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NONUNIQUENESS OF TEICHMÜLLER EXTREMAL MAPPINGS

EDGAR REICH1

Abstract. A boundary correspondence for the unit disk is found with the following

property. Among the extremal quasiconformal mappings of the disk with the

specified boundary correspondence there are at least two Teichmüller mappings.

1. Introduction. Our intention will be to show that the heretofore open question in

the theory of plane qc (quasiconformal) mappings, as to whether more than one

Teichmüller extremal mapping with a specified boundary correspondence can exist,

has an affirmative answer. Precisely what we mean by a Teichmüller extremal

mapping is explained below.

Let fi and Ù be simply connected domains of hyperbolic type in the complex z

and w planes, respectively. For the purpose of this discussion we shall say that a qc

mapping w — f(z) of fi onto ß is a Teichmüller mapping, or/ G Tk(Q), for short, if

the complex dilatation k(z) — fE/f: has the form

K(z) = k^(7)/\<p(z)\, ZGÜ,

where k is a constant, 0 < k < 1, and <p(z) is meromorphic2 in S2. This definition is

invariant in the following sense. If F: ß0 -» ß and G: Û0 — Û are conformai, then

Z, = G"' ° f° F G Tk(Q0), with corresponding meromorphic function <p0(z) =

F'(z)2<p(F(z)).

Let « be a given homeomorphism of 3Í2 onto 3ß in terms of prime ends. We

postulate that the class Qh of qc mappings g of Í2 onto Û with boundary values «,

« = g |3ß, is nonempty. Let A[g], g G Qh, denote the maximal dilatation of g, and

let A£ = inf{A[g], g G Qh] denote the extremal dilatation corresponding to «. If

f G Qh and K[f] — KÎ, then/is an extremal mapping for «. A normality argument

guarantees that Qh contains at least one extremal mapping.

If / is an extremal mapping for « and /G Qh n Tk(Q), we say that / is a

Teichmüller extremal for «. It is, of course, then necessarily the case that k =

(K.% — 1)/(A£ + 1). Since / is a Teichmüller extremal if and only if /0 is a

Teichmüller extremal, there is, in principle, no loss of generality if all qc mappings

were normalized to, say, self-mappings of the unit disk; however, for the construc-

tion of examples, such a normalization is cumbersome, as the auxiliary conformai
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mappings only tend to obscure what is going on. The special interest in Teichmüller

extremals is due, firstly, to the still open question whether Qh necessarily contains at

least one Teichmüller extremal and, secondly, to the classical fact that if a Teichmüller

extremal/does exist in Qh, and if <p(z) is holomorphic in ß and <p G £'(ß), then Qh

contains no other extremal mapping. In a recent paper [2] Strebel has succeeded in

constructing a boundary correspondence «0 of the unit circle onto itself, for which

he proves that one of the following two alternatives holds: Either (i) Qh) contains no

Teichmüller extremals at all, or (ii) Qh contains infinitely many Teichmüller

extremals. In view of the prevalent conjecture that alternative (i) is impossible,

Strebel's result suggests the possibility that several Teichmüller extremals could exist

for some boundary correspondences «. This is what we shall in fact prove. Specifi-

cally we show the following

Theorem. For a parabolic region ß there exists, in addition to the horizontal stretch

/, parallel to the axis of the parabola, another Teichmüller extremal f2 with the same

boundary values « = /, |80 = f2 \iQ.

2. Proof of the Theorem. We choose for fi the parabolic region

(2.1) ß = Q, = [z = x + iy: 4(x + 1) > y2, x > -1} ;

that is, the vertex is at z = -1 and the focus at z = 0. Given A > 1, we define/,(z),

z G B,,by

(2.2) w = u +iv = Kx +K - K~[ + iy.

Of course, « is then given by (2.2), except that z is restricted to lie on 9ß,. It is clear

that/, G Tk(Qx); in fact the complex dilatation of/, is

«,(*) = *#(*)/19i(*) I .    with A: = (A-- 1)/(A+ l),<p,(z) = 1.

