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RADIUS OF STARLIKENESS OF CONVEX

COMBINATIONS OF UNIVALENT STARLIKE FUNCTIONS

D. H. HAMILTON1 AND P. D. TUAN

Abstract. The radius of starlikeness of the convex combination

tf(z) + (1 - t)g(z),       0 < / < 1,

where f(z) and g(z) are normalized univalent starlike functions, is ru =

0.4035 . . . , the positive root of the equation r6 + 5r* + 19t3 -13-0.

Let S denote the class of functions that are normalized and univalent in the

unit disk E = {z: \z\ < 1}. Let St, K be the subclasses of 5 of functions that

map E onto starlike and convex domains respectively. Robertson [3] showed

that the radius of univalence of the class

F = {«(z) = tf(z) + (1 - t)g(z):f(z), g(z) G St, 0 < / < 1}

is ru, where ru = 0.4035 ... is the positive root of the equation r6 + 5r4 +

79r2 - 13 = 0. Labelle and Rahman [2] found that for f, g E St(K), the

radius of starlikeness (convexity) of \(f(z) + g(z)) is greater than r0, where

rQ = 0.3966 ... is the smallest positive root of the equation 1 — 3r + 2r2 —

2r3 = 0. Their method yields the same result when applied to the general

convex combinations.

In this note, a sharp solution to Labelle and Rahman's problem is given. In

fact, we make use of results of [3], [4] to prove that the radius of starlikeness

of F and that of the closed convex hull of starlike functions, co St, are both

equal to ru.

Let A0 be the set of functions fiz) regular in E and normalized by/(0) = 1.

Let Ax be the set {zf: f E A0}. For any set V Q Ax, we denote by V the set

{f/z: f E V). The dual U* of any set U Q A0 is defined to be

U* = {/ G A0: (f » g)(z) =£ 0 for all g G U, z E E },

where/ * g is the Hadamard product of / and g, i.e., if

f(z) =  I   akzk,       g(z) =  I   bkzk
k~0 k~0

then

U*g)(z)= 2   akbkzk.
k-0
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Also, by £/** we mean (U*)*. We then have

Lemma (Ruscheweyh [4]). Let V, W ç A0 and g E A0. Let

r, = sup{r: (g * f)(rz) E V* for all f E W**},

r2 = sup{r: (g * f)(rz) E W* for all f E V).

If V is compact and if f(xz) E V for all f E V and \x\ < 1, then min(l, rx) =

min(l, r2).

Theorem. The radius of starlikeness of co St is ru, where ru = 0.4035 ... is

the positive root of the equation r6 + 5r4 + 19 r2 — 13 = 0.

Proof. Let d(z) = 2"_0(A; + l)z\ then for / E Aq, (zf)' = d*f. Hence

from Brickman, MacGregor and Wilken [1] we can write

œ St= [d*f:fEPx/2fi],

where P1/2j0 = {/ E A0: Re/(z) > \, z E E}. Thus the radius of starlikeness

rs of co St is given by

rs - sup{r: (d*f)(rz) E St for all/ E P1/20}.

Further, if we let

P0 = {/ E A0: 3a E R, Re{e""/(z)} > 0, z E E },

í  i + î(£ - v)z
X- {z—2-^-:(H = |I|< l)or(| = i,and|||<l)

I       (1 - V)

then, from Roscheweyh [4], Pj$ = Px/2fi, P0 = Pf/^o, X* = St and X is

compact with/(xz) E X for all/ E X, \x\ < 1. Therefore, from the Lemma,

we find, on putting V = X, W = Px/2,q, that

rs = sup{r: (d * f)(rz) E P0 for all/ E X },

or equivalently,

rs = sup{r: f'(rz) E P0 for all/ EX).

Since A' is a subset of S,

rs > sup{r:f'(rz) E P0 for all/ E S }.

Now, according to Robertson [3], there exists a £ R such that Re{eiaf'(z)} >

0 for |z| < r, 0 < r < 1,/ E 5 if and only if, for every ß, h(z) = tf(z) + (1 -

t)e~'ßf(e'ßz), 0 < t < 1, is univalent in |z| < r; furthermore, h(z) is univalent

in |z| < /■„. Thus we have rs > ru. On the other hand, the radius of univalence

of co St, which is also ru, is greater than or equal to its radius of starlikeness

rs. Hence rs = ru.

The extremal function is as given by Robertson [3],

., .      1        z 1 z

2 (1 - z)2     2 (1 _ ze-2,a)2
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where

(1 + 3r¿)1/2 + r2 - 1
cos a =-.

2ru

We note that since f0(z) G F Çco St, ru is also the radius of starlikeness of F.
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