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MULTIPLIERS OF GROUP ALGEBRAS OF

VECTOR-VALUED FUNCTIONS

U. B. TEWARI, M. DUTTA AND D. P. VAIDYA

Abstract. Let G be a locally compact abelian group and A" be a Banach space. Let

Ll(G, X) be the Banach space of X-valued Bochner integrable functions on G. We

prove that the space of bounded linear translation invariant operators of L'(G, X)

can be identified with L(X, M(G, X)), the space of bounded linear operators from

X into M(G, X) where M(G, X) is the space of Jf-valued regular, Borel measures

of bounded variation on G. Furthermore, if A is a commutative semisimple Banach

algebra with identity of norm 1 then L\G, A) is a Banach algebra and we prove

that the space of multipliers of L\G, A) is isometrically isomorphic to M{G, A). It

also follows that if dimension of A is greater than one then there exist translation-

invariant operators of Ll(G, A) which are not multipliers of L1(G, A).

1. Introduction. Let G be a locally compact abelian group roup and let T be the

dual of G. Suppose A is a commutative semisimple Banach algebra with an identity

of norm one. The space LX(G,A) forms a commutative Banach algebra under

convolution (see [2] and [5]). A bounded linear operator T on LX(G, A) to itself is

called a multiplier if T commutes with convolutions, i.e. T(f * g) — f * Tg for all

f, g G Ll(G, A). The set of all such operators is a closed subalgebra of the Banach

algebra of all bounded linear operators on L\G, A). This subalgebra is known as

the multiplier algebra of Ll(G, A). A bounded linear operator T on LX(G,A) is

said to be invariant if it commutes with translations. In the scalar-valued case, i.e.

when A = C, the complex field, it is well known that a bounded linear operator T

on LX(G) (for A = C, we suppress the index 'A') is a multiplier if and only if it is

invariant. Moreover, the multiplier algebra in this case is isometrically isomorphic

to M(G), the space of bounded regular Borel measures on G (see Theorem 0.1.1 of

[6]). Akinyele claims in Theorem 3.2 of [7] that for an arbitrary A, a bounded linear

operator T on L\G, A) is a multiplier if and only if T is invariant. His claim is

obviously false when G is the trivial group consisting only of an identity element.

In this case, LX(G, A) = A and all bounded operators on A are trivially invariant.

However, if dimension of A is greater than 1, there are bounded operators on A

which are not multipliers as can be seen from the proof of Theorem 3 of this paper.

Actually, Theorem 3 shows that his claim is false for any locally compact abelian

group.

In this paper, we prove that the space of bounded linear invariant operators on

Ll(G, X) can be identified with L(X, M(G, X)). We also prove that the space of
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multipliers of LX(G, A) is isometrically isomorphic to M(G, A). Finally, with the

help of our results we clarify the status of various implications in Theorem 3.2 of

[7].

2. Preliminaries. For integration of vector-valued set functions, we follow the

developments as outlined in [4]. Using such integrals, it is possible to define

convolutions between various spaces of vector-valued functions and measures on

G. Indeed, under convolution, the spaces Ll(G, X), M(G, X) and C0(G, X) be-

come L'(G)-Banach modules. Here, C0(G, X) denotes the Banach space of X-val-

ued continuous functions on G, vanishing at infinity under the norm IH-FIH^ =

sup^gcll^x)!!, for F G C0(G, X). The theory of vector measures and integration

lets us identify the dual of C0(G, X) with M(G, X*), where X* is the dual of X (see

§19 of [1] and [11]). The identification is given by <u, F} = fF dp, for F G

C0(G, X) and ¡x G M(G, X*).

