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/c-REGULAREMBEDDINGS OF THE PLANE
F. R. COHEN1 AND D. HANDEL
Abstract. A map/: X -> R" is said to be ^-regular if whenever xx,... ,xk
are distinct points of X, then f(xx),. .. ,f(xk) are linearly independent.
Such maps are of interest in the theory of Cebysev approximation. In this
paper, configuration spaces and homological methods are used to show that
there does not exist a A:-regular map of R2 into /{2*-«(*>-' where a(k)
denotes the number of ones in the dyadic expansion of k. This result is best
possible when A:is a power of 2.

1. Introduction. Let k < n be positive integers. A continuous map /:
X ^> R" is k-regular if whenever xx, . . . , xk are distinct points of X, then
/(x,), . . . ,f(xk) are linearly independent.
Example 1.1./: R -> Rk given by/(i) = (1, t,t2,. . ., tk~x) is ^-regular, as
is seen by the nonvanishing of the Vandermonde determinant.
Example 1.2. /: 7?2 = C^ F2*"1 = 7? X Ck~x given by f(z) =
(1, z, z2, . . . , zk'x) is Ä>regular.
k-regular maps are of relevance in the theory of Cebysev approximation.
The connection is as follows: Let AT be a compact subspace of some
Euclidean space, and suppose/,, ...,/„ are continuous, linearly independent
real-valued functions defined on X. For an arbitrary continuous g: X —>R, let
9>( g) denote the set of best approximations to g by linear combinations of
/,,...
,/„, i.e. if F denotes the «-dimensional vector space of functions
spanned by the/ and mg = inf/e/. suvxex\g(x) - f(x)\, then <$>(g) = {/ G
F: supxeA-| g(x) —f(x)\ = mg). Then the following theorem holds:

Theorem (Haar-Kolmogorov-Rubinstein).
For every continuous g: X -»
R, the dimension of the set <$>(g) is < n — k if and only if (/,, . . . ,/„):
X -» R " is k-regular.

For a proof see [9, pp. 237-242].
For example,/ = (/„ ... ,/„): X-» Rn is «-regular if and only if/,, ...,/„
form a Haar system on X, i.e. det(/(x,)) ^ 0 whenever x,,. . ., x„ are
distinct points of X. This is the case if and only if every continuous g: X —>7?
has a unique best approximation by linear combinations of the/.
Work on existence and nonexistence of Ä:-regular maps by nonalgebraic
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topological methods appears in [1], [2], and [6]. For example, in [1], the

following is proved:
Theorem 1.3 (Boltjansktï-Ryskov-Saskin).
RN exists, then N > (n + \)k.

If a 2k-regular map of R" into

In fact, if /: R" -» RN is 2zV-regular, then if Ex, . . . , Ek are pairwisedisjoint zz-discsin R", the map g: F, x • ■ • x Ek x (R - (0})* -+ RN given
by g(xx, . . . ,xk; tx, . . . ,tk) = 1,itJ(xi) is injective, and so .A cannot be less
than the dimension of the space on the left.
In [5], homological methods, using configuration spaces, are used to get a
nonexistence result. The present paper uses a variant of the method of [5],
together with results on the cohomology of configuration spaces of R"
obtained in [3], to prove the following:
Theorem 1.4. There does not exist a k-regular map of R2 into R2k~a^~l
where a(k) denotes the number of ones in the dyadic expansion of k.

Note that 1.4 gives an improvement over 1.3 in case zz = 2. When k is a
power of 2, Example 1.2 shows that 1.4 is best possible.

2. Equivariant maps from configuration spaces to Stiefel manifolds. If .X is a
topological space, let F(X, k) denote the zVthconfiguration space of X, i.e. the
subspace of A"* consisting of all ordered ^-tuples of distinct points in X. Let
Vk(RN) denote the Stiefel manifold of linearly independent (not necessarily
orthonormal) k-frames in RN. The symmetric group ~2kacts freely on F(X, k)
and Vk(RN) by permuting factors: o(yx, . . . ,yk) = 0>o-.(1)>. . . ,ya->{k)), o E
2/t, O,, ...,yk)E
F(X, k) or Vk(RN). A zc-regular map/: X ^ RN yields a
1k-equivariant map g: F(X, k) -> Vk(RN) given by g(xx, . . . , xk) =

(f(xx),...,f(xk)).
2A acts orthogonally on Rk by permuting factors. Thus we obtain real
zc-planebundles

F(X,k)XXtRk^F(X,k)/2k
and
Vk(RN)XztRk-»Vk(R»)/Zk.

Proposition

2.1. There exists a ^-equivariant

map F(X, k)^> Vk(RN) if

and only if the k-plane bundle F(X, k) X^ Rk -> F(X, &)/% admits an
N — k-plane inverse.

