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COMPACT EXTENSIONS OF COMPACTLY GENERATED

NILPOTENT GROUPS ARE PRO-LIE

KARL H. HOFMANN, JOHN R. LIUKKONEN AND MICHAEL W. MISLOVE

Abstract. We show that compact extensions of compactly generated (locally

compact) pro-Lie groups are pro-Lie, and that compactly generated (locally com-

pact) nilpotent groups are pro-Lie. As a consequence compact extensions of com-

pactly generated nilpotents are pro-Lie. We give examples indicating limitations to

extending our results.

0. Introduction. In work which culminated in [5], the Fourier-Stieltjes algebra

B(G) of certain locally compact groups G was studied. The groups in question were

all compact modulo a closed normal nilpotent subgroup, and at first results were

obtained only for such groups which in addition were either Lie groups, or else were

compactly generated. It then became clear that these results could be simplified if all

such groups could be shown to be pro-Lie, and that is the purpose of the present

paper.

To fix notation, we consider locally compact groups G with a closed normal

subgroup N and quotient group K = G/N. We obtain various results leading up to

the main point of the paper: First, if N is pro-Lie and K is compact, then the

compact normal co-Lie subgroups of N which intersect in (1) may be chosen to be

/^-invariant. If, on the other hand, G is compactly generated, K is pro-Lie, and JV is a

compactly generated central subgroup of G, then G is again pro-Lie. Finally, if K is

compact and N is a compactly generated pro-Lie group, then G is also pro-Lie.

These results are then used to establish our main result: If N is compactly generated

nilpotent and K is compact, then G is pro-Lie.

In order to put our results in historical perspective, we point out that the

fundamental result that almost connected groups are pro-Lie fits into our setting,

with N — G0 (see [6, Theorem 4.6]). Grosser and Moskowitz [3, Theorem 2.11],

extending a result of S. P. Wang, showed that [SIN]B groups are B pro-Lie for

compact groups B containing the inner automorphism group of G. In particular, all

[Z] groups are pro-Lie.

The authors gratefully acknowledge the support of the National Science Founda-

tion during the course of the research contained herein.

1. Definition. Suppose G is a locally compact group and B a group of automor-

phisms of G. Then G is B pro-Lie if there is a family {Ka} of compact normal
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5-invariant subgroups of G such that G/Ka is Lie for each a, and DKa = (1). If

B = (1), then G is pro-Lie.

The following two results are very similar to Theorem 2.11 of [3]; we include a

proof for completeness.

2. Proposition. Suppose G is a pro-Lie group and B a compact group of automor-

phisms of G. Then G is B pro-Lie.

(Note: We mean that B is compact as a subgroup of Aut(G) or, equivalently, in

the compact-open topology. For a summary of this topology, see [1].)

Proposition 2 is an immediate corollary of Lemma 3 below.

3. Lemma. Suppose K is a compact normal subgroup of the locally compact group G

with G/K Lie. If B is a compact group of automorphisms of G and N = H {ßK:

ß G B}, then G/N is Lie.

Proof.' We show that N is in fact the intersection of finitely many images ßK, and

the result then follows. First, since G/K is Lie, G/K has no small subgroups, and so

there is a neighborhood U of K in G so that any subgroup L of G with L Q U

satisfies L C K. Thus S = {ß G B: ßK Q K} is open in B. Now, S n S"1 is also

open in B, and in fact 5 n S "' = {ß G B: ßK = K). Hence the 5-orbit of K is

finite (as B is compact), and so N — d {ßK: ß G B) is a finite intersection.    D

4. Theorem. Let G be a locally compact group, and let N be a compactly generated

closed normal pro-Lie subgroup such that K = G/N is compact. Then G is pro-Lie.

Proof. Let Ka be an arbitrary compact normal subgroup of N such that

Na = N/Ka is Lie. By Proposition 2 and Lemma 3, we may assume with no loss of

generality that Ka is G-normal. For the moment replace G by G/Ka, and N by Na;

i.e., assume temporarily that N is Lie.

We first observe that Aut(N) is a Lie group. In fact, by looking at the restriction

map r: Aut(N) -» Au^A^), we see that Aut(N)/kcr r is Lie, and ker r C Aut(N/N0)

is discrete since N/N0 is finitely generated. So Aut(iV) is Lie. It then follows that

G/Z(N,G) is Lie, where Z(N,G) is the centralizer of N in G. This is because

Z(N, G) is the kernel of the map G -> Aut(N). But G acts on Z(N, G) through the

compact group G/N, and so by [1, Theorem 4.1], Z(N, G) G [SIN]G, and by [3,

Theorem 2.11], Z( N, G ) is G pro-Lie.