We shall make crucial use of the concept of module tensor products and their

relations to multipliers (see [9] and [10]). If V and W are A -modules, the .4-module

tensor product V ®^ W is defined to be the quotient Banach space V ®y W/K,

where K is the closed linear subspace of the projective tensor product V <8>? W,

spanned by the elements of the form av <8> w — v <8> aw with a G A, v G V and

w G W. A continuous linear transformation from F to W is called an A -module

homomorphism, if T(a ° v) = a ° T(v) for all a G A and v G V. The space of

A -module homomorphisms from V to W, denoted by Hom^(K, W), is a Banach

space under the operator norm. Hoin^P, V) will be denoted by Hom^(F).

Moreover, we will write ®G for <8>z.'(G)» an(J HomG for Hom¿i(C).

Rieffel has shown (2.12 and 2.13 of [9]), that there is a natural isometric

isomorphism between Honi^F, W*) and (V ®A W)*, under which an operator

T G Hom^(F, W*) defines a linear functional on V ®^ W with value (T(v), w>

at the element v <8> w of V ®A W. If A is a commutative, semisimple Banach

algebra then a multiplier of A is defined to be a bounded linear operator T on A

such that T(ab) = aT(b). We note that if A is considered as a Banach module over

itself then the multipliers of A are nothing but the A -module homomorphisms of A.

The following lemmas will be useful subsequently.

Lemma 1. There exists an isometric isomorphism between Ll(G) ®G C^G, X) and

C0(G, X) which maps f <8> F into f * F, where f G LX(G) and F G C¿G, X).

Proof. The bilinear map (f,F)-+f* F from L\G) X C0(G, X) into CQ(G, X)

gives rise to a bounded linear map of norm < 1 from LX(G)®G C^G, X) into

C0(G, X). Since LX(G) contains a bounded approximate identity, we can use the

arguments of (3.3) of [10] to show that this map is injective. It can be easily seen

that the set {/ * F: f G LX(G) and F G C0(G, X)} is dense in C0(G, X). Now, it is

immediate from Theorem 32.22 of [3] that the above map is surjective. For the

isometry, we observe that d ■» 1 in the present context, and then parts (ii) and (iv)

of Theorem 32.22 together imply that for any D > d there is a factorization v = az

with ||a|| ||;|| <D\\y\\.
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Lemma 2. Letf G LX(G), F G C0(G, X) and ju G M(G, X*). Then

<M*/,/-> = </x,/*F>.

Proof. A simple application of the Fubini theorem gives the result for the

scalar-valued case. Using this and some simple properties of the vector-valued

integral, the lemma is easily proved for any F of the form F = S"_ i g,x, with each

g, G C0(G) and x¡ G X. Since functions of this form are dense in C0(G, X), the

result is true for any F G C0(G, X) and the lemma is proved.

It is well known that the convolution of two elements /, g G LX(G) can be

expressed as an L'(G)-valued integral (see §6.6 of Chapter 3 of [8]). A similar result

can be obtained for/ G LX(G, X) and g G LX(G). Using this we can easily prove

the following two lemmas.

Lemma 3. Let T be an invariant bounded linear operator from LX(G) into

L\G, X). Then T G HomG(L'(G), LX(G, X)), i.e. T(f * g) = / * T(g) for f, g G

L\G).

Lemma 4. Let T be an invariant bounded linear operator of LX(G, X). Then

T G HomG(L'(G, X)).

3. The space HomG(L'(G), LX(G, X)). We shall now prove that

HomG(L'(G), LX(G, X)) is isometrically isomorphic to M(G, X). Iff G LX(G) and

u G M(G, X), then considering / as an element of M(G), ¡i *f is defined as an

element of M(G, X). This is because (A', C, X) forms a bilinear system in the sense

of Chapter II of [4] and hence we can use the results of Chapter IV of [4] to define

H * f. It is not very difficult to prove that n * f, so defined, actually belongs to

LX(G, X). Indeed, if/is a continuous function having compact support then u */

has the following integral representation.

fi*f(s)= ffir^dnO).

