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RIEMANNIAN METRICS INDUCED BY TWO IMMERSIONS

M. DO CARMO AND M. DAJCZER

Abstract. We consider the situation where a Riemannian manifold Mn can

be isometrically immersed into spaces JVn+1(c) and A/n+*(c) with constant

curvatures c < c, q < n — 3, and show that this implies the existence, at

each point p 6 M, of an umbilic subspace Up C TPM, for both immersions,

with dim Up > n — q. In particular, if Mn can be isometrically immersed as a

hypersurface into two spaces of distinct constant curvatures, Mn is conformally

flat.

1. Introduction.

(1.1) An n-dimensional Riemannian manifold Mn is conformally flat if, for each

point p G M, there exists a conformai diffeomorphism of a neighborhood of p onto

an open set of the euclidean space Rn. Let x: Mn —► Mk be an immersion of

a differentiable manifold Mn into a Riemannian manifold Mk, and let a: TPM X

TPM -¿» (TpM)-^ be the second fundamental form of x at p G M; here (TPM)-L is

the orthogonal complement of dxp(TpM) in TX^M. We say that Up C TPM is an

umbilic subspace of x at p if (a(X,Y"), f) = X(X, Y"), X = const, for all X G Up,

all f G (TPM)-I- and all Y G TpM, where (, ) denotes both the Riemannian metric

on M and the Riemannian metric on M induced by x. We will denote by Mk(x) a

/c-dimensional Riemannian manifold with constant sectional curvature c. It is well

known that if n > 4 and x: Mn —► Mn+1(c) is an immersion, the metric induced

on M" by x is conformally flat iff, for each G M, there exists an umbilic subspace

Up C TPM with dimC/g > n — 1. We will prove the following local theorem.

(1.2) THEOREM. Let Mn be a Riemannian manifold. Assume that Mn can be

isometrically immersed in both Mn+1(c) and 7Wn+1(c), c > c, q < n — 3. Then,

for each p G M, there exists an umbilic subspace Up C TPM of both immersions

with dim Up > n — q.

(1.3) COROLLARY. Let Mn, n > 4, be a Riemannian manifold. Assume that

Mn can be isometrically immersed in both Mn+1(c) and Mn"l"1(c), c ^ c. Then

Mn is conformally flat.

(1.4) REMARK. Corollary (1.3) is, in a certain sense, the strongest restriction

that can be expected under its hypothesis. In fact, it can be shown [1] that if an

immersion x: Mn -* Mn+1(c) of a differentiable manifold Mn induces on Mn a

general conformally flat Riemannian metric, then, with such a metric, Mn can be

isometrically immersed into a Mn"+"1(c), for any c < c.
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(1.5) REMARK. The bound on the dimension of Up given by Theorem (1.2) is

sharp as shown by the following example. Let n > 3 and let Mn = 5"—2 X R2 be

the Riemannian product of the sphere S"—2 of curvature one with the euclidean

space R2. As the first immersion x%: Mn —► ñ""1"1, take the product immersion

of the canonical embedding ¿n_i : S"—2 C Rn~l with the identity map R2 C

R2. To define the second immersion, consider the map f:R2-*R4 obtained by

composing the immersion of R2 as a flat torus in S\ with ¿4 : S\ C R4- By taking

the product immersion in—i X /: S™-2 Xfl2-* Pn+3, it is easily checked that

in—1 X f(Sn~2 X R3) is contained in a sphere of radius, say, 1/Vc, of P™+3. This

gives an immersion x2: Mn —*, 5"+2, and clearly there exists, for all p G M, an

umbilic subspace Up = TP(S^~2) of both immersions, with dimCp = n — 2.

(1.6) REMARK. As the proof of Theorem (1.2) will show, we actually obtain

that dim Up > n — I, where I < q is the dimension of the first normal space at p

of the second immersion.

By imposing further restrictions on the immersions of Corollary (1.3) we can

characterize those Riemannian metrics that will arise there.

