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SOME DECIDABLE DIOPHANTINE PROBLEMS:
POSITIVE SOLUTION TO A PROBLEM OF
DAVIS, MATIJASEVIC AND ROBINSON!

MOSHE KOPPEL

ABSTRACT. An algorithm is given for determining whether or not a finite
system of conditions of the types a|B, a < B, a is a square, possess a
simultaneous solution in positive integers. Various generalizations are also
obtained.

In 1970, Matijasevi¢ proved that there is no algorithm to determine if a
general polynomial Diophantine equation has a solution in positive integers
(see, for example, Davis, Matijasevi¢ and Robinson [1]). A particularly neat
formulation of this theorem can be obtained from the observation made by
Skolem [6] that any Diophantine equation can be reduced to a system of
conditions of types a + 8 = vy, a- 8 = y. The theorem then reads: There is
no algorithm to determine whether a system of conditions of types: a + 8 =
¥, a - 3 = y has a solution in positive integers.

There are other relations such that certain systems of conditions using
those relations are equivalent to a + 8 = y and a- 8 = y. For example,
consider the relations a + 1 = B8, a- 8 = y. Then, x + y = z is equivalent to
the system x + 1 =a;, z+1=a,, a;*a,=a;, a3+ 1 =a,, a,'y = as,
as+ 1 =ag ag-ay=0a; a;"y =ag, ag+ 1= ay, ag*a;, = a;g a;g:a; =
a;;, @y, + 1 = a;. (This is simply an expansion of s(sx - 52) - s(y - sz) = s(sz -
sz - s(sx - y)) where sa = a + 1.) Consequently, there is no algorithm to
determine if a system of conditions of types: a + 1 =8, a-8 =y has a
solution in positive integers.

Similar methods have been used to extend the theorem to various classes of
relations (see, for example, Robinson [4] and Schwartz [S]). In particular,
Kosovskii [3] showed that there is no algorithm to determine if a system of
conditions of types: a + B =1y, a|B, a =[] has a solution in positive
integers. (a = [J means that « is a perfect square.)

This result motivated the problem posed by Davis, Matijasevi¢ and Robin-
son [1]:

(*) Does there exist an algorithm to determine if a sequence of formulas of
types: a < B, a| B, a = [J has a solution in positive integers?
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This paper includes a general theorem concerning binary relations which
has as a corollary an affirmative solution to (*).

In this paper a, B are either variables or positive integers and N is the set of
positive integers. « R 8 means “a is related to 8 in relation R”,

R(a) = {Bla RB}, R(S)= U R(a)

a€ES
Below, contexts will be encountered in which specific variables have their
range restricted by stipulations already made. In such contexts, {a) repre-
sents the set of possible values of the variable a.
DEFINITION. The family of computable functions {g): / € N} is called a
generalized common multiple in the relation R if for any a,, . . ., a;,

!
g ey, ..., ) € () R(a).

i=1
Consider computable relations R,, ..., R, and computable sets
Sp..., S, Let
m m n
Ry = U R, R, = N R, S, = m Sis
i=1 i=1 i=1

P)(a) = R/(a) N S;. Then we have:

MAIN THEOREM. If (i) for all i=1,...,m, a R, B = a <f(B) for some
strictly increasing computable gunction f,

(ii) there is a family { g: | € N} which is a generalized common multiple in
the relation P,.

Foralli=1,2,...,mthere exists cy such that

(iii) either for all a > ¢y o R; a, in which case R, is called cy-reflexive, or for
all @ > cy ~ a R; a in which case R, is called cy-antireflexive, and

(i) for all @ > ¢ Ry(Ry(a) — {a}) C Ry(a) = {a},
then there exists an algorithm to determine whether or not a given system of
conditions of the types a R, B, a € S;, has a solution in positive integers.

Let P be some given system consisting of p, conditions. The proof of the
Main Theorem will use the following definitions, of which the second is
inductive.

DEFINITION. L, is the set of (numbers or variables) a such that P contains a
sequence of conditions of the form:

aR o, ayR ay -+, o R «a (1
where some R, is c;-antireflexive.
DEFINITION.
Bp={ceEN:(aRc)eEP}u{a:(aRB)EPABE(LpU Bp)}.

Thus, L, C Bp.
Let ¢, = max ¢ 5.c, ¢; = f®(cg) + fP9(c,) where f and ¢, are from the
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statement of the theorem, and f(#? is the function obtained by p, iterations of
f:

DEFINITION. P={aRfB: (@RB)EPA«LBEBIU{aES;: (a E
S) €EPAa€E Bp).

