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ON THE COMPACTIFICATION

OF STRONGLY PSEUDOCONVEX SURFACES. II

VO VAN TAN1

Abstract. A complete answer to the following question is given: When is an

algebraic surface M a compactification of some strongly pseudoconvex surface? In

particular, we show this will not be the case if M is either P2, a quadric, an abelian

surface, or a hyperelliptic surface. On the other hand, by constructing specific

examples, we show that this will be the case for all other algebraic surfaces.

Furthermore, we prove that any compactifiable strongly pseudoconvex surface is

quasi-prqjective.

In [10] we showed that a compactification of a strongly pseudoconvex surface is

either an algebraic surface or a (highly) nonalgebraic surface, namely some Inoue

surface. Moreover, we exhibited an example showing that indeed those two alterna-

tives did occur (even simultaneously). Here we would like to further pursue our

investigation in that direction. In the first part of this paper, we explore what

algebraic surfaces really do (or do not) occur as compactifications of some strongly

pseudoconvex surfaces. In the second part, we study the algebraic structure of

compactifiable strongly pseudoconvex surfaces.

Throughout we shall freely use the definitions and notations introduced in [10]. In

particular, all C-analytic surfaces (compact or noncompact) are assumed to be

minimal.

1. The algebraic compactification.

Definition 1 [4]. Let Ibea C-analytic manifold. Then X is said to be strongly

pseudoconvex if

(i) X is holomorphically convex,

(ii) there exists a compact analytic subvariety £ C X with dimx £ > 0 for any

x G £ such that T C £ for any positive-dimensional and irreducible compact

analytic subvariety T in X.

Remark. One can check that this definition for strongly pseudoconvex manifolds

is equivalent to the one given in [10] (see e.g. [4]). Furthermore, £ is called the
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exceptional set of X. Note that, unless the contrary is explicitly stated, we always

assume, as in [10], that £ =£ 0, i.e. A'is not Stein.

Proposition 1. Let M be a compact homogeneous C-analytic manifold. Then M

cannot be the compactification of any strongly pseudoconvex manifold X.

Proof. Let Aut(M) be the group all holomorphic automorphisms of M and let

Aut( M )° be the connected component of Aut(Af ) containing the identity element.

Claim. M is not the compactification of any strongly pseudoconvex manifold X.

In fact, if it were, let T be the compact analytic subvariety in M such that

A/\r — X; since X is strongly pseudoconvex, T is of pure codimension one. Now let

£ be the exceptional set of X. Certainly £ n T = 0. Without loss of generality, one

can assume that £ is irreducible. Since M is homogeneous, a main result in [9] tells

us there exists a / G Aut(A/)° such that t(E) =: T <t E. Since dim T = dim £ > 0,

this contradicts the maximality condition (ii) of Definition 1. Hence our claim is

proved.    Q.E.D.

Our main focus here is the following

Problem 1. What are the possible algebraic compactifications M of strongly

pseudoconvex surfaces X?

Before tackling this problem, a brief review of the classification of compact

algebraic surfaces is in order (see [8a-c]).

Definition 2. [5]. Let M be a compact C-analytic manifold. Then the canonical

dimension of M, denoted by k( M ), is defined to be the transcendence degree over C

of the quotient field of the graded ring (&™=0H°(M, O(nK)) minus one, where K is

the canonical bundle on M.

For compact algebraic surfaces M, it is known that k(M) — -1, 0,1 or 2.

According to their canonical dimensions, compact algebraic surfaces are completely

classified as follows.