(1.7) CORLLLARY. Let Mn be as in the hypothesis of Corollary (1.3). Assume

further that the first immersion has constant mean curvature H and that the second

immersion has constant mean curvature H. Then Mn is either a space of constant

curvature Mn(a) or a Riemannian product Mn~1(a) X R-

PROOF OF (1.7). Let ei,...,en be an orthonormal basis of TPM such that

t\,..., en_i is a basis for the umbilic subspace Up C TPM of both immersions given

by Theorem (1.2). Relative to such a basis, let X, p (resp. ß, 7) be the eigenvalues

of the second fundamental form of the first (resp. second) immersion. From Gauss'

equations, we easily see that the fact that H and H are constant implies that X

and p are also constant. The result follows from Ryan [3, p. 373].

2. Proof of Theorem (1.2).

(2.1) We will use the theory of flat bilinear forms as developed by J. D. Moore

in [2, pp. 459-465]. We recall that, given vector spaces V, W, a W-valued bilinear

form ß : V X V —► W is flat relative to a real inner product (, ) : W X W -* R if

(ß(x, z), ß(y, w)) - (ß(x, w), ß(y, z)) = 0,

for all x, y,z,we V. The nullity N(ß) of ß is

N(ß) = {neV; ß(x, n) = 0, for all x G V),

and ß is null if

(ß(x, y), ß(z, w)) = 0,    all x, y,z,w£ V.

Now let xi: Mn -* Mn+1(c) and x2: Mn —*■ Mn+q(c) be the two immersions

referred to in the statement, and denote by (,),(, )i, (, )2 the Riemannian inner

products of Mn, Mn+1(c), ~Mn+q{c), respectively. Fix throughout the proof a

point p G M and let

ai : TPM X TPM -+ (Tp(M)j-,    a2 : TPM X TPM -» (TpM)^

be the second fundamental forms of xi, x2, respectively. Let tY¿ be the first normal

space of Xi, i.e.,

Ni = span{77 G {TpM)±;n = ai(X,Y),X,Y G TPM),        i = 1,2.
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Set W = Ni ©Ä07Y2, and define a Lorentzian inner product (, ) in W by requiring

that (, ) = —(, )i in Ni, (, ) = (, )2 in N2, and that the direct summands of W

are pairwise orthogonal. Define a bilinear form 0: TPM X TPM —► W by

ß(X, Y) = ai(X, Y) + y/ï=~c(X, Y)c + a2(X, Y),        X,Y G TPM,

where n is a generator of R with (n, n) = 1.

It follows from Gauss' equations for Xi and x2 that ß is flat and, since c — c > 0,

N(ß) 3= 0. Notice that cti is not zero; otherwise, the inner product (, ) in W is

positive definite, hence (Moore [2, p. 463, Corollary 1])

0 = dxmN(ß) > dimV" — dimVK > n — (q + 2) > 1,

which is a contradiction.

Let /Y be a vector that generates tVi with (N, N)i = — (N, N) = 1.

Assertion. There exists a unit vector rjo G R 0 N2 such that

(2.2) (ax(X, Y),N) = (Vc^c(X,Y)ç + a2(X,Y),n0).

To prove the assertion, we use the fact that (Moore [2, p. 464, Corollary 3]) W

has a direct sum decomposition W = Wi 0 W2 such that the restrictions of (, ) to

Wi and W2 are nondegenerate, and if ßi and ß2 are the W\- and H^-components

of ß, respectively, then ßi is null and dimN(ß2) > dim TPM — dimW^-

It follows that ßi is not zero; otherwise, ß = ß2 and

0 = dim N(ß) = dim N(ß2) > n — 1.

Since ßi is null, the restriction of (, ) to Wi is Lorentzian. Thus dim W\ > 2, and

we can choose bases tx,... ,e& of Wi and So,---, <5¡+i of R 0 N2, such that

d = cosh tpN -\- sinhtpëi,        e2 = 62,..., ek = Sk-

Thus, by writing

ßi(X,Y) = -(ß(X,Y),ei)ei + ^ (/3(X, r), eQ)ea
a=2

we obtain that the condition for ßi to be null is

k

(2.3) (ß(X,Y),ei)(ß(Z,W),ei)= J2(ß(X,Y),ea(ß(Z,W),ea),
ct=2

X, Y, Z, W G TPM. Define linear maps P and Da of TPM, a m 2,..., k, by

(SX, Y) = (ß(X, Y), ei),        (DaX, Y) = (ß(X, Y), ea).