Also, it follows from the usual properties of convolutions, that /-»/¿»/is a

bounded linear invariant operator from LX(G) into LX(G, X). By Lemma 3, this

defines an element of HomG(L'(G), LX(G, X)). We now prove

Theorem 1. Let T G HomG(Z.'(G), LX(G, X)). Then there exists a u G M(G, X)

such that T(f) = u * f for every f G LX(G). Moreover, this correspondence gives an

isometric isomorphism between HomG(L'(G), LX(G, X)) and M(G, X).

Proof. Let T G HomG(L1(G), LX(G, X)). Considering the natural isometric

embedding of X in its second dual X**, LX(G, X) can be embedded isometrically

in M(G, X**). Hence T can be considered as an element of

HomG(L'(G), M(G, X**)) with the same norm. However, M(G, X**) is isometri-

cally isomorphic to C0(G, X*)*. Hence, by RieffePs result on module homomor-

phisms (see §2), there exists «¡p G (LX(G) ®G C0(G,X*))*, with \\<p\\ = ||r||, such

that <<p,/ ® F> = <7Y/), F> for F G C0(G, X*) and/ G LX(G). Here, T(f) has

been considered as an element of M(G, X**) which is the dual of C0(G, X*).

However,  by  Lemma   1,  LX(G) ®G C0(G, X*)  is  isometrically  isomorphic  to
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C0(G, X*) under the map/ ® F^>f* F. Hence, there exists /i G M(G, X**) with

|| /í|| = || T|| such that <u,/* F> = <F(/), F> for F G C0(G, X*) and/ G L»(G).

Hence, by Lemma 2, we have <F(/), F> = </i */, F>, for every F G C0(G, X*).

Therefore T(f) = ¡i * f for every / G LX(G). The association of u with T is

obviously linear and since || u|| = || F||, the proof of the theorem will be complete if

we prove that /x takes values only in X.

Let us take the canonical map yp from X** onto the quotient space Y = X**/X.

Consider the Y-valued measure v = \p ° u. Obviously v G Af(G, y) and v */ =

>// ° (/x */), for any/ G L'(G). However /x */ = T(/) G LX(G, X) and hence, for

any measureable set E, /x * /(¿s) G A. This means that v * / = 0 for any / G

LX(G). Consider v as an element of M(G, Y**) which is the dual of C0(G, Y*).

Take any F G C0(G, Y*). Then F = f * F' for some / G L'(G) and F' G

C0(G, K*) (see the proof of Lemma 1). Therefore,

<x,F> = (p,f*F') = (p*f,F')=0.

Hence v = 0, i.e. if<( n(E)) = 0 for any measurable set E. This shows that fi(E) G A"

for any measurable set E and our proof is complete.

Corollary. HomG(L'(G), LX(G, X)) is precisely the set of invariant bounded

linear operators from LX(G) into LX(G, X).

4. Invariant operators of LX(G, X). We now characterise the invariant bounded

linear operators of LX(G, X). Let T be such an operator. Then, by Lemma 4,

T G HomG(L'(G, A")). Take any x G X, and define a mapping Tx from LX(G) into

L\G, X) by Tx(f) = T(fx). It is easy to prove that Tx G HomG(L'(G), LX(G, X)).

Also ||FX|| < ||x|| \\T\\. Therefore, by Theorem 1, there exists a measure M(x) G

M(G, X) such that Tx(f) = M(x) »/and \\M(x)\\ < ||x|| \\T\\. It is easy to see that

x —» M(x) is linear and hence from T we have obtained a bounded linear operator

M from A into M(G, X) with ||M|| < ||7'|| such that T(fx) = M(x) »/, for all

x G X and/ G L'(G).

