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EQUATIONALLY COMPLETE DISCRIMINATOR VARIETIES

OF GROUPOIDS1

ROBERT W. QUACKENBUSH

Abstract. J. Kalicki proved that there are continuum many equationally complete

varieties of groupoids. In this note we give a constructive proof of this by defining a

countable partial groupoid which has continuum many completions such that each

completion generates an equationally complete variety, and no two distinct comple-

tions generate the same variety. Moreover, the variety generated by all the comple-

tions is a discriminator variety, and every nontrivial groupoid in this variety is

cancellative but not a quasigroup; this answers a question of R. Padmanabhan.

A. D. Bol'bot proved a similar result for loops, but his computations are more

difficult since his varieties are not discriminator varieties.

Kalicki proved his theorem [5] by constructing continuum many consistent

equational theories such that the join of any two of them is inconsistent. By the

compactness theorem for equational logic, each has an extension to an equationally

complete theory. Since the original theories were pairwise inconsistent, the equation-

ally complete extensions are pairwise distinct. Thus, there are continuum many

equationally complete equational theories of groupoids.

This beautiful application of the compactness theorem has the nagging drawback

that is common to all compactness results: we know that all these equationally

complete theories exist but we know neither an equational base nor a nontrivial

model of any of them. Indeed, since an equationally complete variety is generated by

each of its nontrivial members, we would know the variety if we knew just one

nontrivial member. Bol'bot has rectified this in [1] where he constructs continuum

many countable totally symmetric quasigroups which generate pairwise distinct

equationally complete varieties. His approach is similar to mine with the exception

that he did not have the theory of discriminator varieties available; consequently, his

constructions are much more difficult. A nice discussion of these and related

constructions can be found in the lecture notes [7] of D. Pigozzi.

In this note I will show how to construct continuum many countable groupoids

such that each generates an equationally complete variety, the varieties being

pairwise distinct. The basic idea is taken from the study of Sheffer functions on

finite sets. In addition, these varieties consist of cancellative groupoids which are not
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quasigroups. R. Padmanabhan had asked whether it was possible for a variety of

groupoids to be cancellative but not be quasigroups.

Definition. Let A be a finite set and/: A2 -» A. We say that/is Sheffer if every

function on A (of every finite arity) is a term function in / (equivalently, if the

groupoid A = (A; /) is primal). If/is a partial function (defined on some subset of

A2), we say that/is a partial Sheffer function if every extension of /to a function on

A is a Sheffer function.

Our interest in Sheffer functions comes from the fact that a primal groupoid

generates an equationally complete variety. (A remarkable theorem of V. L. Murskii

[6] implies that almost every finite groupoid generates an equationally complete

variety.) But only countably many equationally complete varieties are generated by a

finite groupoid. On the other hand, there are no Sheffer functions on a countable set

since there are only countably many term functions on a countable groupoid but

uncountably many functions on a countable set. However, there are certain nice

algebraic properties which a primal groupoid has which imply that the variety it

generates is equationally complete. If a countable groupoid has these properties,

then it too generates an equationally complete variety. As with partial Sheffer

functions, we can define a partial groupoid on the integers Z such that every

extension to a groupoid on Z has the desired algebraic properties, and distinct

algebras generate distinct varieties.

Definition. The ternary discriminator t(x, y, z) is defined on any set A by: for all

a, b,c E A, t(a, a, b) = b and if a ¥" b, then t(a, b, c) = a. A variety for which

there is a term p(x, y, z), such that p is the ternary discriminator on every

subdirectly irreducible algebra in the variety, is called a discriminator variety.

Theorem 1 (A. Foster and A. Pixley [2]). A finite algebra A = (A; F) is primal

if and only if t(x, y, z) is a term function of A and every a E A is the value of a

constant term function of A.

Lemma 2. Let A — (A; ° ) be a countable groupoid such that t(x, y, z) is a term

function of A and every a E A is the value of a constant term function of A. Then

HSP( A), the variety generated by A, is an equationally complete discriminator variety.

Moreover, the variety generated by A coincides with the quasivariety generated by A.

Proof. Since t(x, y, z) is a term function, HSP(;4) is congruence distributive. By

Jonsson's Theorem [4], HSP(/1) = ^HSP,/^). Now, t(x, y, z) is a term function on

each member of S¥U(A); hence, each member of SPU(A) is simple so WSPU(A) =

SPU(A). Thus, HSP(4) is a discriminator variety and coincides with the quasivariety

generated by A. Since each member of A is the value of a constant term function,

each member of SPU( A) contains A as a subalgebra. Thus each nontrivial algebra in

HSP(i4) contains/I as a subalgebra. This means HSP(.4) is equationally complete.