Theorem 2 [8b] (see also [5]). Let M be a compact algebraic surface. Then M must

be one of the following types:

(a)//ic(M) = -1:

(i)flP2,

(ii) a rational surface, or

(iii) a nonrational ruled surface;

(b)IfK(M) = 0:
(iv) an abelian surface, i.e. algebraic surface which is biholomorphic to a complex

2-dimensional torus;

(v) a hyperelliptic surface, i.e. algebraic surface fibred over P, by a pencil of elliptic

curves;

(vi)   a A-3 surface, i.e. algebraic surface which is simply connected and whose

canonical bundle is trivial; or

(vii) an Enriques surface, i.e. a quotient of some K-3 surface by a fixed point free

involution;

(c)IfK(M)= 1;
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(viii) an elliptic surface, i.e. an algebraic surface with a morphism 77 from M to a

curve 0 such that almost all fibres of-n are nonsingular elliptic curves;

(d)IfK(M) = 2;
(ix) a surface of general type, i.e. a surface M such that, for some n > 0, \nK\

determines a birational morphism of M onto its image in PN.

We are now in a position to provide a complete answer to Problem 1 within the

framework of Theorem 2.

Theorem A. Let M be an algebraic compactification of some strongly pseudoconvex

surface X. Then M can be neither a P2, nor an abelian surface, nor a hyperelliptic

surface.

Proof. In view of Proposition 1, M cannot be P2, nor P, X P,, nor an abelian

surface. On the other hand, it is known [5] that any hyperelliptic surface M admits

an unbranched finite covering M which is an abelian surface. But one can easily

show that M is a compactification of some strongly pseudoconvex surface if and

only if M is the one. Again in view of Proposition 1, our proof is concluded.

Q.E.D.
We would now like to exhibit examples showing that the remaining 6 possibilities

for M in Theorem 2 indeed occur.

Example B. (a) Let X be a line bundle on P, with c,(X) = -n,n> 1. It is known

that X is a strongly pseudoconvex surface [4]. By projectivizing the fibres of X, one

obtains a P,-bundle over P,, say M which is certainly a rational compactification of

X.

(b) In [10] we exhibited a nonrational ruled surface M which is the compactifica-

tion of some strongly pseudoconvex surface X (see also §2 below).

(c) Let 2 be the Kummer surface in P3 (see e.g. [5]) having 16 double points, say a.

Let H be a hyperplane divisor on 2 such that H D a = 0. Let M be the minimal

desingularization of 2 and let tt: M -> 2 be the resulting map inducing a biholomor-

phism M\E — 2\a where £ := 7r"'(a). Let T := -n~x(H). One can check that M

is a K-2> surface [5] which is a compactification of the strongly pseudoconvex surface

X:= M\T.
(d) Let us specify 9 points, say {x,}, 1 < 1 < 9, in P2 forming the base locus of a

pencil of cubics {Ck}. Let H be a hyperplane in P2 such that x,g H for any i, and

let us specify 2 cubics, say C, and C2 which intersect transversally. Let 0: P2 -* P2 be

the blow-up of P2 at those 9 points, and let C, (resp. C2 ) be the proper transform of

C, (resp. C2 ) by 6. Now let us perform a logarithmic transformation of order 2 at C,

(resp. C2) (see e.g. [5, 8a, b]). Let X: M -» P2 be the resulting map and let 77 : = 6 ° X:

M -» P2. Let T := tt'\H). Then one can check that M is an Enriques surface [5]

which is a compactification of the strongly pseudoconvex surface X '■= M\T.

(e) Let M be an elliptic surface such that one of its singular, reducible fibres

contains an irreducible component £ which is a rational nonsingular curve with

£2 = -2 (see e.g. [8a]). In view of [1], by contracting £ to a point, one obtains a

compact surface S with only one isolated singular point. Let -n: M -» S be the
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blow-down map inducing a biholomorphism M\E ~ S\{*}. Since £ is nonsingular

and rational, and since M is nonsingular, a main result in [1] tells us that S is

projective algebraic. Now let H be a hyperplane divisor in S not meeting the singular

point. Then one can check that M is the compactification of the strongly pseudocon-

vex surface X '■ = M\T, where T '■ — -n~\H).

(f) Let M be a given surface of general type. Then for any integer n > 0, let

•n := <bnK: M -* PN be the rational map determined by the pluricanonical system

|nK| with N : = dim \nK\. Since k(M) — 2, a main result in [2] (see also [8c]) tells us

that for n > 5;

(i) S := -n(M) is an algebraic surface with only isolated singular points, say a;

(ii) 77 is a holomorphic birational map, inducing a biholomorphism M\E — S\o,

where £ := 77"'(a).

