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THE INACCESSIBLE INVARIANT SUBSPACES OF

CERTAIN C0 OPERATORS

JOHN DAUGHTRY

Abstract. We extend the Douglas-Pearcy characterization of the inaccessi-

ble invariant subspaces of an operator on a finite-dimensional Hubert space

to the cases of algebraic operators and certain C0 operators on any Hubert

space. This characterization shows that the inaccessible invariant subspaces

for such an operator form a lattice. In contrast to D. Herrero's recent result

on hyperinvariant subspaces, we show that quasisimilar operators in the

classes under consideration have isomorphic lattices of inaccessible in-

variant subspaces.

Let H be a complex Hubert space. For T in B(H) (the space of bounded

linear operators on H) the set of invariant subspaces for T is given the metric

dist(M, N) = ||PM — PN|| where PM (PN) is the orthogonal projection on M

(N) and "|| ||" denotes the norm in B(H). An invariant subspace M for T is

"cyclic" if there exists x in M such that { T"x) spans M.

R. G. Douglas and Carl Pearcy [3] have characterized the isolated invariant

subspaces for T in the case of finite-dimensional H (see [9, Chapters 6 and 7],

for the linear algebra used in this article): An invariant subspace M for T is

isolated if and only if M n M, = {0} or M, for every noncyclic summand M,

in the primary decomposition for T. In [1] we showed how to view this result

as a sharpening of the previously known conditions for the isolation of a

solution to a quadratic matrix equation.

The purpose of this note is to extend these results to certain operators on

infinite-dimensional spaces. Recall that T in B(H) is "algebraic" if there exists

a polynomial p such that p(T) = 0. T belongs to "C0" if T is a completely

nonunitary contraction such that there exists a function / in the Hardy space

H™ with f(T) = 0 in the functional calculus of B. Sz.-Nagy and C. Foias,

[10, Chapter III]. (See [2] for a more recent exposition.) Such a T satisfies a

minimal inner function mT. If mT is a Blaschke product, mT = IT°1 i fp with

fM - rr r^  (where N < i. 2 0 -N) < «)
\ct¡\  i      a¡z

for i greater than 1, fx(z) = z, and pi a nonnegative integer, then the

generalized eigenvectors for T span H. Thus T has a "primary decomposi-

tion" H = V M,, where M,, is the kernel of f¡(Ty> and "V" denotes a closed

linear span.
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In the case of an operator on a finite-dimensional space Douglas and

Pearcy showed that the isolated invariant subspaces are the same as the

"inaccessible" invariant subspaces, those which do not belong to any noncon-

stant, continuous curve of invariant subspaces. Herrero [7] was the first to

exhibit a nonisolated, inaccessible invariant subspace for an operator on

Hubert space. We shall demonstrate that for invariant subspaces of algebraic

operators isolation is equivalent to inaccessibility, but that for C0 operators

with Blaschke product minimal functions inaccessibility is the condition for

which the natural analogue of the Douglas-Pearcy characterization holds.

Our main result is

Theorem 1. Consider T in C0 with its minimal function a Blaschke product.

An invariant subspace M for T is inaccessible if and only if the intersection of M

with each noncyclic subspace M, in the primary decomposition for T is either {0}

or M,. If T is algebraic then such a subspace M is isolated.

At the end of this paper we will give the referee's example demonstrating

that "inaccessible" may not be replaced by "isolated" in the statement of

Theorem 1.

To obtain the interpretation of Theorem 1 for quadratic equations, let H,

and H2 be Hubert spaces with B in B(H2, H,), A in B(H,), D in BiH^, and C

in B(H,, Hj). Consider

XBX + XA - DX - C = 0

for unknown X in B(H„ Hj). X is called an "inaccessible" solution if it does

not belong to any nonconstant, continuous curve of solutions. By an argu-

ment almost exactly like that of [1] (a use of characteristic polynomials is

easily sidestepped), we deduce:

Theorem 2. // K is a solution to (*) and

T = (A + BK B      \
I       0 D - KB)

(acting on H, © H2 in the traditional manner) is a C0 operator with a Blaschke

product minimal function, then the following conditions are equivalent:

(i) K is an inaccessible solution to (*);

(ii) each common eigenvalue for A + BK and D — KB has geometric multi-

plicity one for T.