According to a result first proved by E. Blum [1] for affine stretches of the parabola,

A* = A; that is,/, is a Teichmüller extremal for «.

To prepare for the construction of f2 we need to refer to some elementary

analytical facts about parabolas.

For a > 0, let

ßa = {z = x + iy: 4a(x + a) >y2, x > -a).

3ßa is a parabola with vertex at z = -a and focus at z = 0. Since z = x + iy =

(y2 — 4a2)/4a + iy whenever z G 3ßa, the curve 9ßa satisfies the differential

equation

(2.3) (dz/dy)2 = z/a.

Conversely, the trajectories for which dz2/z 3= 0 (z =£ 0) consist of the family of

parabolas {3ßa}, a > 0, together with the positive real axis.

The additive constant A — 1/A in the definition (2.2) of « has been chosen in

such a manner that the parabolic region Ûx =/,(ß) has its focus at w = 0; as is

readily verified,

(2.4) Ö, = ß p=l/K.
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The following very simple, but qm (quasimiraculous), fact is at the heart of the

construction of/,.

Lemma, w — h(z) be the mapping o/3ß, onto 3ß, defined by (2.2). Then

(2.5) dw2/w = K(d:2/z).       z G oß,.

Proof. By (2.3) the curve 3ß, satisfies

(2.6) (dz/dyf = r.

Similarly, by (2.3), the curve 3ß, satisfies

(2.7) (dw/dvf = Kw.

But, for the boundary correspondence h, v = y. Dividing (2.7) by (2.6) we therefore

obtain

(dw/dzf = Kw/z.

In formal quadratic differential notation this becomes (2.5).    D

Let

ß+ = {: Gß,: Im: >0},        ß+ = {m' Gß,:lmw>0}.

In ß4 , let £ = $(-) be the branch of fz with Re$(z)>0, and in ß+, let

A = ^(w) be the branch of fw with Re ^(u) > 0. Since, by (2.3),

(2.8) dÇ2 = dz2/4z>0,       zG3ß,.

and

(2.9) d\2 = dw2/4w >0,       w G 3ß,

we see that $(ß+ ) and ^(ß+ ) are half-strips:

<D(ß+) = {i- = ^ + iT,:|>0.0<r,< 1},

v//(ß+) = [\ = a + it: a > 0, 0 < t < \/{k).

Moreover, in view of (2.5), (2.8) and (2.9), we conclude that the homeomorphism «

between 3ß, and 3ß, induces the mapping

(2.10) do2 = Kde

between the upper boundary {£ + i-q: £ 2= 0, r¡ - 1} of 3>(ß+) and the upper

boundary {a + it: a > 0, t = 1/ v'A} of ^(ß+ ). Since A = /'/ {K corresponds to

f = i under h, (2.10) implies that « induces the boundary correspondence a = /Ä£,

for | s* 0, Tj = 1. Let A = AK(Ç) be the horizontal stretch by the factor A, uniformly

rescaled by the factor JÏC :

A = a + it = AM = i/Ä| + (i/{K)r¡,       ? = £ + /tj G <D(ß+ ),

and let us define

(2.11) /2(*) = *-' °^°<I>(z),       zGß, Imz^O,

(2-12) /2(z) = /2(f) ,       zGß,Imz<0.
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Our construction automatically guarantees that f2 is a A-qc mapping of ß, onto ß,,

with/2 |9a = h =/i |98, as required. From (2.11) we find that the complex dilata-

tion k2(z) of f2(z) is

when z G ß+ . On the other hand, (2.12) implies that k2(z) = k2(z). Hence (2.13)

holds in all of ß,. Thus, f2 G ^(ß,). Since A[/2] = A = Aj¡\ it is therefore clear

that/2 is a Teichmüller extremal mapping for h. The fact that/, and/2 are different

is, of course, trivial, e.g., because k, and k2 are different.
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