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ON THE ALEXANDER POLYNOMIALS OF CERTAIN
THREE-COMPONENT LINKS

MARK E. KIDWELL

Abstract. Let L be a three-component link all of whose linking numbers

are zero. Write the Alexander polynomial of L as à(x,y, z) = (1 - x)(\ —

y)(l — z)f(x,y, z). Then the integer |/(1,1,1)| is a perfect square.

In 1953, Torres [7] gave necessary conditions for a polynomial to be the

Alexander polynomial of a link. These conditions have never been proved

sufficient, even though the question has appeared on at least two important

lists of knot and link theory problems ([3, p. 168, no. 2], [2, p. 218, no. 15]). In

this paper, we give a new condition for a polynomial to be the Alexander

polynomial of a three-component link, all of whose linking numbers are zero.

According to the Torres conditions, the Alexander polynomial of such a link

can be written

A(x,y, z) = (1 - x)(l - y)(l - z)f(x,y, z).

We prove that the integer |/(1,1,1)| is a perfect square, and then give a class

of examples to show that |/(1,1,1)| can be any perfect square.

Unfortunately, there are also three-component links with one nonzero

linking number whose Alexander polynomials are divisible by (1 — x)(\ -

y)(l - z), and in which |/(1,1,1)| is not a perfect square. Thus we have not

shown that the Torres conditions are insufficient in general, but only in the

presence of a restriction on the linking numbers.

The author would like to thank William Massey for his generous contri-

bution to the discovery and proof of this theorem, and to thank the referee

for raising an interesting question.

1. The main theorem. Seifert [6] gives an algorithm for spanning an

orientable surface in any knot. He then represents this surface as a disk

with 2h bands attached, where h is the genus of the surface. From this

representation, he constructs the Seifert matrix, whose determinant is the

Alexander polynomial.

Hosokawa [4] (as well as Torres [7]) extends this procedure to links and

their reduced Alexander polynomials by adding p — ! new bands to the

above-mentioned disk and p — 1 new rows and columns to the corresponding
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matrix, where p is the number of components in the link. (See Figure 1.) In

the case of a three-component link, Hosokawa's matrix is

M =

»i,i(l - 0 »uO - t) + t
«1,2(1 -0-1   v2i2(\ -/)•••

Ü2A + 1,1

2/i + 2,l

V2h+X,2

v2h + 2,2

J\,2h +.(i-')

»12A+l(l  - f)

JX,2h

u2,2h

+2(i - 0

+ 2(1  -  0

V2h + X,2h+X

V2h + 2,2/1+1

^2/1+1,2/1 + 2

ü2/r + 2,2/i + 2

The üy are overcrossing numbers of the center lines a,, . . . , a2A+/1_, of the

bands in the Seifert surface. The overcrossing numbers satisfy the symmetry

relations [4, p. 276]

°«v = vjj = lk(öf. aj)   if a¡ n a, =0,

u2*-l,2* = ü2*,2*-l +   1. 1  <  & < A.

The determinant of M, for a three-component link, is A(í,í,í)/(1 — 0-

Figure 1

If the link L = A, u A2 u A3 has all its linking numbers equal to zero,

then v2h+x2h+x = v2h + x¿h+2 = v2h+2M+2 = 0. (Other overcrossing numbers,

such as o, 4 in Figure 1, can be nonzero, because both edges of the first band

belong to A, and they are oppositely oriented.) Hence there will be a

two-by-two block of zeros in the lower right-hand corner of M. We can then

factor (1 - /) from the last two columns of M to obtain a matrix M' whose

determinant is f(t,t,t).

Theorem 1. Let L be a three-component link all of whose linking numbers

are zero. Write the Alexander polynomial of L as A(x,y, z) = (1 — x)(l — y)(l

- z)f(x,y, z). Then the integer |/(1,1,1)| is a perfect square.

Proof. Replacing t by 1 in the upper left-hand portion of the matrix M'

changes the entries immediately above the main diagonal to +1, those

immediately below the main diagonal to  — 1, and all other entries to 0.
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Multiplying the bottom two rows by — 1 produces a skew-symmetric, even-

dimensional matrix with integer coefficients. The determinant of such a

matrix is a perfect square [1, Theorem 3.27, p. 141].   □

2. Examples. Figure 1 illustrates a class of three-component links with all

linking numbers zero. The overcrossing number t;23 can be an arbitrary

integer, while vx 4 = ±1 and vX3 = v2A = 0. The Hosokawa matrix, with

factors of (1 — 0 removed and t set equal to 1, is

0          1 0 ± 1
- 1        0 u2)3 0

0 -ü2j3 0 0     •

.+1        0 0 0

Its determinant is ± ü|3. Thus |/(1,1,1)| can be any perfect square.

The link 85 from the table of Rolfsen and Bailey [5, p. 426] has linking

numbers (± 1,0,0) and Alexander polynomial

A(x,y,z) = (1 - x)(l -y)(l - z)(\ + xy).

Thus |/(1,1,1)| = 2, and the restriction on linking numbers given in Theorem

1 is essential.

Addendum. The referee of this paper has reasonably asked what can be said

about links of other multiplicities. If a link L has p > 2 components and

Hosokawa matrix M, then [4]

detM = à(t,t,t)/(l - iy2.

If all linking numbers of L are zero, there is a (p — 1) X (p - 1) block of

zeros in the lower right-hand corner of M. Thus

detM = (1 - i)""'detM',

where M' is obtained from M by deleting factors of (1 — r) from the last

(p - 1) columns. If g(t) = det AT, then g(l) can again be considered the

determinant of a skew symmetric integer matrix N. If p is even, the dimension

of N is odd, and g(l) = det N = 0. [det N = det(NT) = det(-N) =
(_1)dim/vdetAr= _det/V]  -Thy,,  (j _ ,)  divides g(t).  If p is  odd,  the

dimension of N is even, and g(l) is again a perfect square. Adding up factors

of (1 - /), we have:

Theorem 2. Let L be a link of p > 2 components with all linking numbers

zero. If p is even, then A(t, . . ., t) is divisible by (1 - if*~2. If p is odd, then

A(f, . . . , t) = (1 - t)2,i~3f(t, . . . ,t), where |/(1, . . . , 1)| is a perfect square.

Note that if p = 2, this theorem is an immediate consequence of the Torres

conditions.
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