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ON FDTEDPOINT THEOREMS OF CONTRACTIVE TYPE
MAU-HSIANG SHLHAND CHEH-CHLHYEH
ABSTRACT. Let G be a continuous map of a nonempty compact metric space
(X, d) into itself, such that for some positive integer m, the iterated map Gm
satisfying
a\Gm(x),Gm{y))

< max{d(x, y), d(x, Gm(x)), d(y, Gm(y)), d(x, Gm{y)), d(y, Gm(x))}
for all i, y £ X with x ^ y. It is shown that (i) G has a unique fixed point
I* € X; (ii) the sequence of iterates {Gk(x)} converges to x* for any x £ X;
(iii) given X, 0 < X < 1, there exists a metric d\, topologically equivalent to

d, such that d\(G(x), G(y)) < \d\(x, y) for all x, y 6 X.

1. Among the various extensions of the contraction mapping principle, an
important and simple one is the Kolmogoroff and Fomin theorem (KFT) [7, pp.
160-161]. The KFT asserts that if G is a continuous map of a complete metric
space (X, d) into itself, such that for some positive integer m, the iterated map Gm
is a contraction (in the sense of Banach), then G has a unique fixed point in X.
Chu and Diaz [2] then gave a thorough analysis of KFT and pointed out various
possible modifications. Note that KFT is particularly useful for Volterra integral
equations [7]. In a recent paper Ciric proved a result [3, Theorem 2] which may be
called a generalized KFT. It is the purpose of this note to look at the generalized
KFT from another point of view, namely, remetrization theory.
2. We begin with the following theorem,

of which parts (a), (b) and (c) were

already proved in [3].
THEOREM 1. Let G be a map of a (nonempty) complete metric space (X, d) into
itself, such that for some positive integer m, the iterated map Gm satisfying

d(Gm(x),Gm(y))

U

< a max{d(x, y), d(x, Gm(x)), d(y, Gm(y)), d(x, Gm(y)), d(y, Gm(x))}

for some a £ (0,1) and for allx,y G X. Then
(a) G has a unique fixed point x* £ X;

(b) limfc^oo Gk(x) = x* for all x£X;

(c) d(Gk(x), x*) < aja(x)/(l

— a) for all x£X,

where a(x) : = max-j^G^x), G'+m(x)) : i = 0,1,... ,m — 1} andj : = [k/m] is the
greatest integer not exceeding k/m.
Moreover, assume further that G is continuous, then we have
(à) given X G (0,1), there exists a metric d\, topologically equivalent to d, such

that d\(G(x), G(y)) < Xdx(x,y) for all x,y£X.
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PROOF. For proofs of (a), (b) and (c), see [3, Theorem 2]. To prove (d) we shall
make use of Meyer's theorem [8].

Meyer's

THEOREM. Let G be a continuous map of a (nonempty) metric space

(X, d) into itself such that
(i) G has a unique fixed point x* £ X;
(ii) the sequence of iterates {Gk(x)} converges to x* for all x £ X;
(iii) there exists an open neighborhood U ofx* with the property that given any open
set V containing x* there exists a positive integer N such that Gk(U) C V for

all k>N.
Then for any X G (0,1), there exists a metric d\, topologically equivalent to d, such

that

dx(G(x),G(y)) < \dx(x,y)

for all x,y£X.

PROOF OF THEOREM 1 (CONTINUED). By the conclusion of (a) and (b), and
Meyer's theorem, we have to find an open neighborhood U of x* such that {Gk(U)}
converges to x*. Let

U :={x£X:d(x,x*)

< 1}.

Then by inequality (c), Gk(U) —►
x*. This completes the proof.
The following theorem solves the case a = 1 in Theorem 1.

D

THEOREM 2. Let G be a continuous map of a nonempty compact metric space
(X, d) into itself, such that for some positive integer m, the iterated map Gm satis-

fying
d(Gm(x),Gm(y))

( '

< max{d(x, y), d(x, Gm(x)), d(y, Gm(y)), d(x, Gm(y)), d(y, Gm(x))}

for all x, y £ X with x ^ y. Then
(a) G has a unique fixed point x* £ X;
(b) the sequence of iterates {Gk(x)} converges to x* for any x £ X;
(c) given X £ (0,1), there exists a metric d\, topologically equivalent to d, such

that

d^(G(x), G(y)) < \d\(x, y) for all x,y£X.
PROOF. Let Gm :=F.

