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THE GLOBAL DIMENSION OF FBN RINGS

WITH ENOUGH CLANS

ROBERT F. DAMIANO

ABSTRACT. For an FBN ring R, a classical set of prime ideals {Pi,... ,Pn)

is one for which the semiprime ideal N = (~}™=1Pi satisfies the Artin-Rees

property. A minimal classical set is called a clan. We say an FBN ring R has

enough clans if each prime ideal P is an element of a clan. In this paper, we

show that for such rings the Krull dimension is less than or equal to the global

dimension.

For a commutative noetherian ring R, it is well known that the Krull dimension

of the ring is less than or equal to the global dimension of the ring [2, Lemma

3.1]. This same inequality can be conjectured to be true for all noetherian rings

without the commutativity hypothesis. Some progress in this direction has been

made, especially in the case of noetherian rings satisfying a polynomial identity [8,

11]. In this paper, we show that the conjecture is true for FBN rings with enough

clans.

THEOREM 1. If R is an FBN ring with enough clans, then K-dim(R) <

gldim(fí).

We first prove a proposition that will allow us to assume without loss of generality

that R is a semilocal FBN ring with a unique maximal clan. Let ¿?[p] be the

localization at the semiprime ideal associated to the clan containing the prime ideal

P. We note that by [9, Theorem 5] a clan contains only a finite number of prime

ideals. Thus i?[p] is a semilocal noetherian ring.

PROPOSITION.   If R is an FBN ring with enough clans such that [P] is the clan

containing the prime ideal P, then R[p] is an FBN ring with enough clans. Moreover

(i) K-dim(R) = sup{K-dim(R[M])\M a maximal ideal}.

(ii) gl dim(.R) = supigldimnjAi^lM a maximal ideal}.

PROOF. The proof that R[p] is an FBN ring with enough clans can be found in

[13, Proposition 2]. Pick a proper chain of prime ideals Pq Ç Pi Ç • • • Ç M where

M is the maximal prime ideal of the chain. Localize R at the clan containing M,

i.e. [M]. Thus R¡m] <8> Pß Q R\m\ <8> A ÇJ ■ • ■ Ç R[M] ® M is a proper chain of
prime ideals in R[m\- It follows that

K-d\m(R) = $mp{K-à\m(R[M\)\M a maximal ideal}.

Let N be an .fi[jvf]-module with ñjMj-injective resolution

0 4* TV -> E0 -v E1 -r E2 -* ■ ■ ■-
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Since localization at [M] is a perfect flat epimorphism [14, Proposition 2.3.5],

this is also an fi-injective resolution of N viewed as an Ä-module. Hence,

sup{gldim(Ä[M])} < gldim(fi).

Suppose n = sup{gldim(ñ[W¡)} < gldim(fi). Pick an ñ-module K such that

inj dim(K') > n. If En+i is the n + 1-injective in a minimal injective resolution

of K, there exists an 0 ^ x G ¿ïW+i such that AwiR(Rx) = P, a prime ideal.

Let M' D P be a maximal ideal. By [4, Proposition 1], localizing the injective

resolution of K at [M'\ produces an R[w]-injective resolution of R[m>] <8> K of

length greater than n. This contradiction gives the equality of (ii).    D

PROOF OF THEOREM 1. By the Proposition, it suffices to assume R has been

localized at a maximal clan. Let J = f){Mi\Mi G [M]} be the Jacobson radical

of R. By [10, Corollary 3.8], J satisfies the Artin-Rees property. We note that by

[7, Corollary 3.8], the Krull dimension of R is finite. Therefore, without loss of

generality, assume the global dimension of R is finite. We now prove the result by

induction on the global dimension.

If gl dim(ñ) = 0, then R is semisimple and we are done. Suppose that the result

is true for global dimension less than or equal to fc — 1 and let R be an FBN ring

with enough clans and global dimension k. Let P be a prime ideal of R such that

K-dim(R[P]) = K-dim(R) — 1. Let N = f]{Pi\Pi e [P]}. Since P¿ G [P] has the
property that K- dim(R/Pi) = 1 [9, Corollary 6], we can pick 0^i£ J such that

x is regular in the ring R/N. Consider the exact sequence

0 -r R/N^R/N -+ R/Rx + N '-* 0

where the monomorphism is given by right multiplication by x.

This sequence gives rise to the long exact sequence

-► ExtkR-l(R/N, R/N) -r ExtR-1(R/N, R/Rx + N)

(1) - ExtkR(R/N, R/N)Z ExtkR(R/N, R/N)

— ExtkR(R/N, R/Rx + TV) -, 0

where the map from Ext%(R/N,R/N) to ExtR(R/N,R/N) is given by right

multiplication by x.

