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PROJECnVE SURFACES OVER A FINITE FIELD

ROGER WIEGAND1 AND WILLIAM KRAUTER

Abstract. Let k be the algebraic closure of a finite field, and let X be an

irreducible projective surface over k. Let C be a curve on X, and let Q be a finite

set of closed points of X meeting each irreducible component of X. We prove that

there is an irreducible curve on X whose set-theoretic intersection with C is Q.

Using this theorem we characterize P£ as a topological space, and we show that for

any two irreducible plane curves C, C there is a homeomorphism from P| onto

itself taking C onto C.

Our ground field will always be the algebraic closure A: of a finite field of

arbitrary characteristic. The word "surface" will always mean "complete surface

over k". If C is a reduced curve with irreducible components C,, . . ., C„, lying on

a surface X, we will denote the intersection matrix <[C¡ • Cf) simply by <C • C). We

will work exclusively with closed points, and the symbol " n " will always denote

set-theoretic intersection. Similarly, if a: Xx —> X2 is a map of surfaces and A¡ is a

subset of X¡, then a(Ax) and a~x(A2) denote the set-theoretic image and inverse

image, respectively.

Our main theorem follows from a theorem of M. Artin [A], which states that a

connected curve C on a nonsingular surface X can be contracted, provided

(C- C} is negative-definite. In other words, there is a map a from X onto a

surface Y, such that a(C) is a single point and a is an isomorphism over Y — a(C).

We are very grateful to Michael Artin for suggesting this approach. Our original

proof proved less.

We will need the following simple lemma from linear algebra:

Lemma 1. Let A be a symmetric negative-definite n X n matrix with real entries,

and let b G R". Then for all N « 0 the matrix

b'
B =

N. b

is negative-definite.

Proof. Let S be the maximum value of y Ay' on the sphere ||_y|| = 1, and take

N < H^llV0"- B*" (Vp . . . ,y„, z) is nonzero, we have

xBx' = yAy' + 2zby' + Nz2 < 5||>-||2 + 2|z| \\b\\ \\y\\ + Nz2

= «(II v|| + \z\ \\b\\/S)2 + ÍN- ||¿>||2/S)k|2 < 0.
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In order to keep the notation simple it is helpful to state our theorem first for

nonsingular surfaces. Here the result is a little sharper.

Lemma 2. Let C and E be curves on the nonsingular surface X, and let ß and ^ be

finite subsets of C and X — (C U E), respectively. Assume <£ • 7i> is negative-

definite, ß n E = 0, and ß meets each irreducible component of C. Then there is an

irreducible curve D on X such that D n C = ß and D n (E u ♦) = 0.

Proof. We will blow up points of ß repeatedly until the proper transform of

E u C has negative-definite intersection matrix. To do this, we first blow up ß,

and let X' -» A" be the resulting transformation. If a~x(C) has multiplicity > 3 at

some point P of a_l(ß), blow up P. This decreases the arithmetic genus of a~x(C),

by the proof of [H, V, Theorem 3.9]. Since the arithmetic genus is bounded below

by 1 - (# of connected components of C), we eventually get a transformation,

still denoted by a: X' -> X, such that (a) a~x(x) is a curve for each x G ß, (b) a is

an isomorphism over X — ß, and (c) a~x(C) has multiplicity 2 at each point of

a"'(ß).

Let C„ . . ., C„ be the irreducible components of C, and let C/ be the proper

transform of C, on A". Choose, for each i, a point P¡ G C¡ n a"'(ß). By (a), (b) and

(c), C¡ is nonsingular at P¡, and P¡ £ C¡ if /" +J. Also, P¡ is not on E', the proper

transform of E. Therefore, when we blow up P¡ and replace E' u C by its proper

transform, the only entry in <(7s ' u C) • (E' u C')> that changes is C¡ • C¡, which

drops by 1. Since <[E' ■ E'} = (E-E), Lemma 1 says we can blow up Px

sufficiently often, and then blow up P2, . . ., Pn repeatedly, so that the proper

transform if u Con our new surface X has negative-definite intersection matrix.