Conversely, let M be a bounded linear operator from X into M(G, X). Then

(/, x)—» M(x) * f gives a bilinear map from LX(G) X X into LX(G, X) such that

\\\M(x) ./m, = ||A/(x) */|| < ||M(x)|| U/H, < ||A/|| ||x|| U/H,. Hence, by the uni-
versal property of tensor products with respect to bounded bilinear maps, we get a

bounded linear map T from LX(G) ®r X into LX(G, X) with ||7"|| < \\M\\, such

that T^>(f ® x) = M(x)*f for any / G L*(G) and x G X. However, LX(G)

<8>y X is isometrically isomorphic to LX(G, X). Hence we get a bounded linear

operator T of LX(G,X) with ||r|| < ||M||, such that T(fx) = M(x) *f for any

/ G L\G) and x G À\ Let í G G. Then T((fx\) = T(/,x) = M(x) * fs =

(M(x)*f)s = (T(fx))s. Since functions of the form 2"_,/x,. with/. G L'(G) and

x, G A, are dense in LX(G, X), and since translation is continuous in LX(G, X), it

follows that T is invariant. By the previous paragraph, we can obtain a bounded

linear transformation from X into M(G, X), associated with T. It is easy to see that

this transformation is nothing but M, and hence ||M|| < ||7*||. Therefore ||F|| =

\\M\\. It is easy to see that this association is linear. Thus we have proved the

following.
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Theorem 2. HomG(L'(G, X)) is precisely the set of bounded linear invariant

operators of LX(G, X) and this space is isometrically isomorphic to L(X, M(G, X)),

the space of bounded linear operators from X into M(G, X).

5. Multipliers of LX(G, A). Let A be a commutative, semisimple Banach algebra

with an identity e of norm one. For any F G LX(G, A) we can define an /i-valued

function F on T as follows.

F(y) = f y(s)F(s) ds.
JG

It is easy to prove that Fis a bounded continuous function from T into A. Also,

for any a G A and / G LX(G), we have (af)"= af, where / is the usual Fourier

transform. Using the fact that A has an identity, it is easy to prove the following.

Lemma 5. Let T be a multiplier of LX(G, A). Then there exists a unique continuous

bounded function T on T to A such that for any y G T, (TF)~(y) = T(y)F(y) for

every F G LX(G, A).

Corollary 5.1. If T is a multiplier of LX(G, A) then T is invariant.

Corollary 5.2. // T is a multiplier of LX(G, A), then T(aF) = aT(F) for all

a G A and F G LX(G, A), i.e. T G HomA(Lx(G, A)).

We are now in a position to disprove Akinyele's result mentioned in the

introduction.

Theorem 3. If dimension of A > 1, then there exists a bounded linear invariant

operator T of LX(G, A) such that T <£ Hom^L^G, A)).

Proof. Let ip be a nonzero multiplicative linear functional on A. Define

<b(a) = ¡p(a)e for a G A. Clearly <i> is a bounded linear operator on A. From the

fact that dimension of A > 1, it is easy to see that for some a El A, <p(a) ¥= a<j>(e).

Let 8 be the Dirac measure with unit mass at the identity of G. Then M(a) = <t>(a)8

gives a bounded linear operator from A into M(G, A). By Theorem 2 there exists a

bounded linear invariant operator T of LX(G, A) such that T(bf) = M(b) *f =

(¡>(b)8 *f= <b(b)f for any b G A and / G LX(G). Now since <¡>(ae) J= aty(e), we

have T(af) = <Ka)f ¥= a<b(e)f = aT(ef). This shows that T £ Hom^(L'(G, A)),

which proves the theorem.

Since by Corollary 5.2 any multiplier of LX(G,A) belongs to HomA(Lx(G, A)),

the above construction gives a bounded linear invariant operator T of LX(G, A)

which is not a multiplier of LX(G, A). This disproves Akinyele's result.