The proof of the Main Theorem follows from the following.

LEMMA. P has a solution in positive integers if and only if P has a solution in
positive integers < c,.

PROOF. Suppose P has a solution. Let « € L. Then there is the sequence
of conditions (1) where R; is cy-antireflexive. Now, suppose that P had a
solution in which &;_, had a value x > ¢, Then x & {a;>. Therefore, (a;> C
R, (x) — {x},and

x € R"™V({a)) € R,(x) — {x},
using (1) and (iv). This contradiction shows that for any solution, &;_; < ¢,
and o; < fP9(cy) fori = 1,2, ..., w. Hence any solution of P is such that all

variables in L, have values < f(P9(c).
Next let « € Bp. Then P contains a sequence of the form

aR a, ayR a) ..., o,R B

where w < p, and B is either a constant < ¢, or a variable in L, and hence
with value < f(*9(c,) in any solution. Then, in any solution of P,

a < f™Y(max(c,, f¥(c,)))
= max(f(w)(cl)»f(w+p°)(co)) <cp
Since all variables in B, have values < c, in any solution of P, P has such a
solution.

Conversely, suppose P has such a solution. Then any “loop” of the form (1)
in which no R is cq-antireflexive can be satisfied by

a=q@ =0y = =@, > C.
Consequently all such “loops” in P can be eliminated by replacing each
occurrence of ; (i = 1, 2, ..., w) by a. (But the value to be assigned a must
be > cy.)

For the purpose of this proof a is called a parent of B if the condition
a R; Bis in P for some i, and the generation of a, for a & B, is the largest w
such that P contains a sequence

o R, a, a;R; a3, ..., o, R «a

where a, & B,. Since P has a solution we can assign values to all « € B,.
Also assign all parentless a’s the value s, where s, = min(S;). At this point
any variable of the first generation, say «, has parents which are either
constants or have already been assigned values. Suppose these parents have
values a,, . . ., a,. Then fix the value of a as g/*"(a,, . . ., a,, flcy))- (f(cy) is
included as an argument in order to guarantee, by (i) that variables arising
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from collapsed “loops” are given values > ¢,.) In this way the whole first
generation is assigned values. Now any variable of the second generation has
parents with definite values. Continue this process until all variables have
been assigned values. These values constitute a solution of P in positive
integers.

Using the same notation as above and sacrificing some generality a much
simpler statement of the Main Theorem can be obtained. '

COROLLARY. If (i) there is a family {g\": I € N} which is a generalized
common multiple in the relation P,

(i1) R, is reflexive or antireflexive, and

(iii) a R; B implies a < B,
then there is an algorithm to determine whether or not a system of conditions of
types a R; B, a € S,, has a solution in positive integers.

There are two interesting applications of this corollary.
The first gives a positive solution to the problem posed in [1].

COROLLARY. There is an algorithm to determine whether or not a system of
conditions of types a < B, a| B, a = [ has a solution in positive integers.

The second finds a fine boundary line between decidable and undecidable
problems.

THEOREM. There is an algorithm to determine whether or not a system of
conditions of type f(B) < a, where the f; are any recursive, strictly increasing
Sunctions, has a solution in positive integers. However for general nondecreasing
functions f; there is no such algorithm.

ProoF. The first assertion is an immediate consequence of the first
corollary above where the R; of the corollary are f(8) < a. To prove the
second assertion, suppose there were such an algorithm. Then in particular
there is an algorithm to determine whether or not there is a solution in
positive integers to the system:

f(B)-1<a, fi(e)=1<B, f(v)-1<a, f'(a) 1<y

where f~!(a) = min,(f(x) > a). (If the minimum does not exist let f(a) be
“infinite”.) This sequence of formulas is equivalent to f(B) = a = f(vy).
Consequently, if there were an algorithm to determine whether or not this
system has a solution then there would be an algorithm to determine whether
or not Range(f,) N Range(f,) = . But since every computable set—and, in
particular, every context-free set—is expressible as Range( f) for some increas-
ing computable function f, we would then have an algorithm to determine
whether L(T',) N L(I'y) = & where I'; and T, are context-free grammars and
where L(T) is the language accepted by I'. No such algorithm exists (cf., e.g.,
[2, p. 583)).
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