Proof. If such an N — zc-plane inverse existed, there would exist a map /:
F(X, k) X2t Rk —>RN whose restriction to each fibre is an Rmonomorphism.
Then g: F(X, k) -» Vk(RN) given by g(x) =
(f(x, ex), . . . ,f(x, ek)), where ex, . . . ,ek is the standard basis of Rk, is

2,. -equivariant.
The converse follows from the fact that Vk(RN) x2 Rk -^ Vk(RN)/2Zk

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

/c-REGULAR EMBEDDINGSOF THE PLANE

203

admits an N - A>plane inverse. In fact, /: Vk(RN) X2 Rk -* RN given by
f(yx, . .. ,yk; tx,. .., tk) = 2, /¿y, is well defined and its restriction to each
fibre is an 7?-monomorphism.

Corollary
2.2. If a k-regular map X -» RN exists, then F(X, k) X ^ R k ->
F(X, k)/1.k admits an N — k-plane inverse.
Corollary
2.3. If X admits a Haar system /,,...
,/„, then the bundle
F(X, n) X2n R" -> F(X, «)/% is trivial as an Rn-bundle with group 2B.

3. Proof of Theorem 1.4. Write P2k for the vector bundle F(T?2, k)xXkRk
-> F(R2, k)/?,k. By [4, Theorem 1], the Whitney sum of two copies of F2>*is
trivial, and so w¡(P2k) = w¡(P2k) for all ». Thus 1.4 will follow from 2.2 and
the following:
Theorem 3.1. wk_a{k)(P2k) * 0.

Lemma 3.2. Let k be a power of 2. Then wk_x(P2k) ^ 0.
Proof of 3.2. All homology and cohomology groups are with Z/2Z
coefficients. Let p: 732^.—>BO(k) be induced by the regular representation
2^ -> O(k). The following composite is a classifying map for P2k:

F(R2, k)/Vk°-X F(R°°, *)/24 » BZkA T30(*)
where R°° = inj lim„ R" and ak = inj lim„ank where ank is given in [7, p. 35].
Let <2„ denote the little «-cubes operad with CnX the associated
construction given by J. P. May [7, p. 13] Q„(j) is equivalíantly homotopically equivalent to F(R",j) and by [7, p. 36], the following diagram commutes:

e^/s,

% ex(k)/zk

F(R2,k)/^k

°-XF(R°",k)/-Zk

where the top ak = inj lim„ ank, g2 is a homotopy equivalence, and g =
inj lim„ g„ is a homotopy equivalence. Note that CnS° = H->0ß„(/)/2and
that the map ak, on the level of little cubes, is precisely the map a:

C2S°^>CXS°, a = inj lim„ a„ (by [7, Theorem 5.2]), restricted to the £th
component. We use the observations to compute ok in homology.
Let [1] denote the element in H0(S°) represented by the non-base-point. By
[3, §3], H^(CnS°) is given in terms of Dyer-Lashof operations on [1].

Let k = 2' and consider the sequence I = (2'"\ 2'"2, .. ., 2,1). By [3,
§§1,4], the element Q'[l] is defined in H^C^*) and by the filtration
arguments given there, we see that Q'[l] E HJß^fk)/^).
Since a is a
morphism of Q^-spaces, we have the formula ok,Q'[l] = Q'[\\.
By [8, Theorem 4.7], (p*wk_x, Q'[l\) = 1 where < , > denotes the Kronecker index. Hence
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=<p*^_„e/[i]>
=i
and so wk_x(P2k) = okp*wk_x ^ 0.

Proof of 3.Í. Write k = 2°f j/(z) where/(0 = 2n(,),zz(l) < zz(2)< • • • <
zz(a(zc)).We have a map of zt-plane bundles/: P2jW X • • • X F2]/(a(A.))-»F2,.
as follows: Choose pairwise-disjoint open discs Ex, . . . , Fa(Jt)in R2. Then we
can regard P2J(i) as

F(iw(0)

XSjWR*» -> F(F,,/(z'))/2y(/).

Define/by
/((*i>

üi)> ■ • • ' (*aU),

«„(*)))

= (x„

. ..,

xa(Ä:); ü„ . . ., va(k))

(xi,vi)EF(Ei,j(i))x^R^.
Note that for any/, Wj(P2J) = 0 since F2t/ admits the nowhere-zero section
(x)\-+(x; 1, . . . , 1). Hence
f*Wk-a(k)(P2,k)

= Wk-a(k>{Plj(l)

X • • • X P2J(a(k)))

= ^(l)-i(^(o)

x • • • x ^(„(^-liFj^^^)))

t^O,

completing the proof.
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