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ENTIRE FUNCTIONS WITH ALMOST RADIALLY
DISTRIBUTEDVALUES
SHIGERU KIMURA
Abstract. Let f(z) be an entire function of finite lower order. Assume that
there exist a positive number h and an unbounded sequence {w„}?_i such
that all roots of the equations f(z) = wn (n = 1, 2,. . . ) he in {z; |Im z\ <
h). Then/(z) is a polynomial of degree not greater than two. The hypothesis
of the finiteness of lower order of f(z) cannot be removed.

1. Edrei [2] studied meromorphic functions with three radially distributed
values and he proved the following elegant theorem.
Theorem A. Let f(z) be an entire function. Assume that there exists an
unbounded sequence [w„}™=xsuch that all the roots of the equations f(z) = w„
(n = 1, 2, . . . ) be real. Then f(z) is a polynomial of degree not greater than

two.
We extend Theorem A and show the following.
Theorem. Let f(z) be an entire function of finite lower order. Assume that
there exist a positive number h and an unbounded sequence [w„}™=xsuch that
all roots of the equations f (z) = wn (n - 1, 2, . . . ) lie in [z; |Im z\ < h). Then
f(z) is a polynomial of degree not greater than two.
We note that the hypothesis of the finiteness of the lower order of f(z)
cannot be removed from our Theorem. In fact, Fuchs and Hayman [4, p. 81]
proved that there exists an entire function f(z), such that in the strip
A = [z = x + iy; x > 0, \y\ < it) f(z) = exp(ez + z) + 0(z~2), while
outside A,f(z) = 0(z~2) uniformly as z -» oo.
The proof of the Theorem goes in two stages: (1) f(z) is an entire function
of order at most one, (2)f(z) is a polynomial. The proof of (1) follows closely

the corresponding steps in the proof of Theorem 1 in [1]. The proof of (2) is
quite different from that of Edrei.
The author wishes to express his thanks to the referee for his valuable
advice.
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2. Lemmas. Our starting point will be the following three lemmas obtained

by Edrei.
Consider the q radii defined by
reiu\

. ..,

reiu-

(r > 0)

where 0 < w, < • • • < uq < 2m (q > 1).

LemmaA [1]. Let Ak(8) be the sector defined by
r > 1, uk + 8 < 9 < o)k+x-8

(k = 1, . . ., q), [uq+x = 2tt + <o,]

and write tr/y = oik+x — wk —28. Consider the conformai transformation
uy — u~y

-

T

, _].

s

W = —-——Uy - U Y + T = <hk
* (u)
v '

where t is a positive parameter and u = e~'ikz, ÇK= (uk + uk+x)/2. Then the
function z — e*k<¡>k(w)maps the circle \w\ < 1 onto the sector Ak(8), and we

have

r/4r~y cos(y[Ö - ft]) < 1 - |w| < oVr"?

(\z\ = r).

The following Lemma B is a modification of Lemma 1 in [1].
Lemma B. Let f(z) be meromorphic in the region {z; 1 < \z\ < +co} and
assume that for any 8 > 0 all but a finite number of the roots of the three
equations f(z) = 0, f(z) = oo, /(m)(z) = 1 (m > 0, /(0) = f) lie in the angles
|arg z — o>k\< 8 (k = 1, . . . , q). Consider the q functions defined by Fk(w) =

f(eiik4>k(w))(k=l,...,q).
m (t,Fk(w))

Then as t ^>l (0 < t < I)

= o(log y-L-),

fm)(e«>-$k(w))-

m(t,Fk(wyx)

1

= O (log -¡-^

),

)-4»rb)-

Lemma C [2]. Let G(t) be a positive, real, continuous and nondecreasing
function defined for t > t0> 0. Assume that the order p and the lower order p
of G(z) satisfy p < p (p < + oo) and let o, t be given such that p < o < t <
p. Then there exist arbitrary large values of r such that

G{r)

G(t)

G(r)

Lemma D. Let h(z) (¥= constant) be a meromorphic function affinité lower
order p, order p (< + oo), the poles of which have a positive deficiency. Then
there exists a sequence of Póly a peaks {rn} of finite order t of T(r, h) such that

p < t < p and
t <liminf
n^oo

log T(r„, h)
, V
,
logr„

(2.1)

and further there exist two positive numbers K and A such that

measure J (rn) > A
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for all sufficiently large n where

J(r„) = {9;0<9<

2m, \h(r„eie)\ > exp[K- T(rn, h)]}.

