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A NOTE ON QUASI-BUCHSBAUMRINGS
SHIRO GOTO1
Abstract. In this paper the ubiquity of non-Buchsbaum but quasi-Buchsbaum rings
is established. The result is stated as follows: Let d 3>3 and h¡, h2,. ■■,hd_¡ > Obe
integers and assume that at least two of h,'s are positive. Then there exists a
non-Buchsbaum but quasi-Buchsbaum local integral domain A of dim A = d and

such that lA(H'm(A)) = h¡ for all 1 ^ ; ^ rf - 1. Moreover if h{ = 0 the ring A can
be chosen to be normal.

1. Introduction. The purpose of this note is to give the following

Theorem (1.1). Let d > 3 and «,, h2,..., hd_, > 0 be integers and assume that at
least two of h ¡'s are strictly positive. Then there exists a Noetherian integral local
domain A such that

(1) dim A = d;

(2) m ■Wm{A)= (0) andl^H^A)) = «, for all 1 « i < d - 1;
(3) A is not a Buchsbaum ring.
Moreover //«, =0, then the ring A can be chosen to be normal. {Here lA(H^(A))
denotes for each i the length of the ith local cohomology module of A relative to the

maximal ideal m in A.)
Now let us recall some definition. For a while let A be a Noetherian local ring
with maximal ideal m and M a finitely generated A -module of dimension d. Then we
say that M is Buchsbaum (resp. quasi-Buchsbaum) if every system a,, a2,. ■■, ad of
parameters for M (resp. at least one (and hence every) system au a2,. ■■, ad of
parameters for M contained in m2 ) forms a weak M-sequence, that is, the equality

(«,,.-.., <*i-i)M: a¡ = (a,,...,

a,_,)M: m

holds for any 1 < /' < d, cf. [7] (resp. [9]). The ring A is called a Buchsbaum (resp.
quasi-Buchsbaum) ring if A is a Buchsbaum (resp. quasi-Buchsbaum) module over

itself.
Buchsbaum modules are of course quasi-Buchsbaum and a given finitely generated ^4-module M is quasi-Buchsbaum if and only if m • H'm{M) = (0) for all i * d
[9]. Moreover, provided that H'm{M) = (0) for ¡' =*=
t, d where t = depth^ M, a
quasi-Buchsbaum A -module M is always Buchsbaum [8]. Nevertheless, without this
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extra assumption, quasi-Buchsbaum modules are not necessarily Buchsbaum: the
first counterexample was given by J. Stückrad in ring case of dimension 2 [10] and
subsequently the author guaranteed, expanding Stiickrad's idea, that for any integer
d > 2, there exists a non-Buchsbaum but quasi-Buchsbaum local ring A of dimension d and with H^(A) = (0) for all i; =*=
0,1, d [2]. However even in the latter
examples, the rings A are still of depth 0 and almost all the local cohomology
modules H^(A) vanish. On the contrast, according to Theorem (1.1), one can handle
numerous non-Buchsbaum quasi-Buchsbaum normal rings with arbitrary local
cohomology.
Quasi-Buchsbaum rings have just begun to be explored and several remarkable
results are recently given by [4, 9 and 11] on quasi-Buchsbaum rings and modules
which are not necessarily Buchsbaum. As the theory of quasi-Buchsbaum rings itself
is interesting enough to be developed, it is required, first of all, to establish the
ubiquity of non-Buchsbaum but quasi-Buchsbaum rings and modules together with
many examples. From this point of view our Theorem (1.1) may have some interest.
Our method of construction of examples is the same as in [2] which established the
ubiquity of Buchsbaum rings. However for the present purpose we need a few
preliminaries on quasi-Buchsbaum modules over polynomial rings that we shall
summarize in the next section. The proof of Theorem (1.1) itself is simple and shall
be given in §3.
2. Quasi-Buchsbaum modules over polynomial rings. In this section let 5 =
k[X\, X2,..., X„] be a polynomial ring with « (« > 3) variables over a field k and
n = S+, the irrelevant maximal ideal in 5. We denote by Hg(*), for each/?, the/?th
local cohomology functor relative to n. Given a graded 5-module M and an integer
/?, let M(p) stand for the graded 5-module which coincides with M as underlying
modules and whose graduation is given by [M(p)]q = Mp+q for all q e Z.
A finitely generated graded 5-module M is simply said to be Buchsbaum (resp.
quasi-Buchsbaum) if the 5n-module Mn is Buchsbaum (resp. quasi-Buchsbaum).