Let ß be the composite map X -» X' -» X. Then ß is still an isomorphism over

X — ß, and ß~x(x) is a curve for every x G ß. By [A, Theorem 2.9], we can

contract the connected components of E u C successively to obtain a normal

surface Y and a map y: X^ Y such that y(E u C) is a finite set and y is an

isomorphism off E u C. By [A, Corollary 2.11], Y is projective, and a suitable

hyperplane section will provide an irreducible curve 77 avoiding the finite set

y(E u C) u yß~x(f^). (Since most treatments of Bertini's theorem require y to be

nonsingular, we refer to [S, Theorem 1.1], which says H is locally irreducible, and

[H, III, Corollary 7.9], which says 77 is connected.) Now 77 meets each of the

curves yß~x(x), x G ß. Letting 77 be the proper transform of 77 on X, we see that

D = ß(H) is the required curve on X.

Main Theorem. Let C be a curve on a surface X, and let ß and ¥ be finite subsets

of C and X — C, respectively. Suppose ß meets each irreducible component of C.

Then there is an irreducible curve D on X such that D n C = ß and D n ¥ = 0.

Proof. Suppose we can prove the theorem for normal surfaces. Let X'^>X be

the normalization, and write tr~x(C) = C u A, where C is a curve and A is a finite

set disjoint from C. Choose a finite set ß' c C", meeting each irreducible compo-

nent of C and mapping onto ß via it. Apply the theorem to X', C, ß' and
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¥' = ir'1^) u A to get an irreducible curve D' on X' such that D' n C = ß' and

D' n ** = 0. Setting 7> = tt(£>'), we see that the theorem holds for X.

Changing notation, we now assume X is normal. Let Qx, . .., Qs be the singular

points of X, numbered so that Qx, . . ., Qr £ ß and Qr+X, ■ ■., Qs G ß. By re-

peatedly blowing up points lying over Qx and normalizing, we get a normal surface

Xx and a map ax: Xx-> X, such that Xx is nonsingular at each point of axx(Qx) and

a, is an isomorphism over X — {Qx}. Continuing, let a,: X¡-*X¡_X be a similar

desingularization of Q¡, 2 < i < s, and let a: X -» X be the composition a, • • • a,.

Then Aïs a nonsingular surface, and a is an isomorphism over X — {Qx, . . ., Qs}.

Let E¡ = oTx(Q,), 1 < i < r, and let E = £, u • • • U Er. By Zariski's main

theorem [H, III, Corollary 11.4], each E¡ is a connected curve. When viewed in X¡,

E¡ is contractible, and hence has negative-definite intersection matrix [M]. But

(E¡ ■ E¡) is unchanged by <*,■+,, . . ., as; and we conclude that <£ • 7J> is negative-

definite.

Now let C be the proper transform of C on X, and let

¥ = a"'({nonsingular points of A1 in "%}).

Choose a finite set ß c C meeting each component of C and mapping onto ß via

a. By Lemma 2 there is an irreducible curve D on X such that D n C = ß and

t5 n (E u *) = 0. Finally, let D = a(75). One checks easily that D n C = ß and

7) n * = 0
Using the Main Theorem we will classify, up to homeomorphism, the open

subsets of P¿. The analogous statements in terms of the topology on the whole

scheme, and in terms of the partially ordered set of irreducible closed subsets, are

left to the reader. To simplify the statement, we define a "curve" on a topological

space F to be a nonempty closed subset of V, each of whose irreducible compo-

nents has dimension 1.

Corollary 1. Let k be the algebraic closure of a finite field. The space V of closed

points ofP2. satisfies the following axioms:

(Al) V is Tx, Noelherían and irreducible, dim V = 2, and every point of V lies on

some curve.

(A2) V contains only count ably many curves.

