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FREE SUBGROUPS OF NORMALSUBGROUPS
OF THE MULTIPLICATIVEGROUP OF SKEW FIELDS
A. I. LICHTMAN
Abstract. Let D be a skew field, D* its multiplicative group and H <! D*.
Then H contains a noncyclic free subgroup F, provided that there exists a
nonabelian nilpotent-by-finite subgroup G of H.

1. Introduction. Let D be a division ring, D* its multiplicative group. We
prove the following theorem in this paper.
Theorem 2. Let H be a normal subgroup of D*. Let us suppose that there
exists a nonabelian nilpotent-by-finite subgroup G of H. Then H contains a
noncyclic free group F.

The proof of this theorem makes essential use of Tits' result that any matrix
group over a field either is soluble-by-locally finite or contains a noncyclic
free group (see [1]).
We remark that it is shown in [2] that Tits' theorem is not true when the
field is replaced by a skew field: there exists a finitely generated group which
is not soluble-by-finite and does not contain a noncyclic free subgroup, but
whose group ring can be embedded in a division ring of quotients.
2. Proposition
1. Let D be a division ring which is finite dimensional over its
center Z and H < D*. Let us suppose that H is a soluble-by-periodic group.

Then H E Z*.
Proof. Since iD.Z) < oo the group H is isomorphic to a matrix group and
hence, according to Zassenhaus' theorem, there exists a maximal unique
soluble normal subgroup R of H. Since R is a characteristic subgroup of H
we obtain R <i D*. Scott proved (see [3], [4]) that any soluble normal
subgroup of D* is contained in the center. The assertion follows now from
the fact that a periodic subgroup of the group D*/Z* must be trivial (see [5]).
Lemma 1. Let D be a division ring, x, y two elements of D*, such that
1 ¥= z = y ~ xx~ xyx, zx = xz and zy = yz. Let Q be the subring of D which is
generated by the elements l,z,x,y
and L be the subring of D which is
generated by the elements I, z. Then
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(a) For any q E Q there exists a representation

q-^XuxY,

(1)

whereXklE L; k = 0, 1, . . . , / = 0, 1, . . . .
(b) The division subring Dx generated by the elements x,y

is finite dimen-

sional over its center T, provided that either

s«^y = o,

(2)

for some nonzero atj E L; or

z" = 1

(3)

for some natural n.

Proof, (a) Follows from the relation yx = zxy.
(b) Let us suppose that (2) holds. We can write it in the form

2 ß/yJ= o
j

(4)

ft-2«*,*'i

^

where

Let F be the prime subfield of D and consider the subfield P(z, x) of Dx. If
in (4) some ßj =£ 0, we obtain from (1) that dim/(73)1:P(z, x)) is finite. By [6,
Chapter VII, §9, Theorem 1] Dx is finite dimensional over its center.

Similarly, if in (5) all the ßj = 0, we obtain from this that Dx is finite
dimensional over F (z, y) and hence over T.
Suppose now that z" = 1 for some natural n. We obtain x"y = yx"; as
above Dx is finite dimensional over the subfield P(z, x",y) and the assertion

follows.
Theorem 1. Let H be a normal subgroup of D* such that 77 contains a
nonabelian nilpotent subgroup G. Then 77 contains a noncyclic free group F.

Proof. Since G is nilpotent, we can find two elements x, y such that
1 ¥= z = y~xx~xyx and zx = xz, zy = yz. Let Dx and Q be as in Lemma 1, F

be the prime subfield of D and C the ring of integers.
Suppose first that one of the conditions (2) or (3) of Lemma 1 holds. We
consider the nonabelian subgroup 77, = 77 n 73),,which is a normal subgroup of D*. Proposition 1 implies that 77, cannot be soluble-by-periodic.
Hence, via Tits' theorem, 77, contains a noncyclic free group.
We can suppose therefore that neither of the conditions (2) and (3) holds,
which means, in particular, the uniqueness of the representation (1).
We suppose therefore in the sequel that the elements x'y1, k = 0, 1, . . . ,
1 = 0, 1.are

linearly independent over L. It can also be assumed that the

subring L is an infinite noetherian domain. We therefore have the following
three possibilities.
I. F is the field of rationals, z is algebraic over F and hence L is isomorphic
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to some subring C(#) of an algebraic number field.
IL P is the field of rationals, z is transcendental over P and L is the
polynomial ring C[z].
III. P is a finite field, z is transcendental over P and L is the polynomial
ring P[z].
We show that there exists some ÍJ3-adic valuation p of the quotient field
Piz) of L such that the following conditions hold:
(i) The valuation ring L of p contains L.