We begin the proof of Theorem 1 with

Lemma 1. Suppose N in B(H) satisfies Nk = 0. If M =£11 is invariant for N

and the dimension of M is not less than k, then M is an accessible invariant

subspace for N.

Remark. This result may easily be extended to Banach spaces where the

topology on the subspaces is that of the "gap between subspaces" [8].
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Proof of Lemma 1. There exists x outside of M such that Nx belongs to

M. Let S = {v,} be a basis for N, the span of {A/'x}*-,1. There exists z in M

with z outside of N such that Nz belongs to N. Let B be a basis for M

containing Su {z}, and form B' by deleting z from B. Let B, = B' u {z +

tx} for / a real number. Following [3, Lemma 4.2, p. 336], we define g(t) = (I

- Pk)(z + /x)/||(I - PK)(z + /x)|| where K is the closed linear span of B'.

Then g(t) is continuous and ||P,« - P^wH < 2||«|| • ||g(f) — g(s)\\, where P,

(Ps) is the orthogonal projection on the closed linear span of Br (Bs). Thus

M, = span(B,) is a continuous curve of invariant subspaces containing M.

D

Lemma 2. Let B be a finite Blaschke product and g any inner function which

is relatively prime to B. Then there exists u and v in H°° such that Bu + gv =

1.

Proof. Of course Carleson's Corona Theorem [4, p. 202] yields this result,

but [10, pp. 134-135] gives an elementary proof of the special case we need in

the proof of Theorem 1.   □

Our next lemma can be combined with the Corona Theorem in an obvious

way to illustrate the extent to which the problem of characterizing the isolated

invariant subspaces of an operator in C0 can be split into the problem solved

in this paper and the study of the isolated invariant subspaces of C0 operators

with singular minimal functions. Therefore we refer to this result as a

Proposition. Suppose T belongs to C0 and mT = fx-f2 withf inner, i = 1,2.

Assume the existence of g¡ in Hx such that/, • g, + f2- g2= I. A sequence N„

of invariant subspaces for T converges to an invariant subspace M // and only if

N„ n K, converges to M n K, for K, equal to the kernel of f¡(T) for i = 1, 2.

Remark. This proposition is no doubt well known to experts in the theory

of C0 operators because of its simplicity and the existence of the closely

related results of P. A. Fuhrmann [5].

To prove the proposition, observe that for all h in H, h = (fxgx(T) +

f2g2(T))h, so H = K, + K2. Since/, and f2 are necessarily relatively prime,

K, n K2 = {0}.

It follows from the open mapping theorem that the natural correspondence

C between H = K, + K2 and K = K, © K2 (external direct sum) implements

a similarity between T and an operator S on K. It is easily verified that a

similarity between operators induces a homeomorphism between their lattices

of invariant subspaces. If M is an invariant subspace for T, then m =

(f\ gi(T) + f2g2(T))m for m in M snows that M sPlits: M = MnK,-r-Mn

K2. Thus if L and M are invariant subspaces for T we have

dist(C[L], C[M]) = dist(C[L] n K, © C[L] n K2,

C[M] n K, © C[M] n K2)

= max dist(C[L] n K,., C[M] n K,).
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The conclusion of the proposition follows from this equation.   □

We are now prepared to complete the proof of Theorem 1.