Definition. A partial groupoid (A; °) is cancellative if for all a,b,cEA,

a ° b = a o c implies b — c and b ° a = c ° a implies b — c. A cancellative groupoid

is a quasigroup if for all a, b E A there exist x, y E A such that a ° x = b and

y ° a = b.
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Lemma 3. Let V be a variety of groupoids such that all subdirectly irreducible

groupoids in V are cancellative. Then every groupoid in V is cancellative.

Proof. Cancellativity is preserved by subdirect products.

Thus, our task is to define a cancellative partial groupoid on Z such that t(x, y, z)

is a term function and, for each n E Z, there is a term function cn(x) constantly

equal to n. If we have done this, then any two distinct extensions will yield

nonisomorphic groupoids. By the proof of Lemma 2, this means they will generate

distinct varieties. Moreover, if an extension is cancellative, then all groupoids in the

variety it generates will be cancellative; see the proof of Theorem 4.

In the finite case, this was done by J. Froemke and the author [3], but the partial

groupoids were not cancellative. For the countable case, we could modify their

definition slightly, or equivalently, form a prime product of their finite examples.

However, the construction of t(x, y, z) in [3] is extremely complicated and tedious

to verify. But in the countable case, one has very much more freedom and so it is

very much easier to construct t(x, y, z). As we shall see, it is even easy to make the

groupoids cancellative.

We start by defining n ° n to be n + 1 and (n + 1) ° n to be n — 1. Thus, for

every k E Z, fk(n) = n + k is a term function. Note that » isa well-defined

cancellative partial groupoid. As the table for ° is built up it will be left to the

reader to verify that it is well defined and cancellative; this is tedious but straightfor-

ward. Let hk(n) = n ° fk(n). Thus, hk(n) is a term function and represents the kth

diagonal; in particular, h0(n) =/,(«) and h_x(n) = f_2(n). Of course, hk is not yet

defined for other values of k. For k E Z, let gk(n) — k2"*4 for n > 0 and gk(n) —

k'2n+3 for n < 0. Now define hx(n) to be g2(n) and h2(n) to be g6(n). For m ^ n

definehx(n) ° hx(m) tobegX0(n)g2(m). Define(hx(n) + 1) ° h2(r) tobegX4(n)g6(r)

and gxo(n)g2(m) ° h2(r) to be gxo(n)g2(m)g(l(r). We are now ready to define the

ternary discriminator function. This step again takes place on a diagonal so as to

preserve cancellation. Define h3(gx0(n)g2(m)g6(r)) to be n and h3(gl4(n)g6(r)) to

be r. From this it follows that h3((hx(n) ° hx(m)) ° h2(r)) = t(n, m, r) is a term

function. Finally, define h_2(h2(n)) to be 0; thus, the constant zero function is a

term function and » isa well-defined cancellative partial groupoid.

Let K be the class of all groupoids on Z extending ° as defined above which are

cancellative and such that m ° n — 1 only if m ° n is defined above and equal to 1.

This last condition guarantees that no A E K is a quasigroup. Notice that in each

row and each column in the table for ° as defined above there are infinitely many

members of Z not occurring; this means that K contains continuum many members.

Theorem 4. For every A Elfi, HSP(/1) is equationally complete. HSP(K) is a

discriminator variety of cancellative groupoids such that no nontrivial member is a

quasigroup.

Proof. For the first statement, apply Lemma 2. For the second, note that the

subdirectly irreducible groupoids in HSP(K) are the member of SPU(K). Since

cancellativity is preserved by ultraproducts and subalgebras, Lemma 3 implies that

each member of HSP(K) is cancellative. To see that no nontrivial member of HSP(K)
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is a quasigroup, first note that a quotient of a quasigroup is again a quasigroup.

Thus, we need only see that no member of SPU(K) is a quasigroup. Since the

members of K satisfy Vx(-1 ° x ¥" I), so do all members of SP„(K). Hence, no

member of SPU(K) is a quasigroup.

Problems. (1) It is easy to complete » toa quasigroup; this does not imply that

the variety generated by the completion is a variety of quasigroups. Is it possible to

complete ° to a quasigroup such that this quasigroup generates a variety of

quasigroups?

(2) The techniques of this paper appear to depend essentially on making effective

use of the main diagonal (e.g., n ° n = n + 1). They seem to be totally useless for

idempotent groupoids. The following interesting problem remains open: what is the

spectrum of a variety of idempotent groupoids?
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