(ii)p(z) = Oandp(l - z) = 0.
(iii) If Ä is the maximal ideal of L then the quotient ring L/Ä is a finite

field.
In fact, in I and III we take any $-adic valuation p of Piz) which satisfies
(ii); it follows immediately that p satisfies also (i) and (iii). In II we choose
any maximal ideal A of L such that z(l — z)\% A. The quotient ring L/A is
a field and the ideal A is generated by some prime p E C and some monk
polynomial f[x] E C[x], which is irreducible modulo (P). One can check that
the powers of A satisfy the conditions of [8, Chapter 18, §141] and therefore A
defines $-adic valuations of L and of Piz). Once more, we see that (i)—(iii)

hold.
Let Q be the subring of Dx generated by Q and L. The elements x'y'
remain linearly independent over the ring L, i.e. Q = L <S>¿Q. The subring
L[x] of Q is a polynomial ring over the noetherian domain L and Q is a skew
polynomial ring over L[x]. Hence, Q is a noetherian ring.
Now let iA) = {q E Q\q = I,ak,xky', akl E Ä). We see that iA) is an
ideal in Q and we will prove that iA) is prime.
Indeed, let us assume that there exist elements qx and q2 of Q such that
qxq2 E iA) and q¡ HA), i = 1, 2. We order lexicographically the products
x^y' and write q¡ = q¡ + r¡, i = 1, 2, where the leading term of ri is a^y1',
a¡ & A and all terms in q¡ have coefficients in A. Thus, qxq2 = q' + rxr2,
where q' E iA) and the leading term of rxr2 is axa2zki'<xk,+ky'i+'2. But

qxq2 E iA) implies axa2zk2'<E A. Since A is maximal and z g A, we obtain
axE A or a2E A which is a contradiction.
Let M be the complement of iA) in Q. We shall prove that the set M is a
right denominator set in Q: M is multiplicatively closed (because iA) is
prime); for any two elements m E M, r E Q, there exist mx E M, rx E Q

such that

rmx = mrx,

(6)

and rm = 0 or mr = 0 implies r = 0 (see [7, §0.5]).
Indeed, (2 is a noetherian ring without zero divisors and therefore has a
right ring of quotients (see, for instance, [7].) Thus, two elements mx, r E Q
can be found such that (6) holds; we only need to prove that mx can be

chosen in M.
Let us suppose that in (6) mx E iA), i.e. m, = Sp^x'y',
is prime and m & iA), we obtain

pkl E A. Since (/I)

rx E iA), i.e. rx = 1,yrsxrys, yrs E A. More-

over, let w be any element of the ideal A such that pi<n) = 1, and ti" in > 1) is
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the greatest common divisor of the elements ¡xkl, i.e. mx = ir"m', where
m' E M. From (6) we now obtain that tr" is a common divisor of the
elements yrs. Hence, cancelling m" from both sides of (6), we obtain

rm' = mr',

m' E M,r' E Q,

(6')

which means that M is a right denominator set in Q.
Consider now the right quotient ring Qm °f Q Wltn respect to M. Any
element h E QM has the form h = (q, m) where q E Q, tn E M, and we see
that h is invertible in QM ^ q E M. This implies that the set B of noninvertible elements of Qm is an ideal, and B n Q = (A); moreover, the quotient

ring Q = QM/B is a divisionring.
Now let 77 = 77 n QM- We see that 77 is a normal subgroup of the group
of units of QM. If 77 means homomorphic image of 77 under the natural
homomorphism m of QM onto Q, we obtain from the fact that QM is a local
ring, that 77 is a normal subgroup of the group 73)*.
We prove now that 77 contains a noncyclic free subgroup N; this fact will
imply that 77 contains a noncyclic free subgroup F.
Indeed, let x = <p(x), y = q>(y) and let K be the division subring of Q
generated by the elements x, y. We have
yx = zxy;

z = <p(z).

On the other hand, the linear independence of the elements x*y' over L

implies that (A) n L = Ä; hence B n L = (B n Q) n L = (A) n L = A~.
The choice of the valuation p now implies that z is a nonidentity element of
finite order. By Lemma 1 K is finite dimensional over its center.

Finally, let 77, = 77 n K*. Then 77, < K* and x, y E 77,. Since z # 1, Hx
is a nonabelian group. Proposition 1 now implies that 77, cannot be
soluble-by-periodic and, according to Tits' theorem, 77, contains a noncyclic
free group N. As was mentioned above, this implies that there exists a
noncyclic free group F E 77, which completes the proof.
3. Proof of Theorem 2. Let G be a nonabelian subgroup of 77 for which
there exists a nilpotent normal subgroup Gx of G such that G/Gx is finite. By
Theorem 1, it may be supposed that G, is abelian.
We consider now the division subring Dx, which is generated by Z and G.
If now Z(GX) means the subfield generated by G, and Z, we obtain, as above,
that dim,(73),: Z(GX)) is finite and Dx is finite dimensional over its center.

Let 77, = 77 n 7),. Then 77, <¡ D* and G E 77,. Hence 77, is nonabelian
and therefore cannot be soluble-by-finite; as above, we conclude that there
exists a noncyclic free group F E 77,.
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