This shows that G/Ka is pro-Lie, and since Ka was arbitrarily small, it follows G

is pro-Lie.    D

5. Lemma. Supposed (\) ^> D ^> K -+ Q -^> (\) is a quotient exact sequence, where K

is compact, and D is a Lie subgroup of the center of K. Suppose G is a group of

automorphisms of K which fixes D pointwise, and suppose K/D is G pro-Lie. Then

there are a closed subgroup S of K and a closed G-invariant normal subgroup T of K

such that S n D = (1), T = S X D and K/T is a Lie group.

Proof. Since D has no small subgroups, we can find a neighborhood U of 1 in K

such that if M C U is a subgroup, then M D D — (\). Since K is pro-Lie, we can
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now find a Abnormal closed subgroup P of K such that K/P is Lie and P C U, so

P n D = (1). Now K/PD is Lie, and so there exists a neighborhood PK of PD such

that if M C A: is a subgroup with M C W, then M C PD. Now since g = K/D is G

pro-Lie, there is a G-invariant closed normal subgroup T of K such that D (Z T (Z W

and K/T is Lie. So we have D C 7" C PD. Let 5 = P n 7".

We claim r = 5 X Z>. In fact, if í G T, then í G PZ), so t = pd where p G P and

del). But then p = td~ ' G TD C T, so p G S. Thus r G SD. This shows T = 5£>.

But s n Ö = (1), so r = 5 X Z).    D

6. Lemma. Suppose S is a compact group and D a compact abelian Lie group.

Suppose G is a compactly generated group of automorphisms ofT=SXD which fixes

D pointwise and is such that T/D is G pro-Lie. Then there is a compact G-invariant

normal subgroup M of T such that T/M is Lie and M n D — (1).

Proof. Without loss of generality, we may replace T by T/[T, T]~ and assume

thereby that S is abelian. Our given hypotheses are: 5 is compact abelian, D

compact Lie abelian, G a compactly generated group of automorphisms of T = 5 X

D which fixes D pointwise, such that T/D is G pro-Lie. Our goal is to find a closed

normal G-invariant subgroup M of T such that T/M is Lie and M n D — (1).

We solve this problem by dualizing: we let C — T, A — (T/D) » S, and B =

(T/S) — D. Then we have C — A X B; A, B, and C are discrete; B is finitely-

generated (as the dual of the Lie group D). Moreover, G is a compactly generated

group of automorphisms of C, and G preserves A cosets (since C/A « B =* D and G

fixes D pointwise). Finally A is the union of finitely-generated G-invariant subgroups

(since A = (T/D) and T/D is G pro-Lie). On the basis of all this, we want to find a

finitely-generated G-invariant subgroup E (— (T/M), where M is the sought-for

subgroup of T) of C such that AE — C.

We claim that the smallest G-invariant subgroup of C containing B is finitely-

generated. (This will prove Lemma 6.) Since B is finitely-generated and abelian, it is

enough to show that the subgroup generated by Gb is finitely-generated for each

b G B. To see this, let Y be a compact symmetric generating set in G. Then Yb is

finite in C, hence contained in b + A0 for some finitely-generated G-invariant

subgroup A0 of A. Since Y generates G, we clearly have Gb C b + A0. But the

subgroup E of C generated by Gb is clearly contained in lb + AQ, so E is

finitely-generated, and Lemma 6 is proved.    D

7. Theorem. Suppose (l)-»Ä-»G-»//-»(l) is a quotient exact sequence. Sup-

pose H is pro-Lie, R C Z(G), and R and G are both compactly generated. Then G is

pro-Lie.

Proof. To show G is pro-Lie, it is enough to show that H {K < G | K is compact

and G/K is Lie} = (1). In particular, we need to show there is a compact normal K

in G such that G/K is Lie.

Let N be any compact normal subgroup of H such that H/N is Lie. Let M be the

pre-image of N in G. Thus M G [Z] is compactly generated and so M contains a

maximum compact subgroup C, and M/C is a Lie group [1, esp. Corollary 1, p.
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336]. Now C must be normal in G, and G/C is Lie, since G/M (— H/N) and M/C

are both Lie. This shows that D {K < G \ K is compact and G/K is Lie) C M. Since

H is pro-Lie, and N is an arbitrary compact normal subgroup of H such that H/N is

Lie, we get D {K < G \ K is compact and G/K is Lie} C R.

Now R is compactly generated abelian, and so contains a maximum compact

subgroup D. We now have C\{K <3 G\ Kis compact and G/K is Lie} C D. Thus we

only need to find, for any compact subgroup N of D such that D/N is Lie, a

compact normal subgroup M of G such that G/M is Lie and M (1 D C N. (We use

here that D is central and pro-Lie.) In fact, let N be an arbitrary compact subgroup

of D such that D/N is Lie, and replace D by D/N. Thus we assume D is Lie, and

must find a compact normal subgroup M of G such that G/M is Lie and

MDD = (\).

