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RINGS WITH SUBEXPONENTIAL GROWTH AND

IRREDUCIBLE REPRESENTATIONS

RONALD S. IRVING

Abstract. Some monoids and algebras are constructed with growth which

is subexponential but not polynomially bounded. The algebras have homo-

morphic images which are primitive with polynomially bounded growth, but

which do not satisfy a Nullstellensatz-type of property.

I. Introduction. Let A be an algebra generated over a field k by a finite set

X. Let An be the subspace of A spanned by all words in X of length less than

or equal to n. We associate to A the growth function

gA(n) = dimkA„.

Definition, (i) A has exponential growth if lim gA(n)x/" > 1. Otherwise, A

has subexponential growth.

(ii) A has polynomially bounded growth if there exists a polynomial p such

thatg^n) < p(n) for all «.

As noted in [9], these definitions are independent of the generating set, and

the limit in (i) always exists.

Let M be a finitely generated monoid. Then a growth function can be

associated to M in a similar way, with gM(n) equal to the number of distinct

words of length < n. Equivalently, the growth function is the one associated

to the monoid ring k[M], for any field k.

Work of Milnor, Wolf, Bass, and Guivarc'h has shown that a solvable

group G with subexponential growth is a finite extension of a nilpotnet group,

and that such a group has polynomial growth [2], [3], [7], [10]. It is conjec-

tured that any group with subexponential growth is nilpotent-by-finite, and so

has polynomial growth. Recently, M. Smith proved that enveloping algebras

of certain infinite-dimensional Lie algebras have subexponential growth

which is not polynomially bounded [9].

In this paper, we construct a monoid and some algebras whose growth is

subexponential but not polynomially bounded. The algebras are of additional

interest because they do not satisfy a statement we call the Nullstellensatz:

Definition. An algebra A over a field k satisfies the Nullstellensatz if, for

any irreducible A -module V, the division algebra End^ V is algebraic over k.

It is known that any finitely generated algebra over an uncountable field

satisfies the Nullstellensatz. For arbitrary fields, any finitely generated Pl-al-

gebra satisfies the Nullstellensatz [1], as do group rings of polycyclic groups
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[6] and enveloping algebras of finite-dimensional Lie algebras [8]. Note that

these last two families are noetherian. Moreover, the previously constructed

counterexamples have exponential growth (cf. [5]). This suggests that ap-

propriate conditions which limit the "size" of an algebra over a field might

imply the Nullstellensatz. But our examples show that subexponential growth

is not such a condition. In fact, we construct a counterexample to the

Nullstellensatz which has polynomially bounded growth. In addition, we have

recently constructed a finitely generated noetherian algebra over any alge-

braic extension of a finite field which does not satisfy the Nullstellensatz.

II. The monoid.

Theorem 1. Let M be the monoid generated by x and y, and satisfying the

relations;

x2 = x,       xyaxybx = xybxy"x,   for all a, b > 0.

Then M has subexponential but not polynomially bounded growth.

Proof. The defining relations on M imply that any word in M can be

written uniquely in the form:

yaxy'[xy'2x • • • xy'mxyb   oryc

where a, b, c, and m are greater than or equal to 0, and 0 < /', < i2 < • • •  <

'«•

Let p(n) be the standard partition function, and let g = gM. Define q(n) to

be the number of choices of integers 0 </,<•• •  < im such that

1 + i, + 1 + • • • + im + 1 = n

for n > 1, and set q(0) = q(l) = 1. Then q(n) is the same as the number of

partitions of n — 1 by integers larger than 1, from which we see that

q(n) = p(n - I) - p(n - 2). (*)

Let Ag denote the first difference of the growth function g, so that Ag(n) is

the number of words of length n. Then

*g(n) = 2 (l + l)q(n - i) + 1.
i-O

To obtain this formula, notice that for each fixed i < n — I, there are i + 1

ways to choose (a, b) so that a + b = i, and the remaining possibilities for a

word of length n correspond to the choices that are counted by q(n — /).

We can now compute that the second difference is:

A2g(n) = Ag(n) - Ag(n - 1) - ¿ q(i).
i-l

By (*)» we deduce that A2g(n) = p(n — 1).

It is well known that the partition function has subexponential growth, but

is not polynomially bounded. This follows from the famous asymptotic

formula:
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p(n) — eA^/4nVI ,

where A = irV2/3 . Since the first and second differences of g are all

nonnegative, g(n) > à2g(n), so g cannot be polynomially bounded. That g is

still subexponential follows from the following lemma:

Lemma. f(ri) has subexponential growth if and only if A/(/i) does.

For a short proof using generating functions, see [9].   □

III. The algebras. Our algebra construction will be somewhat different, so

that we can construct the desired irreducible representation. Let K be a field,

and let T = (nx < n2 < n3 < . . . } be a strictly increasing set of positive

integers, not necessarily infinite. Let A be the algebra generated over K by x

and.y, and satisfying the relations

x>-ax = 0,       a G Tanda > 0,

xyaxybx = xybxyax,       a, b E T.

Notice in particular that x2 = 0.

A #-basis for A consists of monomials of the form

yaxy''x • • • xy'^xy* or yc

where a, b, c, and m are greater than or equal to 0, and 0 < /', < /2 < • • • <

im, with each /, G T. If T is taken to be the set of positive integers, then the

growth function for A is identical to the growth function for the monoid ring

K[M]. So A has subexponential but not polynomially bounded growth. More

generally, we prove:

Theorem 2. If T is finite, of cardinality r, then A has growth bounded above

and below by polynomials of degree r + 2. If T is infinite, then A has

subexponential but not polynomially bounded growth.

