
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 77, Number 1, October 1979

STIFFNESS OF HARMONIC FUNCTIONS

CECILIA Y. WANG1

Abstract. Harmonic functions cannot change rapidly. For example, if K is

a compact subset of a Rie mann surface R and {"} a family of harmonic

functions u on R of nonconstant sign on K, then it is known that there exists

a constant q G (0, 1) independent of u such that max^lul < q supÄ |u| for

all u G {u}. In the present note we shall show that relations expressing such

"stiffness" of harmonic functions can also be given for the Dirichlet norm

and for the partial derivative with respect to the Green's function.

1. In the theory of harmonic functions, the significance of local distortion

theorems, such as the above q-hemma, lies in the fact that they are needed to

establish the existence of global functions. Typically, Harnack's theorem,

which gives the existence of a global harmonic function, is proved by

Harnack's inequality, a local distortion theorem. Another example is the

existence problem of the Evans-Selberg potential on arbitrary parabolic

Riemann surfaces. This global problem was open for some three decades until

M. Nakai [2] succeeded in solving it in the affirmative; one of the tools in his

pioneering proof was the above local ly-Lemma.

2. Let R be a Riemann surface and u a function on a set F c R. The

Dirichlet integral of u over F is, by definition,

Df(u) ~ I Igrad m|2 dx dy.

Denote by H(F) the class of harmonic functions on F. We shall show that the

Dirichlet integral is restricted by the following distortion theorem:

Theorem 1. For any compact subset K of a Riemann surface R, there exists a

constant qD G (0, 1) such that

DK(u) < qDDR(u) (1)

for all u G H(R).

Proof. Given any z0 G R, it suffices to establish (1) for the class

HX(R )={uEH(R )\DR(u) = 1, u(z0) = 0}

of functions. Suppose (1) is not true for HX(R). Then there exists a sequence

{«„} C HX(R) such that DK(un)1l. Since the DR(un) and un(z0) are bounded,

{«„} is a normal family. By choosing a subsequence of {«„} if necessary, we
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may assume that un -» u G H(R) uniformly on compact subsets. Clearly

DK(u) = 1 and u G HX(R). This means that

dr-k(u) = f      |grad "|2 dxdy =0.

Thus Igrad u\2 = 0 on R — K, hence on /?, and we have DR(u) = 0, a

contradiction.

3. In addition to the Dirichlet integral of a harmonie function, it is also

important to estimate the rate of growth of a harmonic function, for instance,

in terms of directional derivatives. However, such derivatives are not defined

on abstract Riemann surfaces, as they are not invariant under changes of

local coordinates. The difficulty can be avoided by considering the relative

rate of growth of a harmonic function with respect to a fixed reference

function, e.g., the harmonic Green's function.

Let R be a compact bordered Riemann surface with border ß. Fix a point

z0 in the interior R of R such that the Green's function g = g(-, z0) with pole

z0 satisfies grad g( ■, z0) ¥= 0 on ß.

Theorem 2. Let c E (0, oo) be a constant such that grad g(-, z0) =£ 0 on the

level line

Kc = {z E R\g(z, z0) = c, 0 < c < oo}

of g. Then there exists a constant q0 G (0, 1) such that

du du
—  < q0max —
dg ß     dg

for all u G H(R) n CX(R).

Proof. It suffices to consider nonconstant functions u E H(R) n CX(R),

as a constant u would trivially give the equality in (2).

Let v(z) E H(R) n C(R) be the solution of the Dirichlet problem with

boundary values du/dg on ß. Consider the function

w(z) = Cv(t) dg«, z0). (3)

Here the path of integration, determined by dg* = *dg = 0 with g* the

conjugate harmonic function of g, is an orthogonal trajectory of level curves

of g. It corresponds to a radial line segment in the conformai image of R as a

closed disk with radial slits whose edges have been suitably identified (cf. L.

Sario and M. Nakai, Classification theory of Riemann surfaces, Springer, New

York, 1969, p. 13). We must show that w(z) is single-valued, or equivalently,

that

¡v($) dg($, z0) = 0 (4)

for every closed curve y through z0 G R on which *dg = 0. By Poisson's

max (2)
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formula,

where

v(n = ̂ -f v(z)*dg(z, n,
¿IT Ja

*dg(z,n=^^\*dg(z,z0).
dg(z, z0)

Thus

fv(S)dgiS. *«) = ¿/v(z)\ f ^4^ dg«, z0)
•/Y 2m Jß [JyOg(z,Z0)

To prove (4), it suffices to show that

*dg(z, z0).

dg(z> *o)

This in turn is true if

dg($, z0) = 0.

s(z)= jg(z,^)dg(Lz0) = 0,

a triviality for z G ß. Since i is superharmonic on R, s(z) = 0 on ß, s(z) > 0

on R, and s(z0) = 0, we conclude by the minimum principle that s(z) s 0.

We have shown that w(z) is single-valued.

Next we prove w(z) G H(R). In view of the harmonicity of v, and the fact

that the path of integration in (3) is determined by dg*( •, z0) = 0, we have

d2w(z) r    d2v(n

3g*(z, z0)2     J*o dg*(t, z0)2

J*o     3g(?, z0) 3g(z, z0)

for all z G .R - z0. Thus S^/Sg2 + B^/dg*2 = 0, that is, w is harmonic on

R — z0. By virtue of v(z0) = 0, w(z) is bounded in a neighborhood of z0,

whence z0 is a removable singularity and w G H(R).

Since m — w G //(/?) and 3(m - w)/3g = v — u = 0 on /? we have « = w

+ const and 3w/3g = 3w/3g on R. By the defining property of w(z), dw/dg

= v, and therefore

v = Tg (5)

on R — z0.

To see that v(z) is of nonconstant sign on Kc let g( •, z0) be the Green's

function of the subregion of R bounded by Kc. Then

1    /•
ü(zo) = T~ I   ü(f )*rfK?. ¿o)-
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But

1       r
v(zo) =TZ j v(Ç)*dg(Ç,z0)

Ltt Jß

LTT Jß Og iTT Jß

We conclude that v(z) is not of constant sign on Kc. By the ç-Lemma, there

exists a q0 E (0, 1) such that

max |t>| < <?sup |u| = iímax|ü|.
*c r ß

In view of (5), our theorem follows.

4. For an illustration, take R = {\z\ < p} with ß = {z = p). Here g(z, 0)

= log pr~x, \z\ = r, and Kc = {z\ \z\ = pe~c). For u E //(C), du/dg =

- rdu/dr. By Theorem 2,

or

max
Kc

max
Kc

du

dr

du

dr

< <70max

< qx max

3m
rTr

du

dr

Thus our Theorem 2 complements Harnack's inequality on values of

harmonic function by giving information on the rate of growth of harmonic

functions.
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