So let H be a hyperplane divisor in S such that H D a = 0 and let T '■= m X(H).

Then one can check that M is actually the compactification of the strongly

pseudoconvex surface X '•= M\T.

2. The quasi-projective structure. In [10] we exhibited a strongly pseudoconvex

surface X which admits two distinct compactifications: one, M', highly nonalgebraic,

and the other, M, and (algebraic) ruled surface. Hence, one would like to raise the

following

Problem 2. Is any compactifiable strongly pseudoconvex surface algebraic?

Our main purpose here it to provide an affirmative answer to Problem 2; in

particular, this shows that the example exhibited in [10] is by no means an accident.

Recently, Enoki [3] constructed a family of compact C-analytic surfaces, denoted

by S„ a , with n > 0, 0 <| a |< 1 and t G C", having the following properties:

(ii) b2(Snal) = n;

(Hi) there exists a divisor T on Sn a , such that T2 — 0.

Remark. Some compact C-analytic surface of this type was first constructed by

Inoue [7], namely the surface S, a0, which has been used by us as a prototype in [10].

Furthermore, the following crucial result has been established.

Theorem 3 [3]. Let M be a compact C-analytic surface. Let us assume

(i)bt(M)= 1;
(ii) b2(M) = n >0;

(iii) there exists a divisor D ¥= 0 on M such that D2 = 0.

Then M is biholomorphic to some S„ a , and D — tT for some integer t ^ 0.

We are now in a position to prove the main result of this section.

Theorem C. Let X be a compactifiable strongly pseudoconvex surface. Then X is

quasi-projective.

Proof. Let M be a compactification of X and T a compact C-analytic curve in M

such that X ^ M\T. A. main result in [10] tells us that M is either

(a) algebraic, or

(b) b2(M) > bx(M) = 1 and a(M) = 0.
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Now if M is of type (a) then certainly X is quasi-projective. So let us assume M is

of type (b). Since X is strongly pseudoconvex, hence holomorphically convex, and

since a(M) — 0, an argument in [6] (see also [8b]) tells us there exists a divisor D

supporting on T such that D2 — 0. Theorem 3 then tells us M =* S„ a, for some n, a

and /. Now by construction (see [3,7]) X = M\T ä S„ a \T is an affine C-bundle

over some elliptic curve £. Hence X is quasi-projective.    Q.E.D.

Definition 3. A strongly pseudoconvex manifold X is called Stein if

(t) dim £ *£ 0.

Corollary D.2 Any compactifiable Stein surface X is algebraic.

Proof. Let M be a compactification of X and T a compact analytic curve in M

such that X — M\T. A main result in [6] tells us M is either

(a) algebraic, or

(b)bx(M)= landa(M) = 0.

Now if M is of type (a), certainly X is algebraic. So let us assume M is of type (b).

Now the same argument as in the proof of Theorem C, implies the existence of a

divisor D supporting on Y such that D2 — 0.

Claim. b2(M) = 0.

In fact, if b2(M) > 0, then Theorem 3 tells us M =* A"\r is an affine C-bundle

over some elliptic curve £; but this will contradict (f). Therefore b2(M) — 0, which

implies, in view of a result of Kodaira [8b], that M is a nonelliptic Hopf surface.

Since X is Stein, M must contain exactly one irreducible elliptic curve [8b]. However,

for such a Hopf surface M, a biholomorphic map -n: M -> C2\{z,z2 = 0} was

explicitly constructed in [6]. Consequently, X is algebraic.   Q.E.D.

To round off this discussion, we would like to mention two related problems.

Problem 3. Construct a strongly pseudoconvex surface X admitting two algebraic

compactifications M, and M2 which are not birationally equivalent?

In the special case where X is Stein, an affirmative answer to Problem 3 is well

known.

Problem 4. Let A/, and M2 be two nonalgebraic compactifications of some

strongly pseudoconvex surface X. Are A/, and M2 bimeromorphically equivalent?
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