Proof. Let 7" be the set of integers {m. + 1: /i- G 7}. Let us associate to

7" the restricted partition function p(n, T'), which counts the number of

partitions of n, all of whose summands lie in 7', and setp(0, 7') = 1. Then

the first difference of the growth function g is

Agí» = g(n) - g(n - 1) - 2 (i + l)p(n - i - I, T) + 1.
i = 0

One sees this just as in the proof of Theorem 1. It follows that the third

difference is A3g(/i) = p(n - I, T').

For any choice of 7, we have p(n, 7') < p(n), so A3g has subexponential

growth. Therefore A has subexponential growth, by the lemma of Theorem 1.

Assume that 7 is infinite, and let Tr = {«,,..., nr). Then the algebras

A(Tr) are images of the algebra A = A(T). As a result, if the first statement

of the theorem is true, A cannot have polynomially bounded growth.

We may assume then that 7 = Tr for some r. The generating function for

p(n, T) is
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F(t)= n 0 - r*-*-')-1.
( = 1

and since/»(n, T') = A3g, the generating function for g(m) is (1 - ty3F(t) =

G(t). Let /i be the least common multiple of the n¡ + 1, and let cx,

c2> • • • > cn + ■■ ■ +n, De an enumeration of all the (/j, + l)st roots of unity other

than 1, for /' = 1, .. ., r. Then

G(/)=l/(l-fr3II(l-c,7).
j

The basic theorem for rational generating functions [4] implies that there are

polynomials Pj, each of degree < r — I, and a polynomial P of degree r + 2

such that

g{m) = S P¿m)c,m + P(m).
j

Hence for each 1 < k < n, we find that on the set {in + k), g acts as a

polynomial of degree r + 2. This proves the theorem.

IV. The representation. Let R be any countably infinite domain, with field

of fractions K, and let V be the AT-vector space with basis u0, vx, .. . . We shall

choose the set T to be any infinite set satisfying the condition

ni+\ ~ ni > n¡ ~ ni-\   f°r all ' > 1- (*)

Let A be the ÄT-algebra associated to T, as in the previous section, and let B

be the subring of A generated by R, x, and_y.

We make V into an A -module as follows:

x • vm = 0   if m £ T,   and

x-vn¡ = a¡v0,

where the a¡ are nonzero constants in K.

Theorem 3. The vector space V is an irreducible A-module. If the elements a¡

are chosen to enumerate K — R, then V is irreducible as a B-module.

Proof. Let v E V be a nonzero vector. Then for some i, the vector y 'v

involves only one vn non trivially, because of condition ( * ). The vector xy 'v

is a nonzero multiple of v0, and it is now clear that A • v = K To see that

B ■ v = V, it suffices to show that B • v contains K • vQ. We already know that

B ■ v contains a ■ t>0 for some a =£ 0 in K. The vector xy"1 • av0 = aa¡v0 and

since the a¡ include all inverses of elements in R, we find that

K • v0 c B ■ av0 C B - v,

as desired.   □

In the representation above, no nonzero element of R annihilates V, which

shows that B does not satisfy what we call the strong Nullstellensatz:

Definition. An Ä-algebra A satisfies the strong Nullstellensatz if, for any

irreducible A -module M, the prime ideal R n arm F is a maximal ideal.
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In particular, let k be a countable field, and set R = k[t\ Then B does not

satisfy the Nullstellensatz as a ^-algebra. We now claim that as a /c-algebra, B

has subexponential but not polynomially bounded growth. In fact, B has the

same growth function as a /c-algebra that A[t] does as a ÄT-algebra. The

growth function of A[t] has gA as its first difference, and so the claim follows.

Continuing with this example, let us assume that R = k[t], with k a

countable algebraically closed field, and let the elements a, equal (/ - dj)~x,

for some enumeration dj of the elements of k. Then the associated module V

is still irreducible over B. Let / be the annihilator of V.

Theorem 4. The k-algebra B/1 has polynomially bounded growth and does

not satisfy the Nullstellensatz.

Proof. The Nullstellensatz does not hold because / n k[t] = (0). So t is a

transcendental element in the endomorphism ring of V. It remains to show

that B/I has polynomially bounded growth. Observe that for any word

w = xy''x ■ ■ ■ xy 'mx with the if s in 7, and distinct, we have

*"«•,- %ah ■ ■ ■ aLa, -v0   ifs = n,ET,

= 0   if í € 7.

The element a¡ • ■ ■ a¡  = njL,(/ - d¡)~x can be written via partial fractions

as SJL xbjai for some elements bj in k. Then

w "O, = (   2  bjaijja'V0'

which is the same as

I 2 bjxyixl-v,.

Therefore I contains the element

m

w - 2 bjXy'Jx.
/-I

A similar argument, using partial fractions, shows that in B/I, any word of

the form xy'[x ■ ■ • xy'mx is equal to a /c[i]-linear combination of words of the

form xyl'xy''x ■ • ■ xy''x. This implies that as a ft-vector space, B/I is spanned

by words

{tyaxyrxyrx- ■ ■ xyrxyb: i,a,b > 0; r G 7} u {í>axy*} U {tya}.

We can eliminate more monomials, but it is unnecessary. For the above set

has growth function bounded by a polynomial, and so B/I has polynomially

bounded growth.   □
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