We first claim that ExtR(R/N,R/J) = 0. Suppose ExtkR(R/N,R/J) ^ 0.
Since J has the Artin-Rees property and R is a semilocal FBN ring, the minimal

injective resolution of R/J has the property that Ei== 0 E(Tj) where Tj are simple

Pt-modules [9, Theorem 5]. Moreover, every finitely generated submodule of Ei has

finite length [6, Proposition 4.3].

Let

0 ̂  <p G ExtkR(R/N,R/J) = kerdl/hndl^.

Pick <p G H.omn(R/N,Ek) such that <p G kerd£ and <p + lmdl:_1 = ïp. Conse-
quently, R<p(R/N) has finite length [6, Proposition 4.3]. In particular, there exists

a power of x such that xl<p(R/N) = 0. Consider the exact sequence

0 -> R/N   -► R/N -i R/Rxl+1 + N -» 0.

The functor Ext(—, R/J) gives a long exact sequence

-► ExtkR{R/Rxl+1 + N, R/J) T+ ExtkR(R/N, R/J)

xl+1
—  ExtkR(R/N,R/J)^0
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where the last map is given by left multiplication by xi+1. Since by [5, Proposition

6], ExtR(R/N,R/J) is a right finitely generated P-module, left multiplication by

x1^1 is an isomorphism [15]. But

xl+1 • <p(r) + ImdJU = <p{rxl+l) + ImdjU = rxl(<p(x)) + ImdjU = 0.

Since 0 5¿ ~<p G ExtR(R/N, R/J), we get a contradiction. Therefore,

ExtkR(R/N,R/J) = 0.

We note again that K- dim(P//V) = 1 [9, Corollary 6]. Therefore, since J(R/N)

has the Artin-Rees property and x is a regular element of R/N, R/Rx 4- N has

finite length as an P-module. By [5, Proposition 5], ExtR(R/N,R/Rx -f- N) — 0.

Our long exact sequence (1) now becomes

-► ExtR(R/N, R/N) -* Ext^^R/N, R/Rx + N)

-r* ExtkR(R/N, R/N)^ ExtkR{R/N, R/N) — 0.

But ExtR(R/N, R/N) is a right finitely generated R/N-modu\e by [5, Proposition

6] and x is a nonzero element of the Jacobson radical of R/N. By Nakayama's

Lemma [1, Corollary 15.13], ExtkR(R/N,R/N) = 0. Let R[P](g)fi//V = [R/N)[P].

The sequence

(2) 0 - R/N - (R/N)[P] - K - 0
í

is exact.

Let k G K such that Annß(Pfc) is a prime ideal Q. Since K is an epimorphic

image of (R/N)[P], K-dim(R/Q) < 1. If K- d\m(R/Q) = 1, then by [9, Theorem
5], Q G [P]- Thus, fi[p] <g) Rk t¿ 0. However, since R¡P] is a right flat fi-module

[14, Proposition 2.3.5],

0 - (R/N)[P] *>* (Ä//V)[P] -* P[P] (8) IT - 0

implies Ptjp] (g) Ä" = 0, a contradiction. Consequently i-C- dim(P/Q) = 0. Since

J has the Artin-Rees property, K = limi-i"Q where each Ka has finite length [6,

Proposition 4.3]. Applying the functor Ext(R/N, —) to (2), we get the long exact

sequence

-> ExtkR(R/N,R/N) -» ExtkR(R/N, (R/N)[P]) -> ExtkR(R/N,K) -» 0.

Since ExtkR(R/N, R/N) = 0 and

Ext^iÄ/JV.Ä") = Ext£ (Ä//V, lim Xa) = ljmExtkR(R/N,Ka) = 0

[5, Proposition 4 and Proposition 5], we get that ExtR(R/N,(R/N)^P]) = 0. By

[12, Theorem 11.65],

ExtkR(R/N, (R/N)[P]) = ExtkRip]((R/N)[P],(R/N)[P]).

But N[P] is the Jacobson radical of R[P\- By [3, Lemma 3], gldim(P[Pj) =

injdim((.ñ/./V)[p]) < fc—1. Therefore, by induction, ií-dim(P) = K- dim(P[P] ) +

1 = gl dim(P[P]) + 1 < k = gl dim(P).    D
One of the most important classes of FBN rings with enough clans are those

FBN rings R that satisfy the condition of incomparability of the prime ideals of R

with the prime ideals in the center of R. In particular,
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COROLLARY 2. If an FBN ring R satisfies incompar■ability with respect to its

center, then K- dim(P) < gl dim(P). In particular, this is true for a noetherian ring

integral over its center.

PROOF.   [9, Proposition 9] and Theorem 1.    D

We should remark that there are examples of noetherian PI rings that do not

have enough clans. See for example [9, Counterexamples 1 and 2].
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