Then (2.3) is equivalent to

(2.4) (PX, Y)(BZ, W) = £(A,X, Y)(DaZ, W).
a

We need the following lemma of linear algebra.

(2.5) LEMMA. Let V be a finite-dimensional real vector space with a positive

definite inner product (, ) and let B and Da, a = 2,..., k, be self adjoint linear maps

ofV such that (2.4) holds for all X, Y,Z,W G V. Then there exist real numbers ca

With J2a Ca = 1 SUCn *^ai R = 12a Ca^a ■
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PROOF OF THE LEMMA.   Let Zx,..., Zn, n = dim V, be a basis of V that

diagonalizes B, i.e., (BZi, Zj) = X,^, i,j = 1,..., n. Then by (2.4)

(BZi,Zj)2 = Y}Po:Zi,Zi?-
a

It follows that Zi,...,Zn diagonalizes each Da. Define 7° by DaZi = ~faZi. Then,

again by (2.4),

(2-6) Wa;¿W-
a

We first notice form (2.6) that if some X¿ = 0 then 7" = 0 for all a. Next, set

7i = (7J,..., 7*) G Rk and notice that (3.6) means that, in the usual inner product

H-ij? = unij\?.
It follows that

1?    (i?)2    {ißj?     Zed?)2     V

hence, by setting 7"/X¿ == lf/^j = cq> we obtain from (2.6) that 2~2aca = *■

Finally, since (ca7")/X¿ = c2, we obtain that X¿ = yjQ cQ7" and this proves

Lemma (2.5).

(2.7) To complete the proof of the assertion, we set for convenience

a(x, r) = Vc~^~c(X, Y)c + a2(X, Y),

and notice that Lemma (2.5) implies that

k

- cosh ̂ (Ql(X, Y), N) + sinh tp(t\(X, Y), 61) = £ ca(â(X, Y), 8a).
a=2

Thus

(Y*_, ca6a — sinh tpëi \

5(X,n -coshy? J= WXMVÙ

where

sinh^oi — yja=2 caSQ
Vo =

cosh tp

is easily seen to have norm one. This proves the assertion.

(2.8) We now complete the proof of Theorem (1.2). Choose an orthonormal basis

ViiV2,---,Vi °i" A/2 so that

(2.9) 770 = sin On -\- cos 6fj1.

Let 771 = cos on — sin6fj1 and set

Rl = span{i?i,...,n;}.

Define a bilinear form 7: TPM X TPM -> Rl by

_ 1
7(X, Y") = (s/T=~c(X,Y)n + a2(X,Y), ni)Vi + £>2(X, Y),"^";-

7=2
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By Gauss' equations for xi and x2, 7 is flat relative to the (Riemannian) inner

product obtained by restricting ( , ) to Rl. It follows from Moore ([2, p. 463,

Corollary 1]) thadim/V(7) > n — I > n — q. On the other hand, X G N(i) if and

only if, for all Y G TPM, both conditions below are satisfied:

(2 10) |(i)     cosöv/c^^(X,Y)-sinÖ(a2(X,Y),^1)2 = 0,

\(ii)    (a2(X,Y),r,j)2=0,        j > 2.

Notice that by (2.2) and (2.9)

(2.11) (ai(X, Y), N) = Vc - c(X, Y) sin6 + (a2(X, Y), fj^ cos 9.

It follows by (2.10) (i) that sinö ^ 0, and by (2.11) that we can assume that

cosí t¿ 0 (otherwise the whole TPM is an umbilic subspace). Thus X G N(i) if

and only if, for all Y G TPM,

a2(X,Y) = cotgöVc —c(X,Y)=1,

and by (2.11) this is equivalent to

y/c — c,
Ql(X,Y) = ^—-(X,Y).

cosO

Therefore,  N(i)   C   TPM is an umbilic subspace of both Xi and x2 with

dim/V(7) > n — q. This proves Theorem (1.2).
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