Proof. We can define a sequence of Pólya peaks {/-„} of finite order t
([i < T < p) satisfying (2.1) in view of Lemma C by a routine argument [6].
Now we shall prove that the sequence satisfies (2.2). If (2.2) were false, then
there would exist sequences e„ —»0, \„ -» 0 such that for infinitely many n

measure{0; 0 < 0 < 2ir, \h(rnei9)\ > exp[e„r(r„,

A)]) < Xn.

Using a result of Edrei and Fuchs [3, p. 322], we obtain
m(rn,h) < enT(rn,h) + 22T(2rn,h)X„[l

+ log+l/\,}.

Since {/•„} is a sequence of Pólya peaks, we have m(rn, A) = o(T(rn, A))
(n -> oo) which conflicts with the fact that the poles of h(z) have a positive
deficiency. Thus we have proved the lemma.
Using the notations of Lemma A, we prove the following.

Lemma E. Let h(z) be a meromorphic function of finite lower order p and of
order p (not necessarily finite). Assume that for any 8 > 0 all but a finite
number of the poles of h(z) lie in the angles [z; \argz — uk\ < 8) (k =
1, . . . , q) and that the poles of h(z) have a positive deficiency. Then

o > ß = sup

—--,

[ u2 - to,

. . ., ---

w9+1 - w? J

implies

m{t,h{eiHk^)))

^r

logi/d-o

= + °°{0<t<

1}'

(13)

for some integer k (1 < k < q).

Proof. Choose 8 sufficiently small such that 8 < A/2q where A is the
positive number defined in Lemma D, and such that

p > p' > y' + i), p' > p, p' < + oo

(2.4)

in view of the assumption ß < p where

y' = sup

77

7T

co2— w, — 25 '

' w?+1 — (¡}q— 28

and Tj is a positive number. If we choose a sequence of Pólya peaks {/-„} of
order p' of h(z) defined in Lemma D satisfying

lim inf
«-^oo

log T(rn, A)

,

logrn

> p',

(2.5)

then in view of (2.2) we may associate with each rn (n > n0) at least one
argument 9„ belonging to one of the q arcs defined by uk + A/2q < 0 <

uk+i ~ A/2q and such that

log|A(rne<y)| > ^

r(r„, A).
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We choose among the q sectors A,(5), .. ., Aq(8) which are defined in
Lemma A, a sector àk(8) which contains an infinity of terms of rxe'e\
r2e'92,.... Renumbering if necessary the elements of this sequence, we may
assume that all its terms belong to A^(5). Hence, using the notations of
Lemma A, we obtain

cos y[9„ - Sk] > cos(tt/2 - Ay/2q + 8y) (> 0).

(2.7)

The function Hk(w) = h(e'ik<j>k(w))is regular in the unit circle except for a
finite number of points. If we put wn = <bkl(rne'(9n~^), (2.6) becomes

log\Hk(wn)\>K-T(rn,h).

(2.8)

In view of (2.7) and the inequality of Lemma A we obtain

B

cos(tt/2 - Ay/lq + 8y)

77-T7,'n

< ! - Kl-

(2-9)

^'n

Taking tn = |w„| + (1 — |>vn|)/2, we have

mli(t„,Hk(w))+o

(log -¡-37-)

>7L^ëTlog^WI
'«

I nI

(«>«o)>

(2-10)

so that (2.8),(2.9) and (2.10)imply

m(t„, Hk(w)) + O (log -¡4-t; j > M

T{rny

(2.ii)

If the lemma were not true, then we would have

m(t,Hk(w)) = o(log j^-;).

(2.12)

Combining (2.11) and (2.12), we obtain
„,.
trl
BK T(rn)
K' log — > —¡- ——
B
4
ry
where A" is a positive number, and hence T(r„) < ry+n provided n is large
enough. Thus we have p' < y + tj < y' + t/ by (2.5) which contradicts (2.4).
This contradiction proves the lemma.
Using Lemma B and Lemma E we can prove the following Lemma 1, by
the reasonings similar to those of Theorem 1 in [1].
Lemma 1. Let f(z) be a meromorphic function of finite lower order and such
that for any 8 > 0 all but a finite number of roots of the three equations
f(z) = 0, f(z) = oo, f(m)(z) = 1 lie in the angles {z; |arg z - ak\ < 8} (k =
I, . . . ,q). Denote by r3(a,/(m)) the deficiency of the value a of the function /(m)
and assume

5(0,/) + 5(1,/-))

+ 5(oo,/) >0.