(A3) If C is a curve on V and ß is a finite subset of C meeting each component of

C, there is an irreducible curve D on V such that D n C = ß.

(A4) Every curve on V is connected.

Moreover,  any  two topological spaces satisfying (A1)-(A4) are homeomorphic.

Axioms (Al), (A2) and (A4) are clear, and (A3) comes from the Main Theorem.

Since any two irreducible curves are homeomorphic, the last statement is an

immediate consequence of the following stronger result:

Proposition. Let V and V be topological spaces satisfying (A1)-(A4), and

suppose 9 is a homeomorphism from some curve C on V onto a curve C on V. Then

9 extends to a homeomorphism from V onto V.
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Proof. Let S, respectively, § ', be the set of irreducible curves in V, respectively,

V. For convenience, we give each set S, S' a well-ordering of type w. Our

homeomorphism 9 induces a bijection from the finite set ST of irreducible compo-

nents of C onto the set 9"' of irreducible components of C. Let D be the first

element of S - 9\ and note that C n D is a finite set meeting each component of

C. By (A3) there is some D'ëS'-Î' such that C C\ D' = 9(C n 7)). We

extend 9 to a homeomorphism <j> from C U D onto C" U 7)' by using an arbitrary

bijection between D — C and D' — C. Now let Tí' be the first element of

S' — (5"' u {D'}), and repeat the process, extending <f>-1 to a homeomorphism

from C u D' \j E' onto C u D u E, where Tí is a suitable member of S — (9"

U {D}). After countably many steps of this sort, we get a bijection \p: V—> V

inducing a bijection from S onto S '. Clearly i/* is a homeomorphism, since proper

closed sets are finite unions of points and curves.

Corollary 2. Let k be the algebraic closure of a finite field, and let U be a

nonempty proper open subset of P2.. Then U is homeomorphic to either P2. — {point}

or A2.   '

Proof. If the complement of U contains a closed curve in P2. then U is an open

subset of an irreducible affine surface over k. By [W, Theorem 6 and Corollary 7],

U is homeomorphic to A2.. To complete the proof, we need to show that V2. — {P}

is homeomorphic to P2. — {P'x,.. ., Pr'} whenever P, P[, . . ., P'r are distinct

points of P2. and r > 1.

We imitate the proof above, always working with curves in P2.. Let X = P2. —

{P}, X' = Pf - {P{, . . . , P;}, and let S = S ' be the set of irreducible curves in

P2., well-ordered as in the proof of the Proposition. Suppose 9 and ÍP are finite

subsets of S and S ', and 9 is a homeomorphism from ( U S") n X onto ( U 9') D

X' satisfying the extra condition: (*) For each T6Ï we have PET« some

P{ £ 9(T — {P})~. One can use the Main Theorem to extend the domain of either

9 or 9 ~x to include the first curve S — 3" or S ' — 9"'. Moreover, this can be done

in such a way that the extended homeomorphism still satisfies (*), so the process

can be continued indefinitely.

We remark that P£, P£ — {P}, and A£ are all pairwise nonhomeomorphic. To

see this, note that P£ — {P} and A| each contain disconnected curves, so these

spaces are not homeomorphic to P£. Also, for each curve in a£, say/ = 0, there is

another curve (/= 1) disjoint from it; whereas P£ — {P} has lots of curves that

meet every other curve. (Take any curve in P£ not passing through P.)

Finally, we observe that X = P£ - {P} and X' = P* - {P{, P2} are not isomor-

phic. For, if C is any disconnected curve in P£ — {P}, then X — C is affine. On

the other hand, let D be the union of two distinct lines passing through P[ and

avoiding P'2, and let C = D - {P'x}. Then A" - C = P2 - (D u {P2}) is not

affine, since the map

¿(P2 - D) = ©(P2 - D) -* ©(P2 - (D u {P¿}))

is an isomorphism. (See [H, I], particularly Example 3.20 and Proposition 3.5.)
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