Now let L be any compact normal subgroup of G such that G/L is Lie, and let

K — LD. Then K is compact normal in G and G/K is Lie. By Lemma 5, there is a

compact G-normal subgroup T of K such that G/T is Lie and T = S X D for some

closed AT-normal subgroup S of #. But then by Lemma 6, we have a compact normal

subgroup M of G such that G/M is Lie and M D D = (1). Translating this

conclusion back to before we divided by N, we can say that for any compact

subgroup N of D such that D/N is Lie, there is a compact normal subgroup M of G

such that G/M is Lie and M (~) D C N. Since Z) is G pro-Lie, we conclude

(1{K < G\ K is compact and G/K is Lie} = (1); i.e., G is pro-Lie.    □

8. Proposition. If N is a compactly generated nilpotent locally compact group, then

Z(N) is compactly generated.

Proof. We denote the upper central series by

1 = Z° C Z1 C  ■■■ dZ" = N,

and the lower central series by

JV-C°DC'D  -OC"=l.

Recall that Ck = [N,Ck~x] for k = \,...,n, and that the lengths of the two series

do agree [4, p. 2]. We are considering here commutators in the algebraic sense and

do not claim any Ck is necessarily closed.

We claim first that each Ck is compactly generated modulo Ck+X in the sense that

each Ck contains a compact subset which generates it modulo Ck+l. We prove this

by induction on k. Letting [x, y] = xyx 'v ' an<3 xv — y~xxy, we have the easily

verified relations

(a) [xv, z] = [y, z]x '[x, z] and

(b) [x, yz] = [x, y][x, z]*".

Let AT be a symmetric compact generating set for N (i.e., N — (X), the smallest

group containing X). Then a typical generator for C1 may be written

[x\...xm, yv..yn], where each x, andyj G X. By (a) and (b) this generator is in turn

a product of elements of the form [x,, yf\, modulo C2. This proves the claim for

k = \. Now suppose Ck is compactly generated modulo Ck+]; that is, for some
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symmetric compact set Wk C Ck, the subgroup (Wk) has the property (Wk)Ck+x —

Ck. Then a typical generator of Ck+X may be written [x,.. .xmt, y,.. .y„], where each

x, G Wk, t G Ck+X, and each ^ G X. But by (a) and (b) this element is the product

of elements of the form [x¡, y,] and [t, y¡\, modulo Ck+2. This shows Ck+X is

compactly generated modulo Ck+2, so that the claim is proved by induction. It

follows easily that each Ck contains a compact generating set, and (since N is locally

compact) that each Ck is compactly generated.

Now we claim that Z(N) is compactly generated. We prove this by induction on

the (nilpotence) class of N. For N of class one (N abelian) the assertion is trivial.

Suppose the assertion holds for all compactly generated nilpotent groups of class

< n. Let N be a compactly generated nilpotent group of class n + 1. Then C" C Z1

and C" C Z1. But N/C" is of class < n, and so Z(N/C") is compactly generated by

inductive hypothesis. Now Z'/C" is a closed subgroup of the compactly generated

locally compact abelian group Z(N/C") and hence is itself compactly generated.

Hence Z1 = Z(N) is compactly generated. This proves Z(N) is compactly generated

for compactly generated nilpotent N of all classes, by induction.    D

9. Theorem. Let (1) -> N -> G -» K -* (1) be a quotient exact sequence, where N is

compactly generated nilpotent and K is compact. Then G is pro-Lie.

Proof. By repeated application of Theorem 7 and Proposition 8, we see by

induction that N is pro-Lie. But then G is pro-Lie by Theorem 4.    D

10. Examples. We present here some examples to indicate limitations on extend-

ing our results.

A. Let G = T°° X Z, where T00 is the infinite product of T indexed from - oo to

oo, and Z acts by powers of the bilateral shift. Then G is a compactly generated

solvable group which is not pro-Lie. Thus "nilpotent" seems necessary in Theorem 9.

B. Let G be the Heisenberg group over the /?-adic field. Then G is nilpotent but

not compactly generated. Also, G is O-dimensional but not [SZ7V], hence not pro-Lie.

So "compactly generated" is necessary in Theorem 9.

C. In this example we construct a class 2 nilpotent group G with center Z(G) — Z2

such that G is not pro-Lie. This shows that in Theorem 7 we need to assume G is

compactly generated. We let H = Z2 © 2 Z2, and we let the compact group K = \~[Z2

act on H by:

(a„)(x,(x„)) = (x + 2a„xn,(xj).

Here we mean a„x„ = 0 unless both a„ and x„ = 1, in which case anx„ — 1. Then let

G = HX¡ K; we get Z(G) = Z2, and G/Z(G) = 2 Z2 © IIZ2.

D. If, following [2, p. 385], we let G = (2Z3) X IIZ2; where each Z2 acts on Z3

by inversion, then we get that G is a compact extension of an infinitely-generated

discrete group which is not pro-Lie. Thus it seems necessary in Theorem 4 that N be

compactly generated.
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