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BIMEASURABLE FUNCTIONS

R. DANIEL MAULDIN1

Abstract. Let X and Y be complete, separable metric spaces, B a Borel subset of

X and/ a Borel measurable map of B into Y. The map/ is said to be bimeasurable

if the image of every Borel subset of B is a Borel subset of Y. R. Purves proved that

/ is bimeasurable if and only if (y: f~\y) is uncountable) is countable. The

purpose of this note is to demonstrate how Purves' theorem can be obtained

directly from some results concerning parametrization of sets which have been

developed in the past few years.

Let us make the following convention: if T c 77 X K and k G K, then Tk = {h

G 77: (h, k) G T}. Our first theorem is an easy application of some parametriza-

tion results [2], [3].

Theorem 1. Let A be an analytic subset of X X Y so that U = {y: Ay is

uncountable} is uncountable. Then there is a nonempty compact perfect subset P of U

and a Borel isomorphism g of {0, 1}^ X P onto a subset R of A so that for each p in

P, g\{0, \}N X {/>} is a homeomorphism onto Rp X {/?}.

Before proving Theorem 1, let us show how Purves' theorem follows directly

from Theorem 1.

Theorem 2 (Purves [4]). Let B be a Borel subset of X and f a Borel measurable

map of B into Y. In order that f be bimeasurable it is necessary and sufficient that

{y G Y: f~x(y) is uncountable} is countable.

Proof. Sufficiency is an immediate consequence of a theorem of Lusin [1].

In order to show necessity, suppose that U = (y: f~x(y) is uncountable} is

uncountable. Then A = Gr(f) is an analytic subset of Ar X y so that U = {y: Ay

is uncountable} is uncountable. Let P, g and 7? be as in Theorem 1. Let 77 be a

Borel subset of (0, \}N X P whose projection, J, into P is not a Borel set. Let

L = ttx(g(H)). Since ttx\Gr(f) is one-to-one, L is a Borel subset of B. Since

f(L) = J, f is not bimeasurable.    Q.E.D.

We recall the following notation from [2], [3]. The family of C-sets of

Selivanovskii, the smallest family of subsets of A' X y containing the open sets,

closed under operation A, and closed under complementation is denoted by

S(X X Y). This is a family of universally measurable sets.
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Proof of Theorem 1. Since U is an analytic set [1] and U is uncountable there is

a homeomorph, M, of the Cantor set contained in U. Let E = A n (X X M).

Then E is an analytic subset of A" X M such that for each m G M, Em is

uncountable. It follows from Theorem 9 of [2] that there is a map <¡> of X X M onto

E so that (1) for each m G M, <p(-, m) is a one-to-one map of X X {m} onto

Em X {m} and (2) both £ and <f>~x are S(X X Af)-measurable.

Let ¡i and v be atomless probability measures defined on the family of Borel

subset of X and M, respectively. Let ¡i X v be the associated complete probability

measure on X X M. Since </> is « x v measurable, there is a compact subset K of

IXMso that (¡i X j>)(70 > 1/2 and <p|Ä" is continuous.

Let T = {/n: n(Km) > 0}. Clearly »-(T) > 0. Let P be a compact perfect subset

of T so that v(P) > 0. Define t on <$>(X)X P by r(B,p) = n(B). Then t is a

conditional probability distribution on "35 (A) X P such that for each p in P,

t(Kp, p) > 0. It follows from Theorem 2.4 of [3] that there is a Borel isomorphism

ß of {0, 1}N X P onto a subset G of K so that for each p in P, ß(-,p) is a

homeomorphism of (0, 1}N X {p} onto G'1 X {p}. Thus, the map g = <i> ° ß and

the subset 7? = <j>(G) of /I have the required properties.    Q.E.D.

Let us point out another line of thought concerning bimeasurable functions. It

involves more general set theoretic considerations rather than direct descriptive set

theoretic considerations. In [5], Darst proved, assuming CH, that / is bimeasurable

if and only if f(M) is a universally measurable subset of Y for each universally

measurable subset M of X. Mauldin [6] observed that the result of Darst held

assuming Martin's Axiom. E. Grzegorek and Ryll-Nardzewski [7] completed this

line of reasoning by showing that Darst's theorem held in ZFC. Finally, Grzegorek

[8] proved in ZFC that / is bimeasurable if and only if f(N) is a universally null

subset of Y for each universally null subset N of X.
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