PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 73, Number 3, March 1979

AN EXTREMAL PROBLEM FOR POLYNOMIALS
WITH A PRESCRIBED ZERO. 11

Q. I. RAHMAN AND G. SCHMEISSER

ABSTRACT. Improving upon an earlier estimate it is shown that if p,(z) is a
polynomial of degree at most n such that p,(1) = 0 and max,,|p,(2)| < 1,
then |p,(0)| < 1 — (1.03369)/n + O(1/n?).

Let &, be the set of all polynomials p,(z) of degree at most n satisfying
Px(1) = 0 and max, | p,(z)| < 1. The problem of determining
p(n) = sup |p,(0) (1
Pa(2)ED,
was raised in [3, p. 364, Problem 8.2]. Its solution would have applications in
the power sum theory of P. Turan.
It is known that there exist positive constants c¢,, ¢, such that

1=c¢/n< p(n) <1-c,/n;
hence for large n there is a best possible estimate
p(n) <1 —c/n+o(1/n), )
where
c=lim n- (1 - p(n)

n—oo

is an absolute constant.
The first upper estimate which appeared in print [S] was

1 [ sin® u
¢ < - f_w log(l )

w2
Subsequently we showed in [4] that

c<7%/8=123370....

Various ways of arriving at a lower estimate for ¢ are known, but none of
them leads to anything better than ¢ > 1. For example, if p,(z) € 9, then by
an inequality of Callahan [1]

1/2
(51; j;zwlpn(ei”)|2d0) < ( - : 1 )'/2’

Received by the editors October 16, 1977 and, in revised form, May 30, 1978.
AMS (MOS) subject classifications (1970). Primary 30A06; Secondary 26A82.
Key words and phrases. Extremal problem, polynomials with a prescribed zero.

© 1979 American Mathematical Society
0002-9939/79/0000-0118/$02.00

du =255132....

375



376 Q. I. RAHMAN AND G. SCHMEISSER

whereas by a result in [2, Corollary 3]

1/2 . /2
0 <(727) (% [ |pn(e"’)|2do)l ,

so that

n__qy_1 1
p(n)<n+l—l n+0(n2).

We would arrive at the same estimate if we used the formula

1 S i2mv/(n
PO =7 2 (e 3)

and took into account the fact that the term corresponding to » = 0 vanishes.
For this reason several people were inclined to believe that ¢ in (2) may in
fact be equal to 1. The purpose of this paper is to show that c is certainly
larger than 1. Indeed, we have the following

THEOREM. For the constant c in (2) the lower estimate ¢ > 1.03369 ...
holds.

PROOF. It is easily seen that there exists a polynomial p*(z) € &, such that
p(n) = p;(0) > 0.

Now let /,(z) be the fundamental functions of Lagrange interpolation with
respect to the points e where

—  2m -
6, = P (r=0,1,2,...,n),
ie.
n+1 1

1 - —i
h(2)=—5 =7 L@ =k ™) (¢=12...n ¥

Then p¥(z) may be represented as

P =3 pre®),(2).

y=0

Now let us write p¥(z) in the form

Pr(2) = q,(2) + r,(2), )
where
e~ _ 1 z"ti—
qn(z)’_ vgl Iv(z)—]_n_',] z—1 2
n@ = 3 81
and

8, =pr(e”) -1 (6)
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Next we observe that
(0)= X l)P=1 ¥

In fact, ¢(0) is a trigonometric polynomial of degree at most n which, because
of (4), has a period of length 27 /(n + 1). Considering the Fourier series
development of #(8/(n + 1)) we readily see that () must be a constant, and
hence () = 1(0) =

Using the Cauchy-Schwarz inequality in conjunction with (7) we obtain

i 172
i0 2
Jmax |r,(e >|<(2|8,1) .

v=1

Thus, from (5) we get

n 1/2
1 > max |p} ()] > max |g,(2)] - ( 2 m’) ,

v=1

and consequently

n 1/2
( 2 I&I’) > max|g,(2)] ~ 1. ®)

By a simple geometric consideration we deduce from (6) that
Rep?(e®) < 1 - [8,2/2.

1 & 1,2
n+1 2(1_ 2

v=1
<1—1——(”,|qn(z)| 1)+ o) ©

n

Hence (3) and (8) give us

i0,

p(n) = pr(0) =

Finally, taking a = 4.085573885 we obtain by a numerical calculation

ey = ((1- sme ) (Lzmma ) 7o 1)

= 1259590522 . .. + o( % )

Using this value as a lower estimate for max,..,|¢,(2)| in (9) we arrive at the
desired result.
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