Note that Fk(X) D Fk+1(X) for k = 1,2, .... From

the compactness of X and the continuity of P, it follows that {Fk(X)} has the
finite intersection property; thus HfcLi Fk(X) is a nonempty compact subset of

X. Let 77 : = fl^Li Fk(X). We shall prove that P(77) = 77. It is clear that
P(77) C 77. To obtain this reverse part, let x £ H; then there exists xk £ Fk(X)
such that P(xfc) = x, k = 1,2,_By
compactness of X we may (by selecting a
subsequence, if necessary) suppose that xk converges to some point x £ X. Since

{xfc,xfc+i,...}
C Pfc(X) and Pfc(X) is compact, x G Fk(X) for k = 1,2,....
So that x G 77 and by P(x) = x, we have 77 C F(H). This obtains our desired
conclusion. Moreover, ¿(77) = 0, where ¿(77) denotes the diameter of 77. Suppose
not. Since the product space 77 X 77 is a nonempty compact set, by the continuity
of d, there exist two distinct points Z\,z2 £ H such that 6(H) = d(z\,z2). From
P(77) = 77, it follows that there are two distinct points x\,x2 £ 77 such that
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P(xi) = Z]_and P(x2) = z2. But
6(H) = d(F(x1),F(x2))
< max{d(xi, x2), d(xx, P(xi)), d(x2, F(x2)), d(xi, F(x2)), d(x2, P(xi))}
a contradiction to (2). So 77 is a singleton, say, 77 = {x*}. Therefore Fk(x) —>x*
for all x G X and x* is the unique fixed point of P. So Gm(G(x*)) = G(x*)
and the uniqueness of the fixed point of Gm leads to G(x*) = x* and x* is the
unique fixed point of G. This proves (a). To prove (b) and (c), observe that for

i = 0,l,...,m

— 1,

0 ^ pj Gkm(Gi(X))C f] Gkm(X)
fc=i

fc=i

oo

= f) (Gm)k(X) = {x*}.
fc=i

Thus DfcLi Gk(X) = {x*}. It follows that Gk(x) -» x* for all x £ X, this proves
(b). By an elegant theorem of Janos [6], the conclusion of (c) follows. This completes

the proof.

□

3. A few general remarks concerning Theorem 2 are in order. First, in Theorem
2 we have no information on rate of convergence with respect to the metric d.
Second, unlike Theorem 1, the existence of fixed point in Theorem 2 cannot be
guaranteed if we remove the continuity assumption, as the simple one-dimensional

example G(x) : = 1, if x = 0; G(x) : = x/2, if x G (0,1] shows. Third, if condition
(2) is replaced by
d(Gm(x), Gm(y)) < max{d(x,2/),d(x,Gm(x)),
(3)
d(y, Gm(y)), ¿(d(x, Gm(y)) + d(y, Gm(x)))}

for all x, y £ X,
the existence x* in Theorem 2 can be seen as follows: The map yj(x) : = d(x, Gm(x))
is continuous on the compact space X, hence yj takes its minimum value at some
point x* G X. If tp(x*) > 0, then i/>(G(x*)) < ip(x*) yielding a contradiction. Thus
Gm(x*) = x*, and hence G(x*) = x*. (See Edelstein [4], and Hardy and Rogers
[5].) Further, if condition (2) is replaced by

d(Gm(x), Gm(y)) < max{d(x, y), £(d(x, Gm(x)) + d(y, Gm(y))),
\(d(x,Gm(y))

+ d(y,Gm(x)))},

we can prove the existence x* in Theorem 2 without the continuity hypothesis on G,
see [1]. Finally, one wonders whether a map G on a compact space (X, d) satisfying
(2) may satisfy (1). The following simple example shows that this is, in general, not
true.

EXAMPLE. Let X : = [0,1] with the usual distance | • |. Define

G(x):=-±—

for x G [0,1].

1 -j- x
Then G satisfies condition (2) with m = 1. However, G does not satisfy (1); for
otherwise there is an o G (0,1) such that for all x G X,
X

—— = |G(0) —G(x)| < a max{x,0,x
1+ x
I
Hence (1 + x)—1 < a for any x G X with i^0.

XX

— —■—, ——}
l + i l+ij

= ax.

This is clearly impossible.
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4. Added in Proof.
Let (X, d) be a metric space and D a nonempty bounded
subset of X. Following Kuratowski, we define ct(D), the measure of noncompactness

of D, to be
inf{Z > 0: D can be covered by a finite number of sets of diameter < /}.

If fi is a nonempty subset of X and T a map of fi into X, then T is called condensing
if T is continuous on fi and given any nonempty bounded set S in fi, then a(T(S) <

a(S) for a(S) > 0.
By the theorem of Janos, Ko and Tan [Theorem, Proc. Amer. Math. Soc. 76
(1979), 339-344], we can prove the following result, generalizing a result of Janos
(see the corollary of Janos, Ko and Tan).

THEOREM 3. Let (X, d) be a bounded complete metric space, and letG: X —►
X.
Suppose that there exists a positive integer m such that Gm is condensing and

d(Gm(x),Gm(y))

< max{d(x, y), d(x, Gm(x)), d(y, Gm(y)), d(x, Gm(y)), d(y, Gm(x))}
for all x, y £ X with x ^ y. Then there exists a bounded complete metric d*
on X which is equivalent to d such that G is contractive with respect to d*, i.e.,

d*(G(x), G(y)) < d*(x, y) for all x, y £ X with x jé y.
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