Let

(F)

0 -> F„ -> • • • -» F, 4 F0 = 5 -» k = 5/n -» 0

be a graded minimal free resolution of the 5-module k = 5/n. Recall that the
resolution (F) can be identified with the Koszul complex of 5 generated by the
elements A",, X2,..., X„. For each 0 < / < n — 1 we put

M: = k

= rt

(/ = 0),

(/=1),

= Ker(F,_,-F,_2)

(n-\>i>2).

Then we clearly have the following

Lemma(2.1). Let 1 < i < n - I. Then
(1) d\msM¿ = n.
(2)

HP(M,) = (0)
= *

(/?*/,«),
(/? = /)■
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513

= (?) and ranksAi, = (p,1).

Proof. Cf., e.g. [3, (3.1)].
We choose an 5-free basis {e,}i<1<n of F, so that e,'s are homogeneous elements
of degree 1 and/,(e,) = X¡ for any 1 < i < n. Let 2 < t < « - 1 be an integer. For

each subset J of {1,2,..., «) with #7 = t, we put
e, = e¡ A e, A ■■• A e,

inF,= A 'F, where/ = {;„ /2,..., j,} withy, <y2 < ••• <;,.
We consider the canonical exact sequence
//+! g,
F,+ I->F,-»A/,-»0

of graded 5-modules and put

L, = nM, + ZSg,(ej),
j
where / runs over the subsets / of {1,2,...,«}

with #J = t and such that

J*{\,2,...,t).
Lemma(2.2). (1) dimsL, = «.

(2)

tf>(L,)=.(0)

(^^..l.Mi),

=k
(p = t),
= k(-t)
(p = \).
(3) L, is not a Buchsbaum S-module.

Proof. Since there is an exact sequence

0 -»F,-» M, -* k(-t) -> 0
of graded 5-modules, Assertions (1) and (2) follow from (2.1). Consider Assertion (4)
and assume that Lt is a Buchsbaum 5-module. Then we have the equality

ls{L,/nL,)

= I(L,) + eLi(n),

where eL (n) and I(L,) denote, respectively, the multiplicity of Lt relative to n and
the Buchsbaum invariant of Lt (cf. [7]). Hence

ls{Lt/xtL,) =

VM"7' '*,:/'

(")■

because eL (n) - (",!{) by (2.1)(3) and

l(Lt) = nZ(n~l)-ls(Hï(Ll))

= ("-i)

+ (»-1)

by Assertion (2) (cf. [5, Satz 2]). Therefore L, is minimally generated by [(") - 1] + «
elements. On the other hand it is clear that the graded 5-module L, is generated by

the ( " ) - 1 elements

{g,(ej)\J c O.2*---. «} such that #J = t and/ * /}
together with the following « elements

{Xjg,(e,)\l < i < n),
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where / = (1,2,..., :}. Accordingly, these elements must form a minimal system of
generators for L,—this is, of course, not true since
t
*r+l&(«/)e
ESg,(e,
A ••• A ê, A ■■■A et+l).
i=\

Thus L, is not a Buchsbaum 5-module.
Let us recall the following
Proposition (2.3) [6 and 8]. Let A be a Noetherian local ring with maximal ideal m
and M a finitely generated A-module. If the canonical maps
h'

E\fA{A/m,M)^Him{M)

= lim Ext'^/m',
t

M)

are surjective for all i * dim,, M, then M is a Buchsbaum A-module. In case A is a
regular local ring, the converse is also true.

Let 1 < s < t <$« - 1 be integers. We put Ls, = L, for s = 1. In case s > 1, we
define Lj, = Ker(Gj_2 -* Gs_3) where
Gs-2-* ■■■ -» G\ -* G0^ L,_s+] -0
is a part of a graded minimal free resolution of L,_s+,. Notice that if s > 2, there
exists an exact sequence

(#)
of graded 5-modules.

0-Lf,,-<?,_2-L,_,,,_,-0

Lemma (2.4). (1) dimsLs, = «.

(2)

fi»(Zi,,) - (0)

(p*j,?,«),

-=¿(s-í-l)

=k

(p = s),

(p = t).

