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SQUARE INTEGRABLE REPRESENTATIONS

OF UNIMODULAR GROUPS

DAVID S. SHUCKER

Abstract. An elementary proof is given showing that if a continuous irreducible

unitary representation of a locally compact unimodular group G has one nontrivial

square integrable matrix entry, then all its matrix entries are square integrable. This

result was first proved by R. Godement.

In [2], R. Godement proves that if a continuous irreducible unitary representation

of a locally compact unimodular group G has one nontrivial square integrable matrix

entry, then all its matrix entries are square integrable. His proof uses the theory of

functions of positive type. (See [1].)

In this paper, a simple proof of this result is presented, using only elementary

functional analysis and Schur's Lemma.

Theorem 1 (Godement). Let G be a locally compact, unimodular group, and let p

be a continuous, irreducible, unitary representation of G on a complex Hilbert space %.

Then the following are equivalent:

(a) There exist nonzero vectors <p, \p G %such that jG\(p(h)<p,\p) \2 dh is finite.

(h) For all <p,^G%Jc\ (p(h)<p, $) \2 dh is finite.

(c) The representation p is equivalent to a subrepresentation of the regular represen-

tation of G (on L2(G)).

Theorem 2. If any (hence all) of the conditions in Theorem 1 hold, then there exists

a constant X such that for all <px,<p2,\px,>p2 G%,

I (p(fl)v>x,4>x)(p(h)q>2,i2) dh = X((p1,<jp2)(^1,^2).

(The bar denotes the complex conjugate (\bx, \p2) = (ip2, ypx).)

Remark. In [2], Godement proved Theorem 1 only in the case <p0 = t^n- His proof

is reproduced in [3, Chapter XIV]. A different proof can be found in [4, Chapter

L §5.15].

Proof of Theorem 1.

1. (a) => (b). Assume 0 ¥= <p0, 4>0 G % and fG \ (p(h)<p0, %) \2 dh < oo. Let D be the

linear span of the vectors p(k)<p0, k G G. fy is an invariant subspace of %; that is
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p(h)tf) G <>D for ail h G G. Thus fy is dense in DC. By the translation invariance of the

measure dh,

f | (p(h)p(k)<p0, *0) |2 dh = f | (p(hk)<p0, *0) ¿A

= /'l(p(n)<Po>'/'o)
Jr.

2dh
G

2is finite. Thus fG \ (p(A)tp, \p0) |2 ¿/« is finite for all y G ty.

We may therefore define a new inner product ( , ) on ^ by

(1) (<Pi.<P2>= (<Pi,<P2) + /^(p(^)<P,,^o) (p(h)(p2,^o)dn-

We immediately note the following properties of the new inner product:

(2) (<p,<p)»(<p,<p),

' (p(k)yx,p(k)<p2)= (p(k)<px, p(k)<p2)

/3x + /{p(hk)(p[,xp0)(p(hk)tp2,xp0)dh

= (<Pi,<P2) + f(p(/0<)Vr'o) (p(h)<p2,ip0)dh = (<p,,<p2).
•'c

Let DC, be the completion of ^D with respect to the inner product ( , ). By (3), p(k)

extends uniquely to a unitary operator px(k) on p] for each k G G.

Let T be the identity map from 6D considered as a subset of DC, to ÜD considered as

a subset of DC. From (2), we see T has norm at most 1. Thus T extends uniquely to a

bounded linear operator (which we still denote by T) from DC, to DC, | T\< 1. For

k G G, the bounded operators Tpf(k) and p(k)T agree on the dense set ÙD Ç DC,,

and are thus equal. The adjoint T* of T is a contraction from DC to DC,. For k G G,

we have

px(k)T* =[TPi(k-i)]* =[p(k-l)T]* = T*p(k).

Considering next the bounded operator TT* from DC to itself, for all k in G we have

TT*p(k) = Tp^(k)T* = p(k)TT*.

By Schur's Lemma, TT* is some multiple M of the identity.

The range of T includes ^ and is therefore dense in DC, so T* is injective. Thus

M # 0, for if 7T> is zero, then || r*<p || = (7T*<p, <p) = 0, so <p = 0.

Furthermore, Tis also injective. For assume <p E DC,, 7qp = 0. Then there exists a

sequence {<p„} in ^ converging in DC, to <p. It follows that {%} = {T<pn} converges in

DC to T<p = 0, and that the functions (p(h)<pn, \p0) = (<p„, p(A"')^0) form a Cauchy

sequence in L2(G). By passing to a subsequence, we may assume (<p„, p(A~')t//0)

converges almost everywhere in G to its L2 limit. But (cp„, p(A"')^0) converges

uniformly to zero. Thus (<pn, p(h~])\p0) converges in L2(G) to zero, and {<pn}

converges to DC, to 0.

