . . . }. Choose

sequences [a„), [bn] so that a0 = b0~ 1, \/(n + 1) < b„ < an < \/n, n =

1, 2, ... . Fn+1 = /~'([an+1, bn]) is a closed, noncompact subset of A (if it

were compact, then \/(n + 1) G cl /(A \ F„+1)) so by the lemma F„+1 con-

tains a C-embedded copy of N, say Nn+1. Let 7r: [0, 1] —> [0, 1] be defined in

such a way that ir([a„, b„_x]) = \/n, m maps the interval [bn, a„] affinely onto

the interval [\/(n + 1), \/n], «=1,2,..., and tt(0) = 0. If we let/ = m ° /

then £{/} - f(R(X)) = [\/n\n = 1, 2, . . . ) and/~'(l/«) contains N„ for

all«.

Let gx: X-* [a,, 1] be a continuous function with gi(N,) = Q n (ax, 1). Let

«,: A-+[0, 1] be such that hx(f~x([0, 6,])) = {0}, hx(f-\[ax, 1])) = {1}. Let

/, = gxhx. Then i,(x) G [a,, 1] for all x G/_1([a,, 1]) and ¡*i(N,) is dense in

[a„ 1]. (Since A, ç /"'([a,, 1]), we have /,(N,) = Q n (a„ 1).) Also, tx(x) =

0ifxGf-x([0,bx]).

If we have defined gn and hn as continuous where g„: A-»[a„, bn_x] with

&(NB) = ô n (an, bn_x) and «„: A^[0, 1] with hn(f-\[an, bn_x])) = (1)

and hn(f-\[0, bn]) u /"'(te-,, 1])) = {0}, then let tn = g„hn and define

'(*)-[(2'.(*))ajJ+/(*)•
(There are no convergence problems since for any x G A there are at most

two /„ for which tn(x) ^ 0: For x G f~l([b„, a„_,]) we have h„(x) = 0 so

tn(x) = 0.) Now t~x(t(p)) = Z(t) since t(p) = 0. This is compact since Z(t)

= Z(f) n (nZ(O) and Z(/) ç Z(í„) for each «. It follows that Z(t) =

Z(f) = f~\f(p)) is compact. To see that / is closed at p let F be a

neighborhood of p. Since/is perfect at/7 there is a neigborhood [0, 8) of f(p)

such that /" '([0, 6)) Q V. If x G r'([0, -5)) then >(x) G [0, 5) so /(x) < 8.

Thus x G F. We see that r"'([0, 5)) Ç F. It follows that t is perfect at p. Let

F = £{/} \ /(F(A)). Then [a„+1 + l/(« + 1), b„ + l/(n + l)]GT for all

«. (Since any compact F Ç A can contain only finitely many points of Nn+X.)

Define 9: [0, 2]->[0, 1] in such a way that 9([b„_x + \/n, a„_, + 1/«]) -

1/«, 9 maps [a„ + 1/«, b„^x + 1/«] affinely onto [l/(« + 1), 1/«], « =

1, 2, 3, ..., and 9(0) = 0. If we let rf. = 9 ° t we have <p(A \ F) is dense in

[0, 1] for any compact F ç A. (Clearly F can contain at most finitely many
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points of UN„ and <p(UNn) is dense in [0, 1].) Thus £{<|>} = [0, 1] and so

£{<!>} \<KR(X)) = (0, 1].

Corollary. If X is realcompact and R(X) = {p) where X has a countable

neighborhood base at p, then (0, I] is a remainder of X.
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