We now characterise the multipliers of LX(G, A). Corollary 5.2 shows that in

order to be a multiplier an invariant operator T of LX(G, A) must satisfy T G

HomA(Lx(G, A)). It is easy to see that the condition is also sufficient. Now, let

H G M(G, A) and F G LX(G, A). Considering F as an element of M(G, A) we can

use the results of Chapter IV of [4] to define /i * F as an element of M(G, A). This

is because (A, A, A) forms a bilinear system in the sense of Chapter II of [4]. If F is

of the form F = af for a G A and / G LX(G), then it is easy to see that ju, * F G

LX(G,A) (just like the case of ¡i */;  see the beginning of §3). Since linear
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combinations of functions of this form are dense in LX(G, A), u * F G LX(G, A)

for all F G LX(G, A). Using the properties of convolutions, it is easy to see that the

operator T of LX(G,A) defined by T(F) = p. * F is invariant and belongs to

HomA(Lx(G, A)). Thus F is a multiplier of LX(G, A). In the following theorem, we

prove that all the multipliers of LX(G, A) are given by elements of M(G, A) in this

way.

Theorem 4. Let T be a multiplier of LX(G, A). Then there exists a u G M(G, A)

such that T(F) = /i * F for all F G LX(G, A). Moreover, this correspondence gives

an isometric isomorphism between HomL\,GtAJLx(G, A)) and M(G, A).

Proof. Let F be a multiplier of LX(G, A). Then by Corollary 5.1 and Lemma 4,

T G HomG(L'(G, A)). Therefore, by Theorem 2, there exists M G L(A, M(G, A))

with ||M|| = ||T|| and T(fa) = M(a) * f for any a G A and / G LX(G). By

Corollary 5.2, T G HomA(Lx(G, A)). Therefore,

T(fa) = T(a(fe)) - aT(fe) = a(M(e) */) = M(e) * (fa).

Since linear combinations of functions of the form '/a' are dense in LX(G, A), we

have   T(F) = /i * F for  every  F G LX(G, A),  where  /i = M(e).  Now,   || u|| <

\\M\\ \\e\\ = ||F||. On the other hand, \\\T(F)\\\X < || u|| \\\F\\\X. Therefore ||7T| <

|| m||. This proves that || u|| = || F||. It is obvious that the mapping F-* u is linear.

This completes the proof.

6. Remark on Akinyele's results. In this section, we shall examine the status of

various implications in Theorem 3.2 of [7]. It will be helpful to state his theorem in

our notation.

Theorem A. Let G be a locally compact abelian group and A be a commutative

semisimple Banach algebra. Suppose T: LX(G, A) —» LX(G, A) is a bounded linear

operator. Then the following are equivalent.

(i) T is a multiplier of LX(G, A).

(ii) T is invariant.

(iii) There exists a unique m G M (G, L(A)) such that Tf = m * f for each f G

LX(G, A). (L(A) denotes the Banach algebra of all bounded linear operators on A.)

It can be easily seen that the implications (i) => (ii), (i) ^ (iii) and (iii) ^> (ii) are

true. We shall show that all other implications in Theorem A are false.

Theorem 3 shows that the implication (ii) => (i) is false. In the notation of

Theorem 3, if we consider the measure 8 ■ <p G M (G, L(A)), then the corresponding

operator on LX(G, A) is not a multiplier, showing that the implication (iii)^(i) is

also false. To show that the implication (ii)=^(iii) is false, we consider the

following example.

Example. Let G be the real line with the usual topology and let A be the group

algebra of the real line with the discrete topology. For x G A, consider the set

function M(x) defined by M(x)(B) = Xb ' *> f°r every Borel subset B of G (xB

denotes the characteristic function of B). It can be easily seen that the function M

which associates M(x) to each x in A is an element of L(A, M(G, A)). The
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operator on L (G, A) corresponding to M as in Theorem 2, satisfies condition (ii)

but does not satisfy condition (iii) of Theorem A. This can be easily seen from the

fact that the set function m defined on the Borel subsets of G by m(B)(x) =

M(x)(B) takes values in L(A), but m is neither regular nor of bounded variation.

The other main theorem in Akinyele's paper is Theorem 3.1. The proof of this

theorem, given in [7], appears to be wrong. The use of Theorem 2 in § 19 of [1] does

not seem to be justified. It would be interesting to characterise the set of all

bounded linear invariant operators on C0(G, A). Our methods do not appear to

give such a characterisation.
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