(3) L, ( is not a Buchsbaum S-module.

Proof. Assertion (1) is obvious and Assertion (2) follows by induction on s from
the above exact sequence (#). Consider Assertion (3). By (2.2)(3) we may assume
that s > 2 and that our assertion is true for s — 1. Apply functors Ext's(5/n, * ) and
H'n{+ ) to the exact sequence (#) and we get, for each 0 < i < n - 1, a commutative
square

Ext'f'tS/n.L,.,,,_,)

(##)

=

Exi's(S/n,LSJ)

A*£,.,-,

of graded 5-modules, where «¿~'

and «¿

i-*L
stand for canonical homomorphisms.

As

AÎ"'(i.,-i.,-i)-(0)
by Assertion (2), we see by (2.3) and by induction hypothesis that the map ti[x
can not be surjective for some í < « - 1; hence the commutative diagram (##)
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guarantees that h'L is not surjective. Thus again by (2.3), we conclude that Lst is
not a Buchsbaum 5-module.
Now let 1 < s < t < « - 1 be integers. Let «0, «,,..., «„_, > 0 be integers such
that hs and «, are strictly positive. We put

« = minf«,, «,},
M= i

(«,>«,),

= <

(*,<*,)

and
F =

£

Ai/1' © M*»-* © L*„

0</«n-l
such that

where Mr denotes, for a given 5-module M and an integer r ^ 0, the direct sum of r

copies of M. Then by (2.1) and (2.4) wè immediately get the following

Theorem (2.5). (1) dimsF = «.
(2) Let 0 < i < « be an integer. Then

K(E) = kh<

(i*s),

= **-"* © [k(s - t - \)]h

(i = s).

(3) E is a quasi-Buchsbaum S-module but not Buchsbaum.

3. Proof of Theorem (1.1). Let d > 3 and hi,h2,*..,hd_i

> 0 be integers.

Assume that hs and h, are strictly positive for some s and /(l <s<í<áput n = d + 2 and

1). We

«; = 0
(i-0,1,4+1),
= «,_,
(d>i>2).
Let 5 = Ar[AT|,
X2,..., X„] be a polynomial ring with « variables over an infinite
field k and consider the graded 5-module F obtained by (2.5) for the above integers
h'i (0 < / < n — 1). Then as Fp is a free 5p-module for every prime ideal p of 5 such
that t> * n and as depthSn Fn > 2, we get by virtue of [1, Theorem B] a short exact
sequence

0-F-F-F(r)-0
of graded 5-modules, where F is a graded free 5-submodule of F, P is a graded
prime ideal of 5 with htsP = 2 and r is an integer. (Notice that if «, =0, the prime
ideal P can be taken so that the ring 5/F is normal.)
We put R = S/P and A = Sn/PSn. Then by the following two exact sequences

0-F->5-»F.-0

and 0-> F-> F - F(r) ^ 0

of graded 5-modules, we get isomorphisms

Hi{R)*Hi*\P)

and H^(E)

* [H?\P)](r)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

516

SHIRO GOTO

(1 < i < d - 1) of local cohomology; hence for each 1 < / < d - 1,

H'{R) = [k{-r)]h>
= [k(-r)]h*~h

(/*,),
® [k(s - t - r - \)]h

(i = s),

where « = min{«J, «,} (cf. (2.5)). Moreover, by the same exact sequences, we get for
each i < d - 1 commutative squares

Ext's ( 5/n, R )

=

Ext's+' ( 5/n, P )

lh'R

ih¡;]

H>(R)

^

H'+\P)

and
Ext'5+,(5/n,F)

=

[Ext's+,(5/n,F)](r)

|/,'£+1

//r'(F)

ih'P+](r)

^

[^+V)](o

of graded 5-modules. As //„ + '(F) = (0) by our choice and as F is not a Buchsbaum
5-module by (2.5)(3), we see by (2.3) that the canonical map «'/ ' is not surjective for
some / < d — 1. Therefore, by the above commutative squares we immediately find
that for some 0 < i < d - 1, the map h'R is not surjective. As dim R = d, this
guarantees again by (2.3) that R is not a Buchsbaum ring. Thus the local ring
A = Rn satisfies all the requirements in Theorem (1.1), which completes the proof of

Theorem (1.1).
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