Suppose M is an invariant subspace for T satisfying the hypothesis about

the primary decomposition of T, H = V , M,-. Recall that a nilpotent opera-

tor (or a translation of a nilpotent operator) which has a cyclic vector has a

linearly ordered lattice of invariant subspaces, hence each invariant subspace

is isolated. It follows that M n M, is an isolated invariant subspace for T¡, the

restriction of T to M,, for all i. Suppose N, is a continuous curve of invariant

subspaces for T with N, = M (t E [0, 1]). Then for each i, N, n M, con-

verges to M n M, as t approaches 1 according to Lemma 2 and the preceding

proposition with B = /, equal to the minimal function for T¡. It also follows

that N, n M,- is a continuous curve, so N, n M, = M n M, for all /. How-

ever, N, = V ,(N( n M,) and M = V ,-(M n M,) since the quantities in

parentheses are the summands in the primary decompositions for the restric-

tions of T to N, and M respectively. Thus N, = M for all t. This argument

shows that M is inaccessible. (Because an algebraic operator has only finitely

many summands in the primary decomposition, any sequence of invariant

subspaces converging to such a subspace M would necessarily be eventually

constant by the preceding argument.)

Now suppose that M is an inaccessible invariant subspace for T, and

M n M, equals neither (0) nor M, for some /'. T¡ is a translation of a

nilpotent operator, so from Lemma 1 we conclude that M n M, is finite-di-

mensional. Let S be any finite-dimensional invariant subspace of M, properly

containing M n M,. M n M, is inaccessible in S, so by the Douglas-Pearcy

theorem S must be cyclic for T (because a noncyclic nilpotent operator has

no nontrivial inaccessible invariant subspaces). From the fact that every

finite-dimensional invariant subspace for T¡ is cyclic we deduce that M, is a

(finite-dimensional) cyclic subspace for T. Thus every inaccessible invariant

subspace for T satisfies the hypotheses of Theorem 1.   □

It is immediate from Theorem 1 that the inaccessible invariant subspaces

form a lattice when mT is a Blaschke product. D. Herrero [6] has shown that

quasisimilarity does not always preserve the lattice of hyperinvariant sub-

spaces for an operator. Specifically, he exhibits two quasisimilar nilpotent

operators with different numbers of hyperinvariant subspaces. In contrast,

quasisimilar algebraic or C0 operators with Blaschke product minimal func-

tions have isomorphic lattices of inaccessible invariant subspaces. To verify

this statement, suppose that T is such an operator and S in C0 is quasisimilar

to T. Then S has the same minimal function as T [10, p. 125]. All that

remains to be checked is that corresponding primary summands for S and T

are either both cyclic or both noncyclic. This follows from the fact that a

primary summand M, for T is cyclic if and only if its dimension is equal to

the degree of the minimal function for the restriction of T to M,.

The referee's example that "inaccessible" may not be replaced by "isolated"

in the statement of Theorem 2:
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Let bx(z) = n~_, b(z, an) be an infinite Blaschke product with distinct

zeroes where b(z, an) represents the Blaschke factor for the zero an. Then for

each n, 2ji0(5„zy is a simple eigenvector of the backward shift S* on H2.

The corresponding eigenspace H„ forms a positive angle d„ with the space

spanned by {H,},^„. Choose {c„}"_, so that

(i) the angle between H„ and the subspace spanned by the eigenvector

corresponding to c„ is smaller than 2~"dn, n = 1, 2, . . . ;

(ii) a„ =£ cn ¥= am ¥= cm ¥= cn for all m and n such that m # n.

Let b0(z) = JI™_xb(z,cn) and define T = S^jb^H2)-1 where the "|"

denotes restriction. The minimal function of T is b0(z)bx(z). Now define

Nj = (bx(z)b(z,aJ)-ib(z,Cj)H2)±.

(bxH2)x is inaccessible in the lattice of invariant subspaces for T by Theorem

1, but dist((Z>,//2)x, N,) goes to 0 as/ approaches oo.

Acknowledgment. The author is grateful to the referee for correcting the

original statement of Theorem 1 and for other helpful comments.
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