Then the order p off is necessarily finite and p < ß.
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Further we quote the following lemma which is easily proved by a result of

Heins [5, p. 70].
Lemma F. Suppose that u(z) is a subharmonic function in the finite plane
which is not negative and not identically constant. If the following conditions are
fulfilled for r > r0 (> 0): (1) inf^=ru(z) = 0, (2) the angular measure of
[u(z) = 0, \z\ = r) > <i>0 (> 0). Then the order pu of u(z) =
lim sup^^ log o-(r)/log r > tt/(2it - <b0)where o(r) = sup|z|_rw(z).
Using this lemma, we have
Lemma 2. Suppose that an unbounded region ñ is contained in an angular
region A = [z; |arg z + tr/2\ < a}. Let h(z) be an arbitrary positive harmonic
function with boundary value zero in A and let u(z) be an arbitrary positive
harmonic function with boundary value zero in ß. Extending h(z), u(z) to the
whole plane as the subharmonic functions by the standard method and denoting
them by the same notations, we have pu > ph.

Proof. By the Picard principle A(z) is represented as
h(z) = cr"/2a cos(Ö + ir/2)tT/2a,

z = rew,

where c is a constant positive value. Hence ph = it/2a.
estimated as follows by Lemma F,

Therefore p„ is

Pu > V (2w - «M > TT/2a = ph.
3. Proof of the Theorem. The genus of f(z) is not greater than one by
Lemma 1. First we assume that the genus of f(z) is one. Further we may
assume that wx = 0 and |w,| < \w2\ < • • • < |h>„|-» +oo (n -» oo). Then
f(z) may be represented as

m -x«-n(i-fMf)
where X (=£ 0) is a constant. Since the genus of f(z) is one, putting z, = rys*'
we have

Im I
Therefore/(z)

»

\r. sin 0,1

oo

i

may be rewritten as

ad - w ñ(i-!)-»((■• a).
where b = a + /'S°L|Im l/zj. We may suppose Im b > 0, otherwise we can

replace/(z) by f(z).
We consider

m

i)
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in (z; |argz + 7r/2| < a < it/2). Let K he a positive number such that
K- sin a > 2?7.Then there exists a positive number rx = rx(K) such that

'■riz)
in (z; |arg z + tt/2|

> K

Im

> z

(3.1)

< a, \z\ > rx).

Next if the genus of/(z) is zero, then (3.1) is similarly proved.
Now we can easily show that |/( —iy)\ —>+ oo as y —>+ oo. We choose n>„
such that |/(z)| < \wn\ for \z\ < rx. Let ß be the component of (z; |/(z)| >
\wn\) which contains the negative imaginary axis from some point on. If
ß C {z; |w/2 + argz|

< a < ir/2),

then putting u(z) = log|/(z)|

- log|wn|

the order of f(z) is greater than one by Lemma 2 which is impossible.
Therefore we may assume that ß n {z; \ti/2 + argz| < a) contains an arc
of a level curve y of f(z) which joins a point of the ray arg z = - tr/2 — a to
a point of the ray arg z = - 7r/2 and lies in (z; \z\ > /-,}. If the equation of
y is given in parametric form z = z(t) (0 < t < 1), then we have
„

,A.

i

dw

w

dt

*/'(*)

z\t)

m

and if we put w = \wn\e">,(-'\then we have

Hence \dé/dt\
/•i I dé

I

J0

\-j-

| at

= \zf'(z)/f(z)\.
fr

r1

dt> — l

r0 J0

dw

dé

dt

dt

|z'(r)/z|

and by (3.1) we have
K

\z'(t)\ dt> — (r0 sin a) = K- sin a > 2-n
r0

where r0 = max0<(<1|z(i)|. In view of/'(z) ^ 0 on y, as z traverses y in the
fixed direction, w traverses the circle T; \w\ = \wn\ in the fixed direction and à
increases or decreases at least K- sin a. Thus w traverses the whole of T and
in particular f(z) = wn for some point z E y. But this contradicts the

assumption of the Theorem. Hence if f(z) satisfies the conditions of the
Theorem, then f(z) must be a polynomial. Then it is easy to show that the
degree of f(z) is at most two.
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