For <p E 6D Ç DC, we have TT*<p — M<p — T(M<p) and hence, because T is injec-

tive, we have T*<p = M<p. Now for <p E fy G DC,, we have T*T<p = T*<p — Mcp; by

continuity, this holds for all <p E DC,.
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For <p E 6D, we have

M(<p,<p) = (T*Tq><<p)= (Tq>,T<p) = (<p,<p),

which we may rewrite, using (1), as

M(aj, <p) + MÍ | (p(A)<p, %) |2 dh = («p, <p).
JG

Substituting tp0 for rp, we see 0 < M < 1, for if M = 1, then the dense set ^ is

orthogonal to the nonzero vector »//0.

We have thus established, for <p E tf), the equality

1 - M
(4) /■|(p(A)<p,*0)|2dfc

M
(<p, tp) < oo.

Now consider an arbitrary vector <p E DC. Let {<p„} be a sequence in 6D that

converges in DC to <p. By (4), we see that the sequence of functions (p(A)<p„, ¡p0) is

Cauchy in L2(G) and converges in L2(G) to a function with norm

lim
«—►00

1 -M

M (<P„,<pJ
1/2 1 -M

M (<P,<P)
1/2

By passing to a subsequence, we may assume (p(h)yn, \p0) = (<p„, p(A~')t//0)

converges almost everywhere to its L2 limit. But (<pn, p(h~])\p0) converges uniformly

to (<p, p(h~l)\b0). We have now established (4) for all <p E DC.

We have so far proved that if 0 ^ <p0, \p0 G% and fG | (p(h)<p0, \p0) |2 dh is finite,

then there exists a constant M¿ such that jG | (p(A)tp, i//0) |2 JA = M^, (<p, rp) is finite

for all 95 E DC.

As

( \(p(h)<p,^)\2 dh = ¡ \{cp, p(h~^)\2 dh
JG JG

= [ | (<p, p(A)*) |2 JA = f | (p(A)*, <p) |2 JA,'G •'G

it also follows under the above hypotheses that

(\(p(h)^^)\2dh = M^,^)
•'g

is finite for all \p G DC. It now follows that jG\(p(h)<p,\¡/)\2 dh is finite for all

<p, i> eDC.
2. (b) => (c). The map Av: % -> L2(G) defined by (A^)(h) = (^, p(A)<p) is easily

seen to be an intertwining operator between p and the left regular representation tt:

[TT(g)f}(h)=f(g-'h) on L2(G).

[(»(*) o i4,)*](A) =[ir(g)(^)](A) = (^*)(r'A)

= (*, p(g-'A)9) = (p(g)t, p(h)<p) =[Av(p(g)t)](h)

= [K(P(i))*](*)-

Furthermore, by Theorem 2 (whose proof below requires only condition (b) of

Theorem 1), Av is bounded. In fact, if tp is chosen to have norm A"1/2, then Av is an

isometry.
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3. (c) =» (a). The reader is referred to [4, §5.15] for a simple proof of this fact.

Proof of Theorem 2. By the Schwarz inequality, the integral

J(p(h)<px,ipx) (p(h)<p2,xp2)dh
G

is well defined and bounded in absolute value by M^2My2\\<px\\ \\<p2\\ for all tp,,

<p2, \px,ip2 G%. For fixed \px and \p2, the integral is a bounded sesquilinear form on

DC. There is therefore a bounded operator 7^, ̂  on DC, \\T^ ^ II < Ml/2My2, such

that the integral equals (T¿ ,. <p,, <p2) for all <p,, rp2 E DC.

From the translation invariance of the measure dh, we have for all k £ G, <p,,

<P2 eDC

= (p(/c)"'^,|W,2p(Â:)(p|,<p2).

By Schur's Lemma, T^ ^ is some multiple M^ ^ of the identity

(5) /"(p(A)(p,,^i) (p(h)tp2,xp2)dh = M^(<p,,<p2),
•'G

and

(6) ¡(p(h)<f>x,^x)(p(h)<p2,T>2)dh=((<p,,p(h-')^x){iV2,p(h-x)t2)dh
JG JG

= /(<p,,p(A)^,)((p2,p(A)u02)JA
"'G

= ( (p(A)u02,<p2) (p(A)u^i,<p|) JA
■'g

Taking m, = <p2 = e = a unit vector in (5) and (6), we find M^  .   = Me e(\p2, 4>x).

(7) /(p(A)<p,,t//,)(p(A)(p2,^2) JA = Ml/,i^(<p,,<p2) = M(>i,(^2,^